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__Preface

TR BRI

Digital image processing is a rapidly evolving field with growing applications in
science and engineering. Image processing holds the possibility of developing the
ultimate machine that could perform the visual functions of all living beings. Many
theoretical as well as technological breakthroughs are required before we could buijld
such a machine. In the meantime, there is an abundance of image processing
applications that can serve mankind with the available and anticipated technology in
the near future.

This book addresses the fundamentals of the major topics of digital image
processing: representation, processing techniques, and communication. Attention
has been focused on mature topics with the hope that the level of discussion provided
would enable an engineer or a scientist to design image processing systems or conduct
research on advanced and newly emerging topics. Image representation includes
tasks ranging from acquisition, digitization, and display to mathematical characteriz-
ation of images for subsequent processing. Often, a proper representation is a
prerequisite to an efficient processing technique such as enhancement, filtering and
restoration, analysis, reconstruction from projections, and image communication.
Image processing problems and techniques (Chapter 1) invoke concepts from diverse
fields such as physical optics, digital signal processing, estimation theory, information
theory, visual perception, stochastic processes, artificial intelligence, computer
graphics, and so on. This book is intended to serve as a text for second and third
quarter (or semester) graduate students in electrical engineering and computer
science. It has evolved out of my class notes used for teaching introductory and
advanced courses on image processing at the University of California at Davis.

The introductory course (Image Processing I) covers Chapter 1, Chapter 2
(Sections 2.1 t02.8), much of Chapters 305, Chapter 7, and Sections 9.1t0 9.5. This
material is supplemented by laboratory instruction that includes computer experi-
ments. Students in this course are expected to have had prior exposure to one-
dimensional digital signal processing topics such as sampling theorem, Fourier trans-

Xix




form, linear systems, and some experience with matrix algebra. Typically, an entry
level graduate course in digital signal processing is sufficient. Chapter 2 of the text
includes much of the matheraxatical background that is needed in the rest of the book.

SEN———

A student who masters Chapter 2 should be able to handle most of the image "

processing problems discussed in the text and elsewhere in the image processing
literature.

The advanced course (Image Processing I) covers Sections 2.9, 2.13, and
selected topics from Chapters 6, 8, 9, 10, and 11. Both the courses are taught using
visual aids such as overhead transparencies and slides to maximize discussion time
and to minimize in-class writing time while maintaining a reasonable pace. In the
advanced course, the prerequisites include Image Processing I and entry level gradu-
ate coursework in linear systems and random signals.

Chapters 3 to 6 cover the topic of image representation. Chapter 3 is devoted to
low-level representation of visual information such as luminance, color, and spatial
and temporal properties of vision: Chapter 4 deals with image digitization, an
essential step for digital processing. In Chapter 5, images are represented as series
expansion of orthogonal arrays or basis images. In Chapter 6, images are considered
as random signals. .

Chapters 7 through 11 are devoted to image processing techniques based on
representations developed in the earlier chapters. Chapter 7 is devoted to image
enhancement techniques, a topic of considerable importance in the practice of image
processing. This is followed by a chapter on image restoration that deals with the

theory and algorithms for removing degradations in images. Chapter 9 is concerned |

with the end goal of image processing, that is, image analysis. A special image
restoration problem is image reconstruction from projections—a problem of im-

mense importance in medical imaging and nondestructive testing of objects- The |
theory and techniques of image reconstruction are covered in Chapter 10. Chapter 11

is devoted to image data compression—a topic of fundamental importance in image
communication and storage.

Each chapter concludes with a set of problems and annotated bibliography. The
problems either go into the details or provide the extensions of results presented in
the text. The problems marked with an asterisk (*) involve computer simulations.
The problem sets give readérs an opportunity to further their expertise on the
relevant topics in image processing. The annotated bibliography provides a quick
survey of the topics for the enthusiasts who wish to pursue the subject matter in
greater depth. . ‘

Supplerhentary Course Materials

Forthcoming with this text is an instructors manual that contains solutions to selected

problems from the text, a list of experimental laboratory projects, and course
syllabus design suggestions for various situations.

xx e : . Preface’
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LI

g e

R T s




1.1 DIGITAL IMAGE PROCESSING: PROBLEMS AND APPLICAT[?NS

: The term digital image processing generally refers to processing of a two-
’ . . dimensional picture by a digital computer. In a broader contexi, it implies digital
b processing of any two-dimensional data. A digital image is an array of real or
‘ complex numbers represented by a finite number of bits. Figure 1.1 shows a
computer laboratory (at the University of California, Davis) used for digital image
processing. An image given in the form of a transparency, slide, photograph, or
chart is first digitized and stored as a matrix of binary digits in computer memory.
This digitized image can then be processed and/or displayed on a high-resolution
television monitor. For display, the image is stored in a rapid-access buffer memory
which refreshes the monitor at 30 frames/s to produce a visibly continuous display.
Mini- or microcomputers are used to communicate and control ali the digitization,
storage, processing, and display operations via a computer network (such as the
~ -+ Ethernet). Program inputs to the computer are made through a terminal, and the
outputs are available on a terminal, television monitor, or a printer/plotter. -Fig-

‘ " - ure 1.2 shows the steps-in a typical image processing sequence..
' Digital image processing has a broad spectrum of applications, such as remote
- sensing via satellites and other spacecrafts, image transmission and storage for
S " business applications, medical processing, radar, sonar, and acoustic image process-

- . i ing, robotics, and automated Inspection of industrial parts.

Images acquired by satellites are useful in tracking of earth resources; geo-
graphical mapping; prediction of agricultural crops, urban growth, and weather;
flood and fire control; and many other environmental applications. Space image

_ , applications include recognition and analysis of objects contained in images ob-
° o " tained from deep space-probe missions. Image transmission and storage applica-

B
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resonance (NMR), and ulirasonic scanning. These images may be used for patient

Lirk to other

computers *j : ‘ : screening and monitoring or for detection of tumors or other disease in patients. :
: L : } Radar and sonar images are used for detection and recognition of various types of
' targets or in guidance and maneuvering of aircraft or missile systems. Figure 1.3
, — | }Z,fge;c:c::;r) e rr:ﬁ::mn;y . ,s.hows exax.nples of several d.if‘ferent types of ?mages. The.re are many other applica-
. tions ranging from robot vision for industrial automation to image synthesis for

cartoon making or fashion design. In other words, whenever a human or a machine
or any other entity receives data of two or more dimensions, an image is processed.

Although thert are many image processing applications and problems, in this
text we will consider the following basic classes of problems.

e b . 5

i . High
i . Large disk resolution e zahr?-::?a
i CRT

-4———» L:;r e digital }mage Color
SPU H >

buffer and processor monitors 3
] {network) +L - L~
. M i
Graphics . [ Printer p‘loner—l ‘ Tape drive t’:?':i?:;?y

workstation

{b) multispactral images: visual and infrared.

IR

Figure 1.1 A digital image processing system (Signal and Image Processing ¢
Laboratory, University of California, Davis).

Imaging S::inple Digital ./ Online . g e R
% system . " computer buffer i (d} optical cameraimages: Golden Gate and
quantize (disk} { downt SanF 8
| : wntown San Francisco. :
i

Output i
Object Observe - Digitize ~  Store * Process Refresh/ Y
store

Record

Figure 1.2 A typical digital image processing sequence.

tions occur in broadcast television, teleconferencing, transmission of facsimile im-

ages (printed documents and graphics) for office automation, communication over

computer networks, closed-circuit television based security monitoring systems,
j ' ~and in military communications. In medical applications one is concerned with -
; processing of chest X rays, cineangiograms, projection images of transaxial .
' tomography, and other medical images that occur in radiology, nuclear magnetic . Figure 1.3 Examples of digital images.

. (e} television images: girl, couple, Linda and Cronkite.

N
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1. Image representation and modeling'
2. Image enhancement ’
3. Image restoration

4. Image analysis
5
6

. Image reconstruction
. Image data compression

1.2 iMAGE REPRESENTATION AND MODELING

In image representation one is concerned with characterization of the quantity that
each picture-element (also called pixel or pel) represents. An image could represent
luminances of objects in a scene (such as pictures taken by ordinary camera), the
absorption characteristics of the body tissue (X-ray imaging), the radar cross section
of a target (radar imaging), the temperature profile of a region (infrared imaging),
or the gravitational field in an area (in geophysical imaging). In general, any two-

dimensional function that bears information can be considered an image. Image .

models give a logical or quantitative description of the properties of this function.
Figure 1.4 lists several image representation and modeling problems.

An important consideration in image representation is the fidelity or intelli-
gibility criteria for measuring the quality of an image or the performance o_f a
processing technique. Specification of such measures requires models of perception
of contrast, spatial frequencies, color, and so on, as discussed in Chapter 3. Knowl-
edge of a fidelity criterion helps in designing the imaging sensor, because it tells us
the variables that should be measured most accurately. }

The fundamental requirement of digital processing is that images be sampled
and quantized. The sampling rate (number of pixels per unit area) has to be large
enough to preserve the useful information in an image. It is determined by the
bandwidth of the image. For example, the bandwidth of raster scanned common

* television signal is about 4 MHz. From the sampling theorem, this requires a
- minimum sampling rate of 8 MHz. At 30 frames/s, this means each frame should
contain approximately 266,000 pixels. Thus for a 512-line raster, this means each

Image representation and modeling

I Local models I

*Sampling and reconstruction

*Image quantization

*Deterministic models

+Series expansions/unitary
transforms

*Statistical models

Global models

*Scene analysis/artificial
intelligence models

*Sequential and clustering
models

*lmage understanding models

Perception models

*Visual perception of contrast,
spatial frequencies, and color

+image fidelity models

*Temporal perception

*Scene perception

Figure 1.4 Image représentation and modeling.
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Figure 1.5 Image representation by orthogonal basis image series B,, ,.

image frame contains approximatel§ 512 x 512 pixels. Image quantization is the
analog to digital conversion of a sampled image to a finite number of gray levels.
Image sampling and quantization methods are discussed in Chapter 4. ’

" A classical method: of signal representation is by an orthogonal series ex-
pansion, such as the Fourier series. For images, analogous representation is possible
via two-dimensional orthogonal functions called basis images. For sampled images,
the basis images can be determined from unitary matrices called image transforms.
Any given image can be expressed as a weighted sum of the basis images (Fig. 1.5).
Several characteristics of images, such as their spatial frequency content, band-
width, power spectrum, and application in filter design, feature extraction, and so

' on, can be studied via such expansions. The theory and applications of image

transforms are discussed in Chapter 5. _ .

Statistical models describe an image as a member of an ensemble, often
characterized by its mean and covariance functions. This permits development of
algorithms that are useful for an entire class or an ensemble of images rather than
for a single image. Often the ensemble is assumed to be stationary so that the mean
and covariance functions can easily be estimated. Stationary models are useful in
data compression problems such as transform coding, restoration problems such as
Wiener filtering, and in other applications where global properties of the ensemble
are sufficient. A more effective use of these models in image processing is to con-
sider them to be spatially varying or piecewise spatially invariant.

To characterize short-term or local properties of the pixels, one alternative is
to characterize each pixel by a relationship with its neighborhood pixels. For
example, a linear system characterized by a (low-order) difference equation and

- forced by white noise or some other random field with known power spectrum

density is a useful approach for representing the ensemble. ‘Figure 1.6 shows three
types of stochastic'models where an image pixel is characterized in terms of its
neighboring pixels. If the image were scanned top to bottom and then left to right,

" the model of Fig. 1.6a would be called a causal model. This is because the pixel 4 is

characterized by pixels that lie in the “past.” Extending this idea, the model of Fig.
1.6b is a noncausal model because the neighbors of 4 lie in the past as well as the
“future” in both the directions. In Fig. 1.6¢, we have a semicausal model because

- the neighbors of A are in the past in the j-direction and are in the past as well as

future in the i-direction. : .

Such models are useful in developing algorithms that have different hardware
realizations. For example, causal models can realize recursive filters, which require
small memory while yielding an infinite impulse response (IIR). On the other hand,

Ses. 1.2 - Image Representation and Modeling . ' 5
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(a). Causal model, {b) Noncausal modef, {c) Semicausal model.

Figure 1.6 Three canonical forms of stochastic models.

noncausal models can be used to design fast transform-based finite impulse re-
sponse (FIR) filters. Semicausal models can yield two-dimensional algorithms;
which are recursive in one dimension and nonrecursive in the other. Some of these
stochastic models can be thought of as generalizations of one dimensional random

processes represented by autoregressive {AR) and autoregressive moving average

(ARMA) models. Details of these aspects are discussed in Chapter 6. .
In global modeling, an image is considered as a composition of several objects.
Verious objects in the scene are detected (for example, by segmentation tech-

niques), and the model gives the rules for defining the relationship among various

objects. Such representations fall under the category of image understanding
models, which are not a subject of study in this text.

1.3 IMAGE ENHANCEMENT

In image enhancement, the goal is to accentuate certain image features for subse-
quent analysis or for image display. Examples include contrast and edge enhance-
ment, pseudocoloring, noise filtering, sharpening, and magnifying. Image enhance-
ment is useful in feature extraction, image analysis, and visual information display.
The enhancement process itself does not increase the inherent information content
in the data. It simply emphasizes certain specified image characteristics. Enhance-
ment algorithms are generally interactive and application-dependent.

Image enhancement technigues, such as contrast stretching, map each grey
level into another gray level by a predetermined transformation. An example is the
histogram equalization method, where the input gray levels are mapped so that the
output gray level distribution is uniform. This has been found to be a powerful
method of enhancement of low contrast images (see Fig. 7.14). Other enhancement

techniques perform local neighborhood operations as in convolution, transform.

operations as in the discrete Fourier transform, and other operations as in pseudo-
coloring where a gray level image is mapped into a color image by assigning differ-
ent colors to different features. Examples and details of these techniques are
considered in Chapter 7. ‘ ’ ‘
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Figure 1.7 Blurring due to an imaging system. Given the noisy and blurred im-
age the image restoration problen is to find an estimate of the input image f(x, y).

1.4 IMAGE RESTORATION

" Image restoration refers to removal or minimization of known degradations in an

image. This includes deblurring of images degraded by the limitations of a sensor or
its environment, noise filtering, and correction of geometric. distortion or non-
linearities due to sensors. Figure 1.7 shows a typical situation in image restoration.
The image of a point source is blurred and degraded due to noise by an imaging
system. If the imaging sytem is linear, the image of an object can be expressed as

s =] [ heriws@p)dedprae,y) @y

where n{x, y) is the additive noise function, f(e, B) is the object, g (x, y) is the image,
and A (x, y; o, B) is called the point spread function (PSF). A typical image restora-
tion problem is to find an estimate of f(«, B) given the PSF, the blurredimage, and
the statistical properties of the noise process.

' A fundamental result in filtering theory used commonly for image restoration
is called the Wiener filter. This filter gives the best linear mean square estimate of

- the object from the observations. It can be implemented in frequency domain via

the fast unitary transforms, in spatial domain by two-dimensional recursive tech-
niques similar to Kalman filtering, or by FIR nonrecursive filters (see Fig. 8.15). It
can also be implemented as a semirecursive filter that employs a unitary transform
in one of the dimensions and a recursive filter in the other.

Several other image restoration methods such as least squares, constrained
least squares, and spline interpolation methods can be shown to belong to the class
of Wiener filtering algorithms. Other methods such as maximum likelihood, max-
imum entropy, and maximum a posteriori are nonlinear techniques that require
iterative solutions. These and other algorithms useful in image restoration are
discussed in Chapter 8. -+

* 1.5 IMAGE ANALYSIS

Image analysis is concerned with making quantitative measurements from an image
to produce a description of it. In the simplest form, this task could be reading a label
on a grocery item, sorting different parts on an assembly line (Fig. 1.8), or

Sec. 1.5 image Analysis . 7
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Figure 1.8 Parts inspection and sorting on an assembly line.

measuring the size and orientation of blood cells in a medical image. More
advanced image analysis systems measure quantitative information and use it to
make a sophisticated decision, such as controlling the arm of a robot to move an
object after identifying it or navigating an aircraft with the aid of images acquired

along its trajectory.

Image analysis techniques require extractibn of certain features that aid in the
identification of the object. Segmentation techniques are used to isolate the desired"

object from the scene so that measurements can be made on it subsequently.
Quantitative measurements of object features allow classification and description of
the image. These techniques are considered in Chapter 9.

1.6 IMAGE RECONSTRUCTION FROM PROJECTIONS

- Image reconstruction from projections is a special class of image restoration prob-

lems where a two- (or higher) dimensional object is reconstructed from several
one-dimensional projections. Each projection is obtained by projecting a parallel
X ray (or other penetrating radiation) beam through the object (Fig. 1.9). Planar
projections are thus obtained by viewing the object from many different angles.
Reconstruction, algorithms derive an image of a thin axial slice of the object, giving
an inside view otherwise unobtainable without performing extensive surgery. Such
techniques are important in medical imaging (CT scanners), astronomy, radar imag-
ing, geological exploration, and nondestructive testing of assemblies. ‘
Mathematically, image reconstruction problems can be set up in the frame-
work of Radon transform theory. This theory leads to several useful reconstruction
algorithms, details of which are discussed in Chapter 10. .

Introduction Chap. 1
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Figure 1.9 Image reconstruction using X-ray CT scanners.

1.7 IMAGE DATA COMPRESSION

The amount of data associated with visual information is so large (see Table 1.1a)
that its storage would require enormous storage capacity. Although the capacities of
several storage media (Table 1.1b) are substantial, their access speeds are usually
inversely proportional to their capacity. Typical television images generate data
rates exceeding 10 million bytes per second. There are other image sources that
generate even higher data rates. Storage and/or transmission of such data require
large capacity and/or bandwidth, which could be very expensive. Image data com-
pression techniques are concerned with reduction of the number of bits required to
store or transmit images without any appreciable loss of information. Image trans-

TABLE 1.1a  Data Volumes of Image Sources
{in Millions of Bytes)

National archives 12.5x 10°
- 1h of color television 28 X 10°
- Encyclopeadia Britannica 12.5 x 10*
Book (200 pages of text characters) 1.3
One page viewed as an image o 13

TABLE 1.1b Storage Cabacities
{in Miilions of Bytes) v

Human brain : 125,000,000

Magnetic cartridge ‘ 250,000
Optical disc memory . 12,500
Magnetic disc 760
2400-ft magnetic tape 200
Floppy disc 1.25
" Solid-state memory modules 0.25
Sec. 1.7 Image Data Compression : : . 9
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mission applications are.in breadcast television; remote sensing via satellite, air-
craft, radar, or sonar; teleconferericing; computer communications; and facsimile .
transmission. Image stora ¢ is required. most commonly for educational and busi-
ness documents, medical images used in patient monitoring systems, and the like.
Because of their wide applications, data compression is of great importance in
digital image processing. Various image data compression techniques and examples
are discussed in Chapter 11.
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2.1 INTRODUCTION

In this chapter we define our notation and discuss some mathematical preliminaries
that w that will be useful throughout the book. Because imiaj 1magengeneraﬂy—ea%pufs'of
two-dimensional systems, mathematical concepts used in the study of such systems
are needed. We start by defining our notation and then review tlﬁ@ml_tﬁw
propemes of linear systems and the Fourier and Z-transforms. This is followed by a
review of several fundamental results from matrix theory that are important in

digital image processing theory. Two-dimensional random fields and some impor-,

tant concepts from probability and estimation theory are then reviewed. The
emph351s is on the final results and their applications in image processing. It is
assumed that the reader has encountered most of these basic concepts earlier. The
summary discussion provided here is intended to serve as an easy reference for
subsequent chapters. The problems at the end of the chapter provide an oppor-
tunity to revise these concepts through special cases and examples. :

2.2 NOTATION AND DEFINITIONS

- A one-dimensional continuous signal will be represented as a function of one

variable: f(x), u(x), s (?), and so on. One-dimensional sampled signals will be written
as single index sequences: iy , u(n), and the like.

A continuous image will be represented as a function of two independent
variables: u(x, y), v(x, ¥), f(x, y), and so forth. A sampled image will be represented
as a two- (or higher) dimensional sequence of real numbers: u,, ., v(m, n), u G Jj, k),
and so on. Unless stated 'otherwise, the symbols ;, j, k, [, m, n,..will be used to

Sec. 2.2
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specify integer indices of arrays and vectors. The symbol roman j will represent
V'—1. The complex conjugate of a complex variable such as z, will be denoted by

z*. Certain symbols will be redefined a

notation clear.

t appropriate places in the text to keep the

Table 2.1 lists several well-known one-dimensional functions that will be often
encountered. Their two-dimensional versions are functions of the_sepa

f&x y) = LAG)
For example, the two-dimensional delta functions are defined as
_Dirac:  8(x, y) = 3(x)3(y) (2.22)
Kronecker;  8(m, n) = 8(m)3(n) (2.20)

which satisfy the properties

ﬁfmf_:f(x'y}")a(x—x’,y —y")dx'dy’' =f(x,y)

im st acay =,

e

> x(m,n)= EME x(m', W —m',n=n') | 2.4)

m',n'=—x

e 23_‘, d(m,n)=1

mn=-—x

The definitions and properties of the functions rect(x, y), sinc(x, y), and comb(x, y)
can be defined in a similar manner. _

TABLE 2,1 Some Special Functions

Function ° Definition Function Definition
Diracdelta 3(x)=0,x #0 Rectangle  rect(x)= {(1): m § Z:
. [ _ 1, x>0
P—‘g) -.8 () de=1 Signum sgn (x) = [ (1)' x :8
Sifting - » %
poperty [ fG8G-x) ' =f@) | o
= ’ { Sinc sinc (x) =——
Scaling N
property d(ax)= 8(x) . ® ‘
lal Comb comb(x)= % 8(x —n)
Kronecker ne =
delta d(n)= {(1)’ n fg :
: T Triangle tri (x) = {1 ~ ke, l;l =1
Sifting = 0, |>1
property 2 f(m)8(n —m)=f(n) :
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2.3 LINEAR SYSTEMS AND SHIFT INVARIANCE

A large number of imaging 'systems can be modeled as two-dimensional linear
systems. Let x(sm, n) and y(m, n) represent the input and output sequerices,

respectively, of a two-dimensional system (Fig. 2.1), written as

y(m, n) =¥ [x(m, n)] (2.5)

This system is called lnear if and only if any linear combination of two inputs
x1(m, n) and x,(m, n) produces the same combination of their respective outputs
yi(m, n) and y,(m, n), i.e., for arbitrary constants 4, and a,

Hlax:(m, n) + ayxx(m, n)} = a, % [x,(m, n)]+ a, ¥ [xx(m, n)]
= ayyi(m, n) + a,y,(m,.n) (2.6)

This is called linear superposition. When the input is the two-dimensional
Kronecker delta function at location (m’,n’), the output at location (m,n) is
defined as

h(m,n;m’,n’)é‘;}t’[s(m—m',n—n')] 2.7

and is called the impulse response of the system. For an imaging system, it is the
image in the output plane due to an ideal point source at location (m’, n') in the
input plane. In our notation, the semicolon (;) is employed to distinguish the input
and output pairs of coordinates.

The impulse response is called the pointspread function (PSF) when the inputs
and outputs represent a positive quantity such as the intensity of light in imaging
systems. The term unpulse response is more general and-is allowed to take negative
as well as- complex values. The region of support of an impulse response is the
smallest closed region in the m, n plane outside which the impulse response is zero.
A system is said to be a finite impulse response (FIR) or - an infinite impulse response
(IIR) system if its impulse response has finite or infinite regions of support, re-
spectively. ' ' .

The output of any linear system can be obtained from its impulse response and
the input by applying the superposition rule of (2.6) to the representation of (2.4) as
follows: ‘

s

 (m, ) =5t (m, )]
- ?%[ZZx(m’,n')S(m—m’,n—n’)] ,

LA =2Zx(m’,\n')?€[5_(m—m",n-—n’)]
. $'.,"y(‘m,n)=‘22x(m’,n')h(m,n;m’,ti)ﬁl L (2.8)

© xim, n) -GCH y{m,n)

Figure 2.1 Asystem, .

Sec. 2.3

Linear Systems and Shift Invariance ) ' ; 13

Gtk 1



A’system is called spatially invariant or shift invariant if a translation of the input
causes a translation of the output. Following the > definition of 2. 7) if the impulse

occurs at the origin we wiil have
H[d(m, n)} = h(m, r;0,0)
Hence, it must be true for shift invariant systems that
h(m,nym', n') é%[ﬁ(m ~-m'n —-n")]
=h{m-m',n—n";0,0)
=> hA(m,nym',n') =h(m-m',n—n") 2.9)

i.e., the impulse response is a function of the two displacement variables only. This
means the shape of the impulse response does not change as the impulse moves
about the m, n plane. A system is called gpatially varying wher (2.9) does not hold.
Figure 2.2 shows examples of PSFs of imaging systems with separable or cxrcularly
symmetric impulse responses.

For shift invariant systems, the output becomes

y(m,n)= 22 h(m m' n-—n)x\m n') (2.10)

m'yn'

which is called the convelution of the input with the impuise response. Figure 2.3
shows a graphical interpretation of this operation. The impulse response array is
rotated about the origin by 180° and thea shifted by (m, n) and overlayed on the
array x(m’, n'). The sum of the product of the arrays {x(-,-)} and {#(-,-)} in the
overlapping regions gives the result at (m, n). We wil! use the symbol ® to denote
the convolution operation in both discrete and continuous cases, i.e.,

8@ =hw)@fwn [ [ he-xiy -y y e ay

y(m,n) h(m,n)@x(m,n)— ZE him—m' n—n)x(m n") (2.11)

m'n' =~

alb

Figure 2.2 Examples of PSFs € d
(a) Circularly symmetric PSF of average
atmospheric turbulence causing small

} / blur; (b) atmospheric turbulence PSF

- causing large blur; (c) separable PSF of a
diffraction limited system with square
aperature; (d) same as (¢) but with
smaller aperture.
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a :

1‘ Rotate by 180° and
shiftby {(m, )

h(m m',n—n')

(a) impulse response

{b) output at location (m, n} is the sum of product
of quantities in the area of overlap. :

Figure 2.3 Discrete convolution in two dimensions .

The convolution operation has several interesting properties, which are explored in
Problems 2.2 and 2.3. :

Example 2.1 (Discrete convolution) .
Consider the 2 X 2 and 3 X 2 arrays & (m, n) and x (m, n) shown next, where the boxed
element is at the origin. Also shown are the various steps for abtaining the convolution
of these two arrays. The result y(m, n) is a 4 X 3 array. In general, the convolution of
two arrays of sizes (M; X N} and (Mz X N, ) ylelds an array, of size [(M, + M, — 1) X
(Ni + N2~ 1)} (Problem 2.5). )

n n ‘)’l n
1 41
5 3 g m
| S IR T
@) x(m, n) (b) h(m, n) ©) k(~m, —n) )h(l m, —-n) /
n

. > s >

oo "

©y1,0)=-2+5=3 ' . (Hy(m, n) |

2.4 THE FOURIER TRANSFORM
Two-dimensional transforms such as the Fourier transform and the Z-transform are

of fundamental importance in digital image processing as will becoine evident in the
subsequent chapters. In one dimension, the Fourier transform of a complex
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function f(x) is defined as

LF@ Ss1r) [ fs) et~ i) @)
The inverse Founer transform of F &) is o '
/f(x) FF©)= | F(© expozng) a ) 2.13)

Two-d:mensxonal Fourier transform and its inverse are defmed analogously by
the linear transformations - S

et =[ [ A enl-pnes el @)
Fen = [ Fee) epliznea ye)dnde  @15)

Examples of some useful two-dimensional Fourier transforms are given in Table
2.2.

Properﬁés of the Fourier Transform

Table 2.3 gives a sumimary of the properties of the two-dimersional Founer trans-
form. Some of these properties are discussed next.

1. Spatial frequencies. 1f f(x, y) is luminance and x, y the spatvial coordinates,

respect {0 spatial distances. The units of & and &, are reciprocals of x and y, ‘

respectively. Sometimes the coordinates x, y are normalized by the viewing
distance of the image f(x, y). Then the units of &, , gz are cycles per degree (of
the viewing angle).

g

respect to one another. There is no loss of information if instead of preserving
the image, its Fourier transform is preserved. This fact has been utilized in an
image data compression technique called transform codmg

3. Separabzltty By definition, the Fouriér transform kernelis separable, so that 1t

TABLE 2.2 Two-Dimensional Fourier Transform Pairs

Foo »)

B (x y)
3(x £x0,y £ y0)
exp (£j2mxm) exp (j2myma)
exp[—m (x* +y?)]

F(&,8)

exp (£j2mx El) CXP (*j2nye&)
S Fm, & +11:)
exp [_‘ﬂ' E+8)]

rect (x, y) sinc (&, &) .
tri (x, ) sinc? (&, &)
‘comb (x, y) comb (&, &)
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Uniqueness. For continuous functions, f(x, y) and F(§,,§,) are unique with_

TABLE 2.3 Propemeq of Two-Dimensional Fourier Trans.orm

Fourier Transform F(£,, &)

Property Function f(x, y)

Rotation f(xx, =y) F(x&, *&)

Linearity afi(x, y) + a2 falx, y) a F (&, &) ta (&, &)
Conjugation ) Fr (-&, —&)
Separability H@f(y) F (&) B (&)

Scaling flax, by) F(& /IZ}) |§Z,/b)

Shifting flx 2x0,y £y0) exp[=j2w (xo &1 + Yo £2)1 F (&, &)
Modulation  expl*idm(mx +myf(6)) F(E&T 67w
Convolution g, »)=hx ) @f(x, y) G, &)=H(&, &) FE, &)
Multiplication g y)=h(x y)f(x y) G, &) =H(, &)@F(E, &)

Spatial correlation c¢(x, y) = A(x, y) *f(x, y) Cl, &) =H(~&, ~£)F(&, &)
1= [ s eyaay 1=] [ Fee s e

Inner product

can be written as a separable transformation in x and ¥, i.e.,
F&e)=] { | 765 exp- ;zwxa)dx] exp(~i2myta) dy

This means the two-dimensional transformation can be realized by a succes-
sion of one-dimensional transformations along each of the spatial coordinates.

4. Frequency response and eigenfunctions of shift invariant systems. An eigen-
function of a system is defined as an input function that is reproduced at.the

output with a possible change only in its amplitude. A fundamental property
of a linear shift invariant system is that its eigenfunctions are given by the-
complex exponential exp[j2m(§,x + &y)]. Thus in Fig. 2.4, for any fixed
(&1, &), the output of the linear shift invariant system would be :

g0 = [ G -xy -y explizae + oy ds’ dy

Performing the change of variables ¥ =x —x’, y =y —y' and smphfymg the
result, we get
f\-g(x, N=HE, &) explner +a0] N - (216)

- The function H(§,, &), which is the Fourier transform of the impulse re-

sponse, is also called the frequency response of the system. It represents the |

(complex) amplitude of the system response at spatial frequency (£, , & ).

F:gure 2 4 - Eigenfunctions of a linear Shlft invariant systerm,

¢ =exp {JZ"T(Elx +&y)L H=H{t, &) 2 A Fourier transform
of h (x,

The Fourier Transform ‘ ' 17
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5. Convolution rheorém. The Fourier transform of the convolution of two func-
tions is the product of their Fourier transforms, i.e.,

g ) =h N Ofa NS GE &) =H(E, EF(E,&)  (2.17)

This theorem suggests that the convolution of two functions'may be evaluated
by inverse Fourier transforming the product of their Fourier transforms. The
discrete version of this theorem yields a fast Fourier transform based con-
volution algorithm (see Chapter 5).

The converse of the convolution theorem is that the Fourier transform of
the product of two functions is the convolution of their Fourier transforms.

The result of convolution theorem can also be extended to the spatial

_correlation between two real functions £ (x, y) and f(x, y), which is defined as

e ) =k s )8 [ [ neyre+xty +yydedy @18)

A change of variables shows that c¢(x,y) is also the convolution

h(—x, —y)®f(x, y), which yields ‘
Clé,8)=H{(-&,-&)F(&,8) - (2.19)

Innq__g[gduct pre servation. Another important property of the Fourier trans-
form is that the inner product of two functions is equal to the inner product of
their Fourier transforms, i.e.,

6

[ [ remwwnay=[ [ Feeme edaa @)

Setting / = f, we obtain the well-known Parseval energy conservation formula
[ veoyracay =[ [ 1Fe.e)kae e a1y

. ie., the total energy in the function is the same as in its Fourier transform.
7. Hankel transform. The Fourier transform of a circularly symmetric function is
also circularly symmetric and is given by what is called the Hankel transform
(see Problem 2.10).

Fourier Transform of Sequences (Fourier Series)

For a one-dimensional sequence x(n), real or complex, its Fourier transform is
defined as the series

3

C X(w)= }3 x(n) exp( jnew), ~—w=e<w (2.22)

The inverse transform is grven by
x(n) == f X(w) exp(an) dw : (2.23)
18 Two-Dimensional Systems and Mathematical Preliminaries  Chap. 2

Note that X () is periodic with period 247 Hence it is sufficient to specify it over

one period.
The Fourier transform pair of a two- dimensional sequence x (m, n) is defined

as
X(wl,wz)_ 22 x(m,n) exp{—t(mm,—i—nwz)] =y, 0, < w(2.24)
. T :;\ ) '
x(m, n)=4—ﬂ_2 f f X (o1, 02) expli(mer + nwn)] dwrday] L @)

. et
Now X(«w; , w,) is periodic with period 2w in éach argument, i.e.,

Koy 227, 0,2 2%) = X (01 22, w2 ) = X (w0, 0y = 277) = X(wl,wz) (2.25)

Often, the sequence x (m, n) in the series in (2.24) is absolutely summable, i.e.,

53 km, )< C(2.26)

m,n=—wn

Analogous to the continuous case, H{w,,w;), the Fourier transform of the shift
nvariant impulse response is called frequency response. The Fourier transform of
sequences has many properties similar to the Fourier transform of contmuous '
functions. These are summarized in Table 2.4.

TABLE 2.4 Properties and Examples of Fourier Transform of Two-Dimensional Sequences

" Spatial correlation

" Inner vrodust

c(m, n)=h{m, n) % x(m, n)

SI= 23 x(m, n)y*(m, n)

m o=

Property Sequence Transform
x(mr ?l), ,V(m, l’l), h(m: ’l), e X(wl, wz), Y(wl; (!)2), H(w,, (.02), LR

Linearity arx1(m, n) + a:x,(m, n) X (w1, @3) + @2 Xz (1, wz)
Conjugation x* (m, n) X* (—o1, —w)
Separability x, (m) x2 (n) X1 (01) Xz (0z)

Shifting x(m £mg, n % np) _ exp[£j(mo wy + now:)] X (w1, w,)

- Modulation exp[*j(wam + wen)]x (m, n) X (w1 F wor, w2 F 002)

Convolution ; y(m, n) =h(m, n)®x(m, n) Y (an, 02) = H(w;, w2) X (o;, @)
Multiplication h(m, n)x(m, n) <é§ H(01, 0:) @ X (w1, w3)

C(wlr ")2) = H(-wh —(ﬂz) X((ol, (;)2)

I= éﬁf'ﬂf_"X(wh @2) Y* (001, 03) dw, dar,

Energy conservation %= 22 !x(m ) ¢ =Z% f [ 1X (w1, w2)] dwrdw,
22 exp [J(m wo1 + Niwgy)] 47 8 (w1 — wo1, Wy — wgz)
8(m, n) ﬁf_ﬂf_ﬂexp[—j(w;m +wrn)] duwr dw,

Sec.2.4 - The Fourier Transform
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2.5 THE Z-TRANSFORM OR LAURENT SERIES

A useful generalization of the Fourisr series is the Z —transfdrm, which for a
two-dimensional complex sequence x (i, n) is defined as ‘

X(z;,2,) = sz x(m, n)zi™ 23" -

mn=—w

2

,' ‘W" //" : P
where z,, z, are complex variables. The set of values of 21, z; for which this series
converges uniformly is called the region of convergencé. The Z-transform of the

impulse response of a linear shift invariant discrete system is called its transfer
_function. Applying the convolution theorem for Z-transforms (Table 2.5) we can
transform (2.10) as
Y(z,2) = H(z, 2)X(2,2) |
Y{z1,2,) |
X (:zl » 22 ) J

> | Hm)=

£

i.e., the transfer function is also the ratio of the Z-transforms of the output and the :

input sequences. The inverse Z-transform is given by the double contour integral
N T T ‘
‘x(m, n)= (J_Z:r—r? 36§X(zl ,z; Vzr~lz8tdz, dz, (2.28)

where the contours of integration are counterclockwise and lie in the region of
convergence. When the region of convergence includes the unit circles lz;]=

1,]z2| =1, then evaluation of X(z,,2,) at z; = exp(joy ), 2, = exp(jo ) yields the

Fourier transform of x(m, n). Sometimes X (z,,2,) is available as a finite series

(such as the transfer function of FIR filters). Then x(m, n) can be obtained by

inspection as the coefficient of the term z;™ z;".

§

ABLE 2.5 Properties of the Two-Dimensional Z-Transform

Property Sequence Z-Transform
x(m' n)’ y(mn n): h(m' n)s ot X(Zh 22)7 Y(Z], 22): H(Zh 22), e
Rotatiori x(—m, —n) Xz, z2Y)
Linearity aixi(m, n) + %, (m, n) a X1 (z1, 22) + a2 Xz (21, 22)
Conjugation X*(m, n) X*(zf, 23)
Separability x1(m)x,(n) X1 (21) Xa(22) |
Shifting x(m £ mg, n % ny) 2™ 2, X (24, 22) '
Modulation a" b"x(m, n) X (%, % )
Convolution R(m, n)®x(m, n) H(z, 22) X (21, 3)
iolicati _1_)5£§ (z_z_) o gy dEidzt

Multiplication x(m, n)y(m, n) (271_]. X Iz Y(zl, z3) P

CiC2
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Causality and Stability

A one-dimensional shift invariant system is called causal if its output at any'time is
not affected by future inputs. This means its impulse response A(n) =0 for n <0
and its transfer function must have a one-sided Laurent series, i.e.,

: i

é/ H(z) = goh(n)z-"

{
f ]
Pl drned

. (2.29)

Extending this definition, any sequence x(n) is called causal if x(n)=0,n <0;
anticausal if x (n) = 0,n = 0, and noncausal if it is neither causal nor anticausal.

A system is called stable if its output remains uniformly bounded for any
bounded input. For linear shift invariant systems, this condition requires that the
impulse response should be absolutely summable (prove it!), {.\e.,

. ir ]
2 |r(m)| < L (2.30)
This means H (z) cannot have any poles on the unit circle |z| = 1. If this system is to
be causal and stable, then the convergence of (2.29) at |z| = 1 implies the series must
converge for all |z| = 1, i.e., the poles of H(z) must lie inside the unit circle.
In two dimensions, a linear shift invariant system is stable when

IS5 1h(m, ) </ _ (231

£

which implies the region of convergence of H(z;, z;) must include the unit circles,
e, |z|=1,|n|=1. '

2.6 OPTICAL AND MODULATION TRANSFER FUNCTIONS

For a spatjally invariant imaging system, its gp_t_i;zaLtmzzsfez:fuzmtiqu_(OTF) is de-
fined as its normalized frequency response, ie., ‘

. . H (§1 ’ gZ) ‘ ’ 8
) OTF =% &%) | | (2.32)
The modulation transfer function (MTF) is defined as the magnitude of the OTF,

ie., ‘

MTF=]OTF[=%2)%’ ' @)

Similar relations are valid for discrete systems. Figure 2.5 shows the MTFs of
systems whose PSFs are displayed in Fig. 2.2. In practice, it is often the MTE that is
measurable. The phase of the frequency response is estimated from physical consid-
erations. For many optical systems, the OTF itself is positive.

Sec. 2.6 Optical and Modulation Transfer Functions 21
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Figure 2.5 MTFs of systems whose

L 4 PSFsare displayed in Figure 2.2.

Example 2.2
The xmpulse response of an imaging system is ngen as h(x, y) =2 sin¥n(x —xo)}
[m(x = x0)? sin’[w(y — yo)Vm(y — yo)]*. Then its frequency response is H(£, , &) =
2tri&, &) exp[—j2m (xo& + yo&z)}, and OTF =tri(£:, &) exp{—~i2w (xo &1 + yo 2],
MTF=tri (&, ). ,

2.7 MATRIX THEGRY RESULTS

" Vectors and Matrices

Often one- and two-dimensional sequences will be represented by vectors and
matrices, respectively. A column vector u containing N elements is dénoted as

u(1)
u@ | -
wlumy=| - S (234)
u(N)
The nth element of the vector u is denoted by u(n), u,, or [u],. Unless spécified

otherwise, all vectors will be column vectors. A column vector of size N is also
called an N X 1 vector. Likewise, a row vector of size N is called a 1 X N vector.

22 - Two-Dimensional Systems and Mathematical Preliminaries = Chap. 2
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A matrix A of size M XN haé M rows and N columns and is defined as
a(l,1) a(l,2) ---a(l, N)
a2, 1)
Alfa(m =]’ R 2.35)

;;(M, 1) ;(M, 2):”a(M, N

The element in the mth row and ath column of matrix A is written as [A]n A
a(m, n) £ a,, ,. The nth column of A is denoted by a, , whose mth element is written
as a,(m) = a(m, n). When the starting index of a matrix is not (1, 1), it will be so

indicated. For example,
A={a(m,n) 0<m,n=N-1}

represents an N X N matrix with starting index (0, 0). Common definitions from

matrix theory are summarized in Table 2.6.
In two dimensions it is often useful to visualize an image as a matrix. The
matrix representation is simply a 90° clockwise rotation of the conventional

two-dimensional Cartesian coordinate representation:

S P

-x(m, n) =

o -
N O e

Row and Column Ordering

Sometimes it is necessary to write a matrix in the form of a vector, for instance,
when storing an image on a disk or a tape. Let

= B.6{x(m, n)}

be a one-to-one ordering of the elements of the array {x (m, n)} into the vector .=.

- For an M % N matrix, a mapping used often is called the lexicographic or dictionary

ordering. This is a row-ordered vector and is defined as

o= [x (1, Dx(1,2) ... x(1,N)x(2,1)...x(2,N).. x(M 1), f’x(M, NI~ ‘.
8. 6,4x(m, n)} : o ‘ (2.36a)

Thus =7 is the row vector obtained by stacking each row to the right of the previous
row of X. Another useful mapping is the column by column stackmg, which gives a
column-ordered vector as

T=[x(1,1)x(2,1)...x(M, Dx(1,2)...x(M, 2)...x(1,M). . .x(M, N)]T
Sec. 2.7 Matrix Theory Results - ‘ 23
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TABLE 2.6 Matrix Theory Definitions

Item Definition Comments
Matrix A={a(m, n)} m =row -index, # =column
o index
Transpose AT={a(n, m)} Rows and columns are

Complex conjugate
Conjugate transpose

Identity matrix

Null matrix

Matrix addition

Scalar multiplication

Matrix multiplication

Commuting matrices

Vector inner product
Vector outer product

Symmetric
Hermitian

Determinant
Rank [A]

Inverse, A~!
Singular

Trace

Eigenvalues, \¢
Eigenvectors, ¢«

ABCD lemma

*={a*(m, n)}
A*T={a*(n, m)}

I={8(m —n)}

0 = {0}

A+B= {a(m, r) + b(m, n)}

oA ={aa (ni, n)}

c(m, n) A > a(m, k) bk, n)

k=1

AB=BA :
&0 8x Ty =T x* () y(n)

xy"=fx(m)y (m)} ;

A= AT
A"=AtT
A

Number of linearly indepen-
dent rows or columns.

ATTA=AAT =1
A" does not exist

Te[Al= 2 a(n, n)
Al roots [A ~ AT =0

All'solutions A & = A (e,
i #0

(A —BCD)™ =

AT +AT'B(C'~DA™'B)' DA™

interchanged.

A square matrix with
unity along its diagonal.
All elements are zero.

A, B have same
dimensions.

CCAAB AiSMXK Bis

K XN, Cis M XN.
AB # BA.
Not true in general.

Scalar quantity. If zero,
x and y are called
orthogonal.
xisMX1,yisNX1,
outerproduct is M X N;
is a rank 1 matrix.

A real symmetric matrix -

" is Hermitian. All
eigenvalues are real.

For square matrices only.

For square matrices only.
[Al=0

Sum of the diagonal
elements.

A, C are nonsingular.
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9 "'52 = . B .
GO SR Y
X; R ~ "‘ — 1 ,“_/\._..__
% o & Vo B R
=" |264x(m, n)} (2.36b)

XN,
where x, is the nth column of X.
Transposition and Conjugation Rules
1 A*T=[AT]*
2. [AB]"=BTAT
3. [AT=][AT]?
. [AB]* = A*B*

Note that the conjugate transpose is denoted by A*”. In matrix theory literature, a
simplified notation A* is often used to denote the conjugate transpose of A. In the

theory of image transforms (Chapter 5), we will have to distinguish between A, A*,
A" and A*7 and hence the need for the notation.

o

Toeplitz and Circulant Matrices

A Toeplitz matrix T is a matrix that has constant elements along the main diagonal
and the subdiagonals. This means the elements ¢(m, n) depend only on the differ-
ence m —n, i.e., t(m, n) =t,_,. Thus an N x N Toeplitz matrix is of the form

h 1 sl

4ot Iy tn+2 . N

53 . .
T=|- . ; (2.37)

. ty :

tN—l" b [2 tl tg 5 .

and is completely defined by the (2N —1) elements {#,—-N +1<k=N -1}
Toeplitz matrices describe the input-output transformations of one-dimensional
linear shift invariant systems (see Example 2.3) and correlation matrices of sta-

tionary sequences. -
A matrix Cis called circulant if ¢ach of its rows (or columns) is a circular shift

of the previous row (or column), i.e.,
' ' FCD € G enoy

Cn-1 € € CN-2
C= (2.38)
55} C1
L.C1 Co
25
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‘Note that C is also Toeplitz and

c(m,ny=c((m —r) modulo N) (2.39)

erculan. matrices describe the input-output behavior of one-dimensional
linear periodic systems (see Example 2.4) and correlation matrices of periodic
sequences.
Example 2.3 (Linear convolution as a Toepiitz matrix operation)

The output of a shift invariant system with impulse response h(n) =n, ~1 =n =1, and
with input x (r), which is zero outside 0 < n = 4, is given by the convolution

V)= k(W) @x(r) = 3 hin —K)x(k)

Note that y (n) will be zero outside the interval —1=<n =5. In vector notation, this can
be writien as a 7 x 5 Toeplitz mat-ix operating on a.5 X 1 vector, namely, -

y-D{ |-1 0 0 0 0
¥(0) 0 -1. 0 o 0 (x(O)
y(1) 1.0 -1--¢ oflzx@®
y2 |={ 6 1 0 -1 oj|x®
y(3) 0 0 1 0 -1{x(3)
y(4) 0.0 0 1 o0}lx@
& J Lo o o0 .0 1

Example 2.4 (Circular convolution as a circulant matrix operation)

If two convolving sequences are periodic, then their convoluticn is also permdxc and
can be represented as :

y(n)=N§3]h(n —k)x(k), O=n<N-1

where Ii( —n)=h(N —n) and Nis the penod For example Iet N =4and h(n) n+ 3 .

(modulo 4). In vector notation this gives P L JLEN A :
y(0) 32 1 0fx(0)
y(DI_10 3 2 1}|x(1) “
y(2) 103 21x(2)
21 0 3]{x(3

y{3

Thus the input-to-output transformation of a circular convolution is described by a
circulant matrix. . .
A

Orthogonal and Unitary Matrices

An grthogonal matrix is such that its inverse is equal to its transpose, ie., Ais

orthogonal if
A-—l - AT
or ‘ _ o
’ ATA=AAT=1 (2.40)

26 Two-Dimensional Systems and Mathematical Preliminaries ~ Chap. 2.
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A matrix is called gnitarz if its inverse is equal toits conjugate transpose, i.e.,

- A-l — A*T
or :
AA*T=ATA =] S (2.41)

A _real orthogenal matrix is also unitary, but a unitary matrix need not be
orthogonal. The preceding definitions imply that the columns (or rows) of an N X N
unitary matrix are orthogonal and form a complete set of basis vectors in an
N-dimensional vector space.

Example 2.5
Consider the matrices

1[1 1] [\/ij] 1[1;‘}
A= R Ap=1] ' s As=—=1

V2l -1 Tl V2 *Tvzljo1

Itis easy to check that A, is orthogonal and unitary. A, is not unitary. A is umtafy with
orthogonal rows.

Positive Definiteness and Quadratic Forms

An N X N Hermitian matrix A is called positive defini
quadratic form

T positive semidefinite if the

Q8x*TAx, Vx#0 (2.42)

is positive (>>0) or nonnegative (=0), respectively. Similarly, A is negative definite or
negative semidefinite if Q <0or Q <0, respectxvely A matrix that does not satisfy
any of the above is indefinite.

If A is a symmetric positive (nonnegatxve) definite matrix, then all its eigen-
values {\;} are’ positive (nonnegative) and the determinant of A satisfies the in- -

equality
N

1Al =,fl Ne= [ a(k, k) ey

Diagonal Forms

For any Hermitian matrix R there exists a unitary matrix & such h that
@ TRO=A  (2.44)

.where Aisa dxaggnax matrix containing the elgenvalues of R. An altemate form of
the above equation is

R® =dA ‘ : (2.45)

which is the set of eigegyalue equations

where {\¢} and {d, } are the eigenvalues and eigenvectors, respectively, of R. For
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Hermitian matrices, the eigenvectors corresponding to distinct elgenvalues are

/th_hgggglil For repeated cigenvalues, their eigenvectors form a subspace that can

‘be orthogonalized to yield a complete set of orthogonal eigenvectors. Normaliza-

: tion of these eigenvectors yields an orthonormal set, i.e., the unitary matrix @,
- / whose columns are these eigenvectors. The matrix @ is also called the eigenmatrix

of R.

2.8 BLOCK MATRICES AND KRONECKER PRODUCTS

In image processing, the analysis of many problems can be simplifie/d substantially
by working with block matrices and the so-called Kronecker products. For example,
the two-dimensional convolution can be expressed by simple block matrix oper-
ations.

Block Matrices

Any matrix s§ whose elements are matrices themselves is called a block matrix ; for
example, -

1

Ay A A,
Ay Agn Ay,

a=\ ] e
Am,l Am,Z"'Am,n

is a block matrix where {A;;} are p X g matrices. The matrix & is called an m X n
block matrix of basic dimension p X g. If A;; are square matrices (say, p X p), then
we also call & to be an m X n block matrix of basic dimension p.

If the block structure is Toeplitz, (A;; = A;-;) or circulant (A;; = A~ jymodulon)s
m = n) then o is called block Toeplitz or block circulant, respectively. Additionally,
if each block itself is Toeplitz (or circulant), then & is called doubly block Toeplitz
{or doubly block circulant). Finally, if {A;} are Toeplitz (or circulant) but (A;;#
A;_))then st is called a Toeplitz block (or circulant block) matrix. Note that a doubly
Toeplitz (or circulant) matrix need not be fully Toeplitz (or circulant), i.e., the
scaler elements of & need not be constants along the subdiagonals.

Example 2.6 ) .
Consider the two-dimensional convolution R

2 1
> 2 hm—m',n—n%(m’,n),
m'=0n' =0
where the x (m, n) and s (m, n) are defined in Example 2.1. We will examine the block
structure of the matrices when the input and output arrays are mapped into column-
ordered vectors. Let x, and y, be the column vectors. Then

y(m,n)=

1
Vo= 2 HoowXe, H.,={h(m-m'n), 0=m=3, O0sm'=2}
n'=0 ' .
28 ~ Two-Dimensional Systéms and Mathematical Preliminaries =~ Chap. 2
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where

AR

X=|51, =14, Hy= T 0
3 1 0 -1 1
" 0 0 -1
10 0]

|11t 10 N

H, = 01 10 H.,=0, =0

bO 0 lJ,

Defining 4 and . as column-ordered vectors, we get

Yo Ho 0
& l’le = (Hl Ho} [Xu] é%l‘
Y2 ¢ H X
where % is a doubly Toeplitz 3 X 2 block matrix of basic dimensions 4 x 3. However,
the matrix % as a whole is not Toeplitz because [H}, » % [¥].. - » (show it!). Hence the
one-dimensional system g4 = ¥ v is linear but not spatially invariant, even though the
original two-dimensional system is. Alternatively, 4 = % . does not represent a one-

dimensional convolution operation although it does represent a two-dimensional
convolution.

Example 2.7

Block circulant matrices arise when the convolving arrays are periodic. For example,
let

2 Z h(m—m',n—n"x(m’, n",

where /(m, n) is doubly periodic with periods (3,4), i.e., h(m, n) h(im +3,n + 4),
Vm, n. The array k& (m, n) over one array period is shown next:

y(m,n)= 0=m=2, 0=n=3

" A
3[1T0]1
. 27|70 k(m, n)
113|571
S - n=0|4{8{7F . m
m=0 1 2

In'terms of column vectors of x (m, n) and y (m, n), we can write
3

¥o= 2 HoinXe,

n'=g

O=n=3

where H, is a periodic sequence of 3 X 3 circulant matrices with period 4, given by

4 3 8 315 20 2] 110
Ho=8 4 3|, H={5 3 1|, H,=[2 2 0|, H=]0-1 1
384 153 02 2] 101
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Written as a column-ordered vector equation, the outpur becomes

[ v [ B oH H;] %o

_yl _tH Hy H; H
Yyl T8 B H OH
NE) H: H, H HOJ X3

where H-,, = Hy_ .. Now % is a doubly circulant, 4 % 4 block matrix of basic dimension
3x3.

Kronecker Products

If A and B are M, X M, and Nj X N, matrices, respectively, then their Kronecker
product is defined as

. a(l, DB - - - a(l, MZ)B
A®B2{a(m, n)B} = : . (2.48)
V a(A%l, 1)B"--a(Mi., M,)B
This is an M X M, block matrix of basic dimension N; X N, MAOB_%

B® A. Kronecker products are useful in generating high-order matrices from
low-order matrices, for example, the fast Hadamard transforms that will be studied

in Chapter 5. Several preperties of Kronecker products are hsted in Taolc 27.A

particularly useful result is the identity

(A®B)(C®D)=(ACQ)®(BD) (2.49)

It expresses the matrix multiplication of two Kronecker products as a I\ronecker :

product of two matrices. For N X N matrices, it will take O(N“) + O(N*) oper-

TABLE 2.7 Properties of Kronecker Products

.(A+B)®C=A®C +BEC /.éf

- (ARBIR®C=ARBRC) -

Ca(AR®BY=(2A)®B =A® (mB), where ais scalur

. (A®B)=A"®B"

(A®B)'=A"'@B™

- (A®B)(COD) = (AC)®(BD)

A®B=(AQDI®B) _
. I1 (Ax®By) = ( I Ak> ( 11 Bk), where A and B, are square matrices

k=1

9. det(A®B)=1{detA)" (det B)", where Aism X mandBisn xn
10. Tr(A®B) =[Tr (A)}[Tr (B)]
11. If 7(A) denotes the rank of a matrix A, then 7(A ®B) =r(A)r(B).
12. If A and B are unitary, then A ® B is also unitary. ., 4

13. I C = AQ®B, C& = ve &, Axi = NiX,, By, = by¥j,
thengk-—x,®y,,yk—)\ rplsi=m lsjsn lsk=mn

5

0 NN R W e

30 Two-Dimensional Systems and Mathematical Preliminaries ~ Chap..2 '

A T S

L e

: 2.9 RANDOM SIGNALS . i

ations to compute the left side, whereas only O(N*) operations are required to
compute the right side. This principle is useful in developing fast aigonthms for
multiplying matrices that can be expressed as Kronecker products.

Example 2.8
Let
o1 12
a=[; —1]’ B‘[a 4}
Then
12 1 2 1 1.2 2
134 3 4 1 -1 2 =2
ABB=1] 5 |3 o) B®A=3 5
34 -3 —4 3 -3 4 —4
Note the two products are not equal.
Separable Operations
Consider the transformation (on an N X M image U)
V4 Aup”
or
v(k,1)=22a(k, myu(m, n)b(l, n) (2.50)

This defines a class of separable operations, where A operates on the columns of U
and B operates on the rows of the result. If v, and u,, denote the kth and mth row
vectors of V and U, respectxvely, then the preceding series becomes

vi= 2 a(k, m)[Bul]= Z [A® B ul

where [A @ Bl is the (k, m)th block of A®B. Thus if U and V are row-ordered
into vectors « and o, respectively, then
V=AUB” 3 »=(A®B)w

i.e., the separable transformation of (2.50) maps into a Kronecker product oper-
atmg on a vector. i

Definitions

A complex discrete ranidom signal or a discrete random process is a sequence of
random variables u (n). For complex random sequences, we defing

Mean 2 ju(n) & u(n) = Efu(n)] o (2.51)
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Variance 2 o2(n) = ¢ ¥(n) = Ellu(n) = u(n)f} (2.52)
Covariance = Cov{u(n), u(n "] & rdmny2r(nn’) ' '
= E{[u(n) — w(m)l[w* (5 ) — w*(n )]} : (2.53)
Cross covarién;:e é Cov[it (n),v(n")] é?,:(n,n ’)7‘*“ )
=E{[u(n) = m.(m)]lv* (n") = p} (1} (2.54)
Autocorrelation & a.(n,n’) 4, (n,n') = Elu(mu*(n"]
=r(n,n)+umu(n’) (2.55)

Cross-correlation = au(n, 1’y = Elu(nyv*(n ’)] =ra{mn)+pm)pr (@) (2.56)

The symbol E denotes the mathematical expectation operator. Whenever there is
no confusion, we will drop the subscript « from the various functions. For an N X 1
Vector u, its mean, covariance, and other properties are defined as

Efu]=p={u(n)} isanN x.1vector, (2.57)
Cov[u] 4 E(u—p)(u* - p,*)Té R,AR= {r(n,n")} isan N X N matrix (2.58)
Cov{u, v} Ap (u—p ) — )T A R., ={r.(n, n"} isan N X N matrix :(2.59)
Now p and R represent the mean vector and the covariance matrix, respectivc;ly, of

the vector u.

Gaussian or Normal Distribution

-The probability density function of a random variable u is denoted by p.(«). Fora

Gaussian random variable

Dul2) AL exp{
V2wa? 2
where . and o are its mean variance and « denotes the value the random variable
takes. For p =0 and o? = 1, this is called the standard normal distribution.

Gaussian Random Processes

A sequence, bossjbly infinite, is called a Gaussian (or normal) random process if the
joint probability density of any finite sub-sequence is a Gaussian distribution. For
example, for a Gaussian sequence {u(n), 1 =5 = N} the joint density would be

Pu(w) =puler, @z, o, ) =[(2m)"* [RI] exp {~ s (e = )* "R (w ~ )} (2.61)

where R is the covariance matrix of u and is assumed to be nonsingular.

Stationary Processes

A random sequence u(n) is said to be strict-sense stationary if the joint density of
any partial sequénce {u(/), 1=/ =<k} is the same as that of the shifted sequence
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{u +m),1=I=k}, for any integer m and any length k. The sequence u(n) is
called wide-sense stationary if
Elu(n)] = p = constant
Elu(nyu*(n)]=r(n —n’) : (2.62)

This implies 7(n, n') =r(n —n’), i.¢., the covariance matrix of {u(n)} is Toeplitz.

Unless stated otherwise, we will imply wide-sense stationarity whenever we
call a random process stationary. Since a Gaussian process is completely specified
by the mean and covariance functions, for such a process wide-sense stationarity is
the same as strict-sense stationarity. In general, although strict-sense stationarity
implies stationarity in the wide sense, the converse is not true.

We will denote the covariance function of a stationary process u(n) by r(n),
the implication being

r(n) = Covlu(n), u(0)] = Covju(n’ + n), u{n’], Vn', Vn (2.63)

Using the definitions of covariance and autocorrelation functions, it can be
shown that the arrays r(n,n") and a(n,n') are conjugate symmetric and non-
negative definite, i.e., ' :

Symmetry: r(n,n)=r*(n’, n), Va, n' (2.64)
‘ Nonnegativity: 2 > x @Wr(n,n)x*(ny =0, x(n)+0,Vn (2.65)

This means the covariance and autocorrelation matrices are Hermitian and
nonnegative definite.

Markov Processes

A random sequence u(z) is called Markov-p, or pth-order Markov, if the condi-_
_tional probability of i () given the entire past is equal to the conditional probability
of u(n) given only u(n ~1),...,u(n ~p), ie., '

Problu(n)lu(n - 1),u(n -2),...1= ' :
} Problu(m)lu(n - 1),...,u(n WAL (2.66a)
~ A Markov-1 sequence is simply called Markov. A Markov-p scalar sequence can
" also be expressed as a (p x 1) Markov-1 vector sequence. Another interpretation of
a pth-order Markov sequence is that if the “present,” {u(j )l n—p=j=n-1} is
known, then the “past,” {u(j),j <n ~p}, and the “future,” {u(j),j =n}, are
independent. This definition is useful in -defining Markov random fields in two
dimensions (see Chapter 6). For Gaussian Markov-p sequences it is sufficient that

- the conditional expectations satisfy the relation

CEu@mu(n - 1),u(n ~2),.. d=Elu@iun -1),...,u(n-p)l,” An (2.66b)
o Example 2.9 (Covariance matrix of stationary sequences) ’ '

The covariance function of a first-order stationary Markov sequence u(n) is given as

‘ rmy=g",  lpl<i,va (2.67)
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This is often used as the covariance model of a scan line of monochrome images.
For an N X 1 vectoru = {u (n), l=n= < N}, its covariance matrix is {r(m — n)}, i.e.,

p p N 1
\\ (2.68)

p 1

which is Toeplitz. In fact the covariance aj ati i stationa;
sequence are Toeplitz. Conversely, any sequence, finite or infinite, can be called
stationary if its covariance and autocorrelation matrices are Toeplitz,

Orthogonality and Independence \

Two random variables x and y are called independent if and only if their joint.
probability density function is a product of their marginal densities, i.e.,

| peste, ) = pIps) | @69)

Two random sequences x (n) and y (n) are called independent if and only if for every
n and n’, the random variables x(n) and y(n') are independent.
The random variables x and y are said to be orthogengl if

Efxy*]=0 (2.70)
and are called uncorrelated it ‘
E[xy*]=(E[x](E[*])
or '
E[(x — m)(y = ,)*1=0 ’ @.7)

Thus zero mean uncorrelated random variables are also orthogonal. ‘Gaussian ran-:
dom variables wmch are uncorrelated are also independent.

;The Karhunen-Loéve (KL} Transform

Let{x(n),1sn= N } be a complex random sequence “whose autocorrelation matrix
isR. Let @ be an N X N uniiary matrix, which reduces R to its dlagonal form A [see
(2.44)]. The transformed vector o ‘
|y=o"x]} : (2.72)
is called the Karhunen-Lo&ve (KL) transform of x. It satisfies the property
yy*T] (I)*T{E *1]}(1) ‘I)*TR(I) A ‘
> Ey®yOl=nek -1 | @7)
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Cr(m, )= Cov[u(m, n),u(0,0)] = Cov[u(m' +m,n’ +n), d(m “n)l  Y(m',n")

i.e.. the elements of the transformed sequence y (k) are orthogonal. If R represents
the covariance matrix rather lhan the autocorrelation matrix of x, then the sequence
y(k) is uncorrelated. The unitary matrix ®*7 is called the KL transform matrix. Irs
Fows are the conjugate eigenvectors ofR i.e., it is the conjugate transpose of the
eigenmatrix of R. The KL transform is of fundamental importance in digital signal
and image processing. Its applications and properties are considered in Chapter 5.

2.10 DISCRETE RANDOM FIELDS

In statistical representation of images, each pixel is considered as a random
variable. Thus we think of a given image as a sample function of an ensemble of
images. Such an ensemble would be adequately defined by a joint probability
density of the array of random variables. For practical image sizes, the number of
random variables is very large (262,144 for 512 x 512 images). Thus it is difficult to
specify a realistic joint density function because it would be an enormous task to
measure it. One possibility is to specify the ensemble by its first- and second-order
moments only (mean and covariances). Even with this simplifying constraint, the
task of determining realistic model parameters remains difficult. Various ap-
proaches for stochastic modeling are considered in Chapter 6. Here we consider
some basic definitions that will be useful in the subsequent chapters.

Definitions

When each sample of a two-dimensional sequence is a random variable, we call it a
discrete random field. When the random field represents an ensemble of images

(such as television i images or satellite images), we call it a random image. The term

random field will apply to any two-dimensicnal random sequence.
The mean and covariance functions of a complex random field are defined as

E[u(m, n)] = w(m, n) C(2.74)
Covlu(m, n),u(m’, n} & E{(u(m, n) — w(m, m)(@*(m’, n’) ~ p*(m’, n))]
=rlm,n;m’, n’)=r(m,n;m',n') (2.75)

Often, we will consider the stationary case where /. .f} i

P
w(m, n) = w = constant © - . .
rdm,nym',ny=r{m -~ m,n—n’)=r(m-—m’,n-—n’) (2.76)

As before, whenever there is no confusion, we will drop the subscript « from 7, . A
random field satistying (2.76) is also called shift invariant, translational (or spatial)
invariant, homogeneous, or.wide-sense stationary. Unless otherwise mentioned, -
stationarity will always be implied in the wide sense.

We will denote the covariance function of a stationary random field u (n, 1) by
r.{m, n) or r(m, n), implying that

@.77)
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A random field x (m, n) will be called a_white noise field whenever any two
different elements x (m, r) and x(m’, n’) are mutually uncorrelated, i.e., the field’s
covariance function is of the form :

nlm, nym', n’) = am, n)d(m —m',n —n’) (2.78)

_A random field is called Gaussian if its every segment defined on an arbitrary
finite grid is Gaussian. This means every finite segment of u(m, n) when mapped
into a vector will have a joint density of the form of (2.61).

Covariances and autocorrelations of two-dimensional fields have symmetry
and nonnegativity properties similar to those of one-dimensional random processes:

Symmetry:. r(m,n;m',n") =r*(m',n';m, n) 2.79)
In general ’ i ' .
r(m,n;m',n’)#r(m’,n;m,n’)#r*(m',n;r;z,n’) (2.80)

Nonnegativity: 2. 2 2 2 x(m, myr(m, nym’, n)x*(m’, n') =0,
T x(m,n)#0,¥(0m,n)  (2.81)

Separable and Isotropic image Covariance Functions

~The covariance function of a random field is called separable when it can be ex-
pressed as a product of covariance functions of one-dimensional sequences, i.e., if
r(m,n;m', n')=rm,mrn,n’) . (Nonstationary case) (2.82)

r(m, n)= r,(ni)rz(n) (Stationary case) (2.83)

A separable stationary covariance function often used in image processing is

rimn)=a?piphl,  Ipi[<1, o<1 (2.84)

Here o? represents the variance of the random fieid and p, =r(1,0)/0?,
p2=r(0,1)/a? are the one-step correlations in the m and n directions, respectively.
Another covariance function often considered as more realistic for many

images is the nonseparable exponential function
r(m, n) = o exp{~Vo,m*+ an?} (2.85)
When oy =a,=a, r(m,n) be'com‘es a function of the Euclidean distance d A
m?+ntie., L
r(m, n)=a?p¢ (2.86)

where p = exp(—|a|). Such a function is also called isotropic or.circularly symmetric.
Figure 2.6 shows a display of the separable and isotropic covariance functions. The

parameters of the nonseparable exponential covariance function are related to the

one-step correlations as «; = —Inp; , ap = —Inp, . Thus the covariance models (2.84)
and (2.85) can be identified by measuring the variance and the one-step correlations
of their zero mean random fields. In practice, these quantities are estimated from
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Figure 2.6 Two-dimensional covariance

functions () Isotropic covariance

i _ :
E +  and its log display; (b) separable covar-
i i @l iance and its log display.

the given image data by replacing the ensemble averages by sample averages; for
example, for an M X N image u(m, n), C

M N :
pz,;,:ﬁ]_v zzlglu(m, n (2.87)
rlm =i, = S E[u(m \n) = illulm +men +n) -] (288)

For many image classes, p; and p; are found to be around 0.95.

Example 2.10 (Covariance matrices of random fields)

In Example 2.9 we saw that the covariance matrix of a one-dimensional stationary
sequence is a symmetric Toeplitz matrix. Covariance matrices of étationary random
fields mapped into vectors by row or column ordering are block Toeplitz matrices. For
example, the covariance matrix of a segment of a stationary random field mapped into

a vector by column (or row) ordering is a doubly Toeplitz block matrix. If the covar-

iance function is separable, then this covariance block matrix is a Kronecker product of
two matrices. For details see Problem 2.17. .

Let u(n) be a stationary random sequence. Its covariance generating function (CGF)

is defined as the Z-transform of its covariance function 7,(n), i.e,,

ne= o

CGFlu(m}As,)8s(a 3 r(mz (2.89)
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— The spectral density function (SDF) is defined as the Fourier transform of 7,(n),

which is the CGF evaluated at'z = ,E?PSM ie.,

=

o ‘ SDp{u(n)}ésu(m)Q_S(w)= S rn) exp(—j@n)=§(z)],=,iw (2.90)

7.7~ The covariance r.{n) is simply the inverse Fourier transform of the SDF, i.e.,
oF T w o ]
rm) = i j' Su() exp(jon) do @.91)

: S

In two dimensions the CGF and SDF have the auaiogous definitions

° " CGFu(m, n)} =8z1,2)28(z1,2,) 4 Ez rdm, myzi" " (2.92)

MR 0 e sy

SDF{u(m, n)} = S (0;,w;) A Sw, ;) A 2302 r.(m, n) exp[~j(w,m + w,n)]

mn=-—%

. o= u(Z‘,‘.z)l‘l-elux z9= giw2 L (2.93)
rm,n)= jf Su(wy, @) exp[](wlm wzn)]dwldwz ! (2.94)

This shows

. o ,7/ { 1-; e
f;’i:Eﬂu(m, n) - p,l 1=rf0,0)= s ij_ Sy@1, @) dodw, 6 (2.95)

i.e., the volume under S, (01 L) s equal to the average power in the random field

u(m, n). Therefore, physically S.(w; , w; ) represents the power density in the image

“at spatial frequencies (w; , ;). Hence, the SDF is also known as the power spectrum
density function or simply the power spectrum of the underlying random field.
Often the power spectrum is defined as the Foutier transform of the autocorrelation

‘sequence rather than the covariance sequence. Unless stated otherwise, we will ..

contmue to use the definitions based on covariances.
In the text whenever we refer to S,(z;,2;) as the SDF, it is implied that
z; = exp(jo, ), z2 = exp(jw; ). When a spectral density function can be egpressed asa

ratio of finite polynomlals in z; and z, , it is called a rational spectrum and it is of the

form x L
> X bk )zrtzt
Sz, 2) =55 " @)
> 2 a(mn)zmzn :
m=—M n=~N
Such SDFs are realized by linear systems represented by finite-order difference
equations.
Properties of the SDF 7
1. The SDF is real: .

S(on,a) =8 (@0 D ery)
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. TABLE 2.8 Properties of SDF of Real Random Seguences

Property , One-Dimensional Two-Dimensional
Fourier transform pair S(wye r(n) S(wi, w2) e r(m, n)
Real S(w) =5 (@) S (wr, w3) = §* (w1, w2)
Even S{w)=S5(~w) S(w1, 02) = S (w1, —w2)
Nonnegative S(w)z0, Vo S(w1, 02) =0, VY, w;

Linear system output S.(0) = |H{w)]* S, (») Su(wi, @2) = |H (01, 02)* Se (01, w2)

Separability §(w1,02) = 51 (w01) 81 (w2)
if r(m, ) =ri(m)r.(n)

This follows by observing that the covariance function is conjugate symmetric,
i.e., r(m, n) = r*(—~m, —~n). For real random fields the SDF is also even.

2. The SDF is nonnegative, i.¢.,
S{w,0;) =0, Vo, w (2.98)

Intuitively, this must be true because power cannot be negative. The formal
proof can be obtained applying the nonnegativity property of (2.81) to the covar-
iance functions of stationary random fields.

For a space-invariant system whose frequency response’ is H(w,,w,) and

" whose input is a random field e(m, n), the SDF of the output u(m, n) is given by

S0, w5)= [H(gn s 02) Sewr, @;) (2.99)

Table 2.8 summarizes the properties of the one- and two-dimensional SDFs. Similar
definitions and properties hold for-the SDFs of continuous random fields.

Example 2.11

The covariance function of a statlonary white noise field is given as r(m, n)—'
o?3(m, n). The SDF is the constantcr because

S(w1,02)=0%2, 2 8(m, n) exp[~j(w,m + w,n)} =

m n

W Example 2.12
- Consider the separable covariance function defined in (2.84). Taking the Fourier trans-
form, the SDF is found to be the separable function
2] - Y1 — & )
o’( pi)( Pz) _ (2.100)
(1 + i = 2p1 cos w; )(1 + ps —2p, €08 w2 )

s (0)1 s 602)
< For the isotropic covariance function of (2.86), an analytic expression for the SDF is
not available. Figure 2.7 shows displays of some SDFs.
2.12 SOME RESULTS FROM ESTIVIATION THECRY

Here we state some important definitions and results from-estimation theory that
are useful in many image processing problems.
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Figm;e 2.7 Spectral density functions
aib

cid!| sDFof (a) isotropic covariance
function; (b) separable covariance func-
tion; (c) covariance function of the girl

. image; (d) covariance function of the-

i moon image (see Figure 1.3).

Mean Square Estimates

Let{y(n),1=n = N} be areal random sequence and x be any r'eal random variable.
It is desired to find £, called the gptimum mean square estimate of x, from an
observation of the random sequence y{(r) such that the mean square error

(o8 E[(e - 27)) o (2.101)
is minimized. It is simply the Cofféii/.ti_(;;l;l mean of x given y(n),1=<n s N9, 10]
T =BG AERD @y = [ en@®de  @102)

i iti ili i i he obsérvation vector
where p,,(£) is the conditional probability c.lensxty of x given t , to
y. Ifx gn[cyl y(n) are independent, then £ is simply the mean value of x. Note that £ is

an unbiased esti because

a) - PJE[#] =E[E(xly)] =E[jc_]j' . : (2.103)

For zero fean Gaussian raﬁdéﬂ;@iﬁriables, % turns out to be linearin y(n), i.e.,

o

1) : i= % a(n)y (n) oo (2.104)

n

where the cogfficients a(n) are determined by solving linear equations shown next..

The Orthogonality Principle -
According to this principle the minimum mean square estimation error vector is
orthogonal to every random variable functionally related tS the observations, 1.e.,
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forany g 1) 2 ¢ (y (D, y @), .., y(NY),
E{x -%z(]=0 . (2.105)

To prove this we write .
E[g(y)]=E[E(xly)g ()] = E[E (g (0)ly)] = E fxg(¥)] ==

which implies (2.105). Since # is a function of ¥, this also implies

E[(x ~ %] =0 i\) (2.106)
Bl - e =0 ./ 2.107)

i.e., the estimation error is orthogonal to every function of the estimate.

The orthogonality principle has been found to be very useful in linear estima-
tion. In general, the conditional mean is a nonlinear function and is difficult to
evaluate. Therefore, one often determines the optimum Jinear mean square esti-
mate. For zero mean random variables this is done by writing x as a linear function
of the observations, asin (2.104), and then finding the unknowns a{x) that minimize
the mean square error. This minimization gives

N ' '
Z aWE®yWI=Ely(m], n=1,...,N
=1 .
In matrix notation this yields ‘
a=R'r, (2.108)

where « = {a(n)}, r,, = {E[xy (n)]} are N x 1 vectors and R, is the N X N covariance
matrix of y. The minimized mean square error is given by

ot=0i-a'r, S (2.109)

If x, y(n) are nonzero mean random variables, then instead of (2.104), we
write :
N
X—py=%—p,= 21 a(m)[y (n) = py(n)] (2.110)

Once again « is given by (2.108), where R, andr,, represent the covariance and
cross-covariance arrays. If x, y (n) are non-Gaussian, then (2.104) and (2.109) still
give the best linear mean square estimate. However, this is not necessarily the
conditional mean.

2.13 SOME RESULTS FROM INFORMATION THEORY

‘Information theory gives some important concepts that are useful in digital repre-

sentation of images. Some of these concepts will be used in image quantization

(Chapter 4), image transforms (Chapter 5), and image data compression (Chap-
ter 11). )
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Information

Suppose there is a source (such as an'image), which generates a discrete set of
independent messages (such as gray levels) r,, with probabilities p,,k = 1,...,L.
Then the information associated with 7, is defined as

bits (.111)

Ik = -—iogz Pr
Since
— .
=1 (2.112)
k=1 ) .
each p,=1 and I, is nonnegative. This definition implies that the information
conveyed is large when an unlikely message is generated,

Entropy

The entropy of a source is defined as the average information generated by the
souree, i.e.,

L
Entropy, H = — 2, pi logyp,  bits/message . (2.113;
k=1

For a digital image considered as a source of independent pixels,-its.entropy.can be
‘estimated from its histogram. For a given L, the entropy of a source is maximum for

uniform distributions, i.e., py= /L, k =1,..., L. In that case

L
maxH =~ 3 + log~ =logy L bits 2.114)
i i1 L L

1 .
The entropy of a source gives the lower bound on the number of bits required.
to encode its output. In fact, according to Shannon’s noiseless coding theorem [11,
12], it is possible to code without distortion a source of entropy /4 bits u_sing an
" average of H -+« bits/message, where € >0 is an arbitrarily smali quantity. An
alternate form of this theorem staes that it is possible to code the source with H bits
such that the distortion in the decoded message could be made arbitrarily small.

== H{p)

S )

Figure 2.8 Entropy of a binary source.
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Example 2,13 _
Let the source be binary, i.e., L =2. Then,if p, = p, p.=1~p, G=p =1, the entropy
is (Fig. 2.8) :

H=H(p)=-plog.p —(1-p)logl - p)
The maximum entropy is 1 bit, which occurs when both the messages are equally likely.
Since the source is binary, it is always possible to code the output using 1 bit/message.
However, if p <3, p =4 (say), then H <0.2 bits, and Shannon’s noiseless coding
theorem says it is possible to fjnd a noiseless coding scheme that requires only 0.2 bits/
message.

The Rate Distortion Function

In analog-to-digital conversion of data, it is inevitable that the digitized data would

* have some error, however small, when compared to the analog sample. Rate dis-

tortion theory provides some useful results, which tell us the minimum number of
bits required to encode the data, while admitting a certain level of distortion and
vice versa. ‘

The rate distortion function of a random variable x gives the minimum average
rate Rp (in bits per sample) required to represent (or code) it while aljowing a fixed
distertion D in its reproduced value. If x is a Gaussian random variable of variance
o?andy isits reproduced value and if the distortion is measured by the mean square
value of the difference (x — y), i.e., :

' D =Elx =] (2.115)
then the rate distortion-‘function of x'is defined as [11, 12},
Ro= {(%) log, (64D), D =g?
? 0 y D> 0'2
1 0’2
= max[O, 6] 10g2<—13- )] (2.116)

Clearly the maximum value of D is equal to o2, the variance of x. Figure 2.9 shows
the nature of this function. — I

Now if {x(0),x(1),...,x(N ~1)} are Gaussian random variables encoded
independently and if {y(0),...,y(N — 1)} are their reproduced values, then the

average mean square distortion is :
N=t

D=+ Ell(t) -y
N =g

. (2.117)

_For a fixed average distortion D, the rate distortion function. Ry of the vector x is

given by "
R =—I-Nz—lm?x[0 ilo o] 2
D Pt Rk 82 GJ (2.118)
where 0 is determined by solving
1 zs‘/?: 1 ‘ .
D =< 2, min(8, o} .
N2 min6,01) (2119)
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Figure 2.9 Rate distortion function for

— Distortion, D a Gaussian source.

Alternatively, if Rp is fixed, then (2.119) gives the minimum attainable distortion,

where 9 is obtained by solving (2.118). In genml&ismxex-and-a-monotgnicglly

_nonincreasing function of the distortion D. fro Py
' : JZAENNTE ) FON
PROBLEMS r
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p (,IJ.
2.1 a. Given a sequence u(m, n)=(m +n)’. Evaluate u{m, n)s(m-—1, n - 2) and
u{mny®d(m~1,n—-2). s

b. Given a function f(x, y)= (x- +y)’. Evaluate f(x, y)8(x~1, y —2)-and o

fx, y)®8(x -1,y —2).
c. Show that - f =" 49 = 5 (n).
217 -

2.2 (Properties of Discrete Convolution) Prove the following:
a. h(m, n)®u(m, n)=u(m, n)®h(m, n) (Commutative)
b. A(m, n) ®[a,u: (m, n) + azux (m, n)}=ai[h(m, n) ® u, (m, n)]

+ ax[h{m, n) ®uy (m, n)] (Distributive)
~¢. him, n)®u(m —my, n — no=h(m —me, n —ne) ulm, n) (Shift invaria.nc'e)
d. h(m, n) ®[u, (m, n) ®u, (m, n)] =[h(m, n) ® u, (M, n)]® uz (m, n) (Associative)

e. h(m, n)®@d (m_, n) =h(m, n) (Reproductive)

f. sz v{(m, }n) =[ 2”2 h(m, n)J[ Exz uim, n)] (Volume consérvation)

m, n= —x m, n= —% m, n= -

where v(m, n) =h(m, n)®u(m, n)

2.3 Write and prove the properties of convolution analogous to those stated in Problem 2.2
for two-dimensional continuous systems.

2.4 1In each of the following systems find the impulse response and determine whether or

not the system is linear, shift inv@a\m, FIR, or IIK. e o
a. y(m m)=3x(m ) +9 [ Y/

b. y(m, n)=m*n*x(m, n) U
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e yimmy= 2 E x(m’', nt)

d. y(m, n) =;'(:n_in‘r;o—,%n - 1)
e. y(m, n) =exp{~ix(m, )|}
f.ymm= 2 2 x(m',n")

:
m'em - - - P

MG 2wmm’ 2%wnn’
b vim =SS e g2 i
m=0n =0 M N
2.5 a. Determine the convolution of x(m, 1) of Example 2.1 with each of the following
arrays, where the boxed element denotes the (0, 0) location. o
L0 -1 1 ii. i, —2 . )
4 [ 1[2]3 /
0 -1 0 -1 )

Verify your answers in each case via the volume conservation property discussed in
Problem 2.2, :
b. Show that in general the convolution of two arrays of sizes (M; X Ny) and (M, X N,)
yields an array of size (M, + M, — 1) X (N; + N, — 1).
2.6 Prove tne convolution theorem i.e., (2.17) and from that prove (2.19).
2.7 Prove the Fourier transform relations of Table 2.2 and find the Fourier transforms of
sin 2mxv: cos 2wy e and cos [27 (xm; + ym2)].
2.8. Prove the properties of the Fourier transform of two-dimensional sequences listed in

Table 2.4. i

(2.9) For the optical imaging system shown in Fig. P2.9, show that the output image is a
' scaled and inverted replica of the object.

1

2
I3

X y) o1 flax,by) glx, y) )
i S

Figure P2.9

: @ (Hankel transform) - Show that in polar coordinates the two-dimensional Fourier trans-
form becomes :

E(E $) 2 F( cosd, £ sind) =Lﬂffp(r, 0) exp[~j2nrE cos (0 — &b)]r dr do

‘where f, (r, 8) = f(r cos 8, r sin6). Hence, show that if f(x, y) is circularly symmétric,
. then its Fourier transform is also circularly symmetric and is given by -

o - 2%
E(p)=2n fo oy (Vo @urp) dr, To(x) A i fo exp (—jx cos 6) d6

The pair f, (r) and F, (p) is called the Hankel transform pair of zero order.
2.11 Prove the properties of the Z-transform listed in Table 2.5.
2.12 For each of the following linear systems, determine the transfer function, frequency

response, OTF, and the MTF.

a, y(m, n)—piy(m—1,n) = pay(m, n — 1) =x(m, n)

b y(m, 1) —p1y(m =1,n) = pay(m, n = 1)+ pipoy(m —1,n = 1) =x(m, ) *
2.13 What is the impulse response of each filter? )

a. Transfer function is H; (z1, z2) =1 — gy 27 =@z 25 ~ a3 27 25 = Gz

b. Frequency response is H(w:, wz) = 1 — 20 cos w; — 20 COS 2. .
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2.14 a. Write the convolution of two sequences {1,2,3,4} and {-1,2,

—1} as a Toeplitz

matrix operating on a 3 X 1 vector and then as a Toephtz matrix operating.on a 4 x 1

vector.
b. Write the convolution of two periodi¢ sequences {1,2,3,4, ..

and{-1,2,-1,0,...},

each of period 4, as a circulant matrix operating on a4 X 1 vector that represents the

. first sequence.
2.15 [Matrix trace and related formulas].

e

s

N -
a. Show that for square matrices A and B, Tr{A]=Tr[A"]= 2 A, Tr[A+B]=

. i=1
Tr[A]+Tr[B], and Tr[AB] = Tr[BA] when X, are the eigenvalues of A.

a

) ) A D é{'—
b. Define Da(Y)= ATr[Y]- da(m, n)

Tr{Y]}. Then show that D, (AB)=

DA(ABAT) = AB7 + AB, and D, (A™' BAC) = —(A™'BACA ™) + (CA™'B)".
2,16 Express the two-dimensional convolutions of Problems 2.5(a) as a doubly Toeplitz
block matrix operating on a 6 X 1 vecter obtained by column ordering of the x (in, n).

@In the two-dimensional linear system of (2.8), the x (m, n) and y (m, n) are of size M X N-
and are mapped into column ordered vectors x and y, respectively. Write this as a

- matrix equation

y =%

and show # is an N X N block matrix of basic dimension M X M that satisfies the

properties listed in Table P2.17.

TABLE P2.17 Impulse Response (and Covariance} Sequences

and Corresponding Block Matrix Structures

Sequence

Block matrix

h(m, n;m', n')

h(m —Am'r ﬂ;"')
h(m,n—n'ym'y
hm =, n = 0,0

Spatially varying
Spatially invariant in m;
Spatially invariant in n;
Spatially invariant in m, n;
Spatially invariant in m, n )
- and periodic in m h{m modulo M, n)
Spatially invariant in m, n
and periodic in n h(m, n modulo N)
Spatially invariant and
periodicinm, n
Separable, spatially varying

h{m modulo M, n modulo N)
hi(m, m'Yha(n, n')

Sepéréble, sbatial]y invariant Ay {(m —m'Yhy(n —n')

Separable, spatiz'llly invariant,

and periodic hy (m)h(n) (m modulo M,

n modulo N)

#, general
Toeplitz blocks.

" Block Toeplitz -

Doubly Toeplitz

Block Toeplitz with
circulant blocks

Block circulant with
Toeplitz blocks

Doubly block circulant

Kronecker product
H.®H,

Toeplitz Kronecker
product H; ® H,,
Hl, Hz TOCplitZ

Circulant Kronecker
product H, ® H,,
H;, H; circulant

2.18 Show each of the following.

8. A circulant matrix is Toeplitz, but the converse is not true.
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b. The product of two circulant (or blpck circulant) matrices is a circulant (or block

circulant) matrix.
¢. The product of two Teeplitz matrices need not be Toeplitz.

2.19 Show cach of the following.

a. The covariance matrix of a sequence of uncorrelated random variables is diagonal.

b. The cross-covariance matrix of two mutually wide-scnse stationary sequences is
Toeplitz.

¢. The covariance matrix of one period of a real stationary periodic random sequence is
circulant.

2.20 In Table P2.17, if h(m, n; m’, n') represents the covariance function of an M X N
segment of a random field x (mm, n), then show that the block matrix ¥ represents the
covariance matrix of column-ordered vector x for each of the cases listed in that table.

2.21 Prove properties (2.97) through (2.99) of SDFs. Show that (2.100) is the SDF of random
fields whose covariance function is the separable function given by (2.84).

2.22 a.*Compute the entropies of several digital images from their histograms and compare
them with the gray scale activity in the images. The gray scale activity may be
represented by the variance of the image.

b. Show that for a given number of possible messages the entropy of a source is

maximum if all the messages are equally likely.
¢. Show that R, given by (2.118) is a monotonically nonmcreasmg function of D.

,
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3.1 INTRCDUCTION

In presenting the output of an imaging system to a human observer, it is essential to
consider how it is transformed into information by the viewer. Understanding of the
visual perception process is important for developing measures of image fidelity,
which aid in the design and evaluation of image processing algorithms and imaging
systems. Visual image data itself represents spatial distribution of physical quan-
tities such as luminance and spatial frequencies of an object. The perceived infor- N
mation may be represented by attributes such as brightness, color, and edges. Our
primary goal here is to study how the perceptual information may be represented
quantitatively, S T T

3.2 LIGHT, LUMINANCE, BRIGHTNESS, AND CONTRASf

L SO DN

s

Light is the electromagnetic radiation that stimulates our visual response. It is

expressed as a spectral energy distribution L (M), where \ is the wavelength that lies

. - in the visible region, 350 nm to 780 nm, of the electromagnetic spectrum. Light
. received from an object can be written as

i o | [ 10)=pML(N) | . G.1)

where p(\) represents the reflectivity or transmissivity of the object and L (\) is the
.. 1ncident energy distribution. The illumination range over which the visual system

" can operate is roughly 1 to 10, or 10 orders of magnitude. '
( . +%. - The retina of the human eye (Fig. 3.1) contains two types of photoreceptors
‘ - 4. called rods and cones. The rods, about 100 million in number, are relatively long
2 . and thin. They provide Scotoplic vision, which is the visual response at the lower
' several orders of magnitude of illumination. The cones, many fewer in number

AN SR s
AN N

Chap.2. = , N o

48 Two-Dimensional Systems and Mathematical Preliminaries




VN

The eve

Iris

Lens

0°

Retina

. Optic
Cornea nerve

_Figure 3.1 Cross section of the eye.

(about 6.5 million), are shorter and thicker and are less sensitive than the rods. They
provide photopic vision, the visual response at the higher 5 to 6 orders of magnitude
of illumination (for instance, in a well-lighted room or bright sunlight). In the
intermediate region of illumination, both rods and cones are active and provide

mesopic vision. We are primarily concerned with the photopic vision, since elec-

tronic image displays are well lighted.

The cones are also responsible for color vision. They are densely packed in the
center of the retina (calied fovea) at a density of about 120 cones per degree of arc
subtended in the field of vision. This corresponds to a spacing of about 0.5 min of
arc, or 2 um. The density of cones falls off rapidly outside a circle of 1° radius from
the fovea. The pupil of the eye acts as an aperture, In bright light it is about 2:mm in
diameter and acts as a low-pass filter (for green light) with a passband of about
60 cycles per degree.

The ‘cones are laterally connected by horizontal cells and have a forward

connection with bipolar cells. The bipolar cells are connected 10 ganglion cells,

which join to form the optic nerve that provides communication to the central

nervous systems.

The luminance or intensity of a spatially distributed object with light dxstnbu-
tion I(x, y, \) is defined as

flx )= f:I(x, ¥, NV(\)dX

where V() is called the relative luminous efficiency function of the visual system.
For the human eye, V(\) is a bell-shaped curve (Fig. 3.2) whose characteristics

4
1.0
0.8
0.6
0.4
0.2

0 - Lol S
380 460 540 620 700 780

Figure 3.2 Typical relative luminous ef-
ficiency function.
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depend on whether it is scotopic or photopic vision. The luminance of an object is
indevendent of the luminances of the surrounding oby.cts The brzghtness (also
‘call~d apparent brightness) of an dbject is the perceived luminance and depends on

'the luminance of the surround. Two objects with different surroundings could have

“identical luminances but different brightnesses. The following visual phenomena

exemplify the differences between luminance and brightness.
Simultanecus Contrast

InFig. 3.3a, the two smaller squares in the middle have equal luminance values, but
the one on the left appears brighter. On the other hand in Fig. 3.3b, the two squares
appear about equal in brighmess although their luminances are quite different. The
reason is that our perception is sensitive to luminance contrast rather than the
absolute luminance values themselves.

According to Weber’s law [2, 3], if the luminance ce fo) of an object is just
noticeably different from the luminance f, of its surround, then their ratio is

= constant
Writing fo = f, fi = f + Af where Af is small for just noticeably dlfferent luminances,
(3.3) can be written as
Af ‘
¥ =d(logf)=Ac (constant) (3.4
The value of the constant has been found to be 0.02, which means that at least
50 levels are needed for the contrast on a scale of 0 to 1. Equation (3.4) says

Figure 3.3 Simultaneous contrast: (a)

small squares in the middle have equal
| luminances but do not appear equally -
bright;

(b) small squares in the middle appear
almost equally bright, but their lumi-
nances are different.
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TABLE 3.1 Luminance to Contrast Models _ fViach Bands
1 Logarithmic law ¢ =30 logu f, 1=/ =100 ' The spatial interaction of luminances from an object and its surround creates a
2 Power law . Ce=af"™ n=23,.... . phenomenon called the Mach band effect. This effect shows that brightness isnota
: a:=10, a;=21.9 _ monotonic function of luminance. Consider the gray level bar chart of Fig. 3.5a,
s+ 100) . where each _bar has constant Iu’mi.ﬁ'ance. But the apparent brightness is not umfgxm
3 Background ratio C=TETF . aﬁiong the width of the bz}r. Transitions at gach. bar. appear brighter on the right side
£, = background luminance i and darker on the left side. The dashed line in Fig. 3.5b represents the perceived
hd : ; brightness. The overshoots and undershoots illustrate the Mach band effect. Mach
The luminance f lies in the interval [0, 100] except in the L ' bands are also visible in Fig. 3.6a, which exhibits a dark and a bright line (marked D
 logarithmic law. Contrast scale is over [0, 100]. I and B) near the transition regions of a smooth-intensity ramp. Measurement of the

equal increments in the log of the luminance should be perceived to be equally
different, i.e., A(logf) is proportional to Ac, the-change in contrast. Accordingly,-

the quantity .
c=a;+alogf (3.5)

where a, , a, are constants, is called the contrast. There are other _nlgdgLs of contrast
[see Table 3.1 and Fig. 3.4], one of which is the root law _

) ' c=fr " (3.6)
The choice of n = 3 has been prefcrfed over the logarithmic law in an image coding
study [7]. However, the logarithmic law remains the most widely used choice.

| e |
oo i : ;
; i
50 logyg £ ’,A}fl,_f),{/ pe o il L ;
s b A ! ‘(a) Gray-level bar chart. .
i ! . . : i
N~ [ ot 4 - : : ' f‘}
o 60 102 ‘ f . - - '
£ 219, ! : . : :
s w0 g i - Luminance ' . . x
| 3 G] . ) tNe =w = Brightness . \ ,
20 ; ' st ' |
i . [} 1 ; .
g T | ;
) { 1 { ] o ; ey e "y
"0 20 40 60 80 100 .
Luminance, ¥ . ’ TN H T Distance
“ . Figure 3.4 ~Contrast models. (b) Luminance vers{s brightness. Figure 3.5 Mach band ‘effe_ct. :
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(a} D = dark band, 8 = bright band.
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Figure 3.6 Mach bands.

s-Mach band effect can be used to estimate the impulse response of the visual system

(see Problem 3.5). .
Figure 3.6c shows the nature of this impulse response. The negative lobes
manifest a visual phenomenon known as lateral inhibition. The impulse response
values represent the relative spatial weighting (of the contrast) by the receptors,
rods and cones. The negative lobes indicate that the neural (postretinal) signal at a

given location has been inhibited by some of the laterally located récepﬁqgsz

~

3.3 MTF OF THE VISUAL SYSTEM

The Mach band effect measures the response of the visual system in spatial coor-.
dinates. The Fourier transform of the impulse response gives the frequency re-
sponse of the system from which its MTF can be determined. A direct measurement
of the MTF is possible by considering a sinusoidal grating of varying contrast (ratio
of the maximum to minimum intensity) and spatial frequency (Fig. 3.74). Obser-
vation of this figure (at a distance of about 1 m) shows the thresholds of visibility at
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Figure 3.7 MTF of the human visual system. (a) Contrast versus spatial frequency

sinusoidal grating; (b) typical MTF plot. .

various frequencies. The curve representing these thresholds is also the MTF, and it
varies with the viewer as well as the viewing angle. Its typical shape is of the form
shown in Fig. 3.7b. The curve actually observed from Fig. 3.7a is your own MTF
(distorted by the printing process). The shape of the curve is similar to a band-pass
filter and suggests that the human visual system is most sensitive to midfrequencies
and least sensitive to high frequencies. The frequency at which the peak occurs
varies with the viewer and generally lies between 3 and 10 cycle's/degree:jq  practice,
the contrast sensitivity also depends on the orientation .of the grating, being
fgaximum for horizontal and vertical gratings. However, the angular sensitivity
variations are within 3 dB (maximum deviation is at 45°) and, to a first approxi-
mation, the MTF can be considered to be isotropic and the phase effects can be
ignored. A curve fitting procedure [6] has yielded a formula for the frequency

" response of the visual system as

=100 [+ (8)] el 2],

p="VE]+ £] cycles/degree (3.7

where A, a, B, and p, are constants. For « =0 and B =1, pyis the frequency at
which the peak occurs. For example, in an image coding application [6], the values
A =26, a=0.0192, py= (0.114)‘;‘1 =8.772, and B = 1.1 have been found useful.
The peak frequency is 8 ¢ycles/degree and the peak value is normalized to unity.

‘ 3.4 THE VISIBILITY FUNCTION

et g s s

In many image processing systems—for instance, in image coding—the output
image ' (m, n) contains additive noise q(m, n), which depends on ¢(m, n), a func-
tion of the input image u(m, n) [see Fig. 3.8]. The sequence e(m, n) is sometimes
called the masking function. A masking function is an image feature that is fo be
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ulm, n} . +mu‘(m, n)

Figure 3.8 Visibility function noise
source model. The filter impulse response
} h(m, n) determines the masking func-
' tion. Noise source output depends on the
masking function amplitude |e|.

him, n)
elm,n)

observed or processed in the given application. For example, e(m, n)=u(m, n) in
CM transmission of images. Other examples are as follows:

{? 1. e(m,m)y=u(m,n)—u(m —1,n) _ ‘
Wz 2. e(mny=u(mn)—au(m—1,n)—aqu(mn—1) tau(m—-1,n-1)
3. e(m,n)=u(b1',n)—a[u(m—1,n)+.u(m+1,n) -
+u(m,n—1)+u(m, n+1)]

The yisibility function measures the subjective visibility in a _Scene containing
this masking function dependent noise g (s, n). It is measured as follows. For a
suitably small Ax and a fixed interval fx, x + Ax], add white noise of power P, to all
those pixels in the original image where masking furction magnitude le] lies in this
interval. Then obtain another image by adding white noise of power P, to all the
pixels such that the two images are subjectively equivalent based on a subjective

scale rating, such as the one shown in Table 3.3. Then the visibility function v(x) is

defined as [4]

v(x) = _—daxv—(x—‘) / (3.8
where

Vix)= % '

The visibility function therefore represents the subjective visibility in a scene of unit.
masking noise. This function varies with the scene. It is useful in defining a quantita-
‘tive criterion for subjective evaluation of errors in an image (see Section 3.6).

3.5 MONOCHROME VISION MODELS )
Based on the foregoing discussion, a simple overall model of monochrome vision

can be obtained [3, 6] as shown in Fig. 3.9. Light enters the eye, whose optical
_characteristics are represented by a low-pass filter with frequency response

- efficiency function V.(), vields the luminance distribution f(x, y)* via (3.2). The
nonlinear responsé of the rods and cones, represented by the point nonlinearity
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< H;(£,&). The spatial response of the eye, represented by the relative luminous
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(a)+ Overall monochrome vision model.
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(b) Simplified monochrome vision model.

Figure 3.9

&(*), yieldsthe contrast c(x, y). The lateral inhibition phenomenon is represented
by a spatially invariant, isotropic, linear system whose frequency response is
H(&;,&). Its output is the neural signal, which represents the apparent brightness
b(x, y). For an optically well-corrected eye, the low-pass filter has a much slower
drop-off with increasing frequency than that of the lateral inhibition mechanism.
Thus the optical effects of the eye could be ignored, and the simpler model showing
the transformation between the luminance and the brightness suffices.

Results from experiments using sinusoidal gratings indicate that spatial fre-
quency components, separated by about an octave, can be detected independently
by observers. Thus, it has been proposed [7] that the visual system contains a

" number of independent spatial channels, each tuned to a different spatial frequency
and orientation angle. This yields a refined model, which is useful in the analysis
and evaluation of image. processing systems that are far from the optimum and
introduce large levels of distortions. For near-optimum systems, where the output
image is only slightly degraded, the simplified model in Fig. 3.9 is d4dequate and is
the one with which we shall mostly be concerned. ' '

3.6 IMAGE FIDELITY CRITERIA

Image fidelity criteria are useful for measuring image quality and for rating the
performance of a processing technique or a vision system. There are two types of
Criteria that are used for ml@.ﬁnﬂjﬂimagequ@jt,uubjective,and_ggntitativeﬁ.
The subjective criteria use rating scales such as goodness scales and impairment
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Image Goodness Scales

TABLE 3.2

Gverall goodness scale Group goodness scale

Excellent (5 Best o .
Good 4) ‘Well above average (6)
Fair 3) Slightly above average - (5)
Poor 2) Average 4)
Unsatisfactory 1) Slightly below average 3
Well below average )
Worst (1)

The numbers in parenthesis indicate a numerical weight attached to the rating.

scales. A goodness scale may be a global scale or a group scale (Table 3.2). The
overall goodness criterion rates image quality on a scale ranging from excellent to
unsatisfactory. A training set of images is used to calibrate such a scale. The group
goodness scale is based on comparisons within a set of images.

The 1mpa1rment scale (Table 3.3) rates an image on the basis of the level of
degradation present in an image when compared with an idea! image. It is useful
in applications such as mage coding, where the encoding process introduces
degradations in the output image.

Sometimes a method called bubble sort is used in rating images. Two-images A
and B from a group are compared and their orderis determined (say it is A B). Then
the third image is compared with B and the order ABC or ACB i is established. If the

order is ACB, then A and C are compared and the new order is established. In this .
way, the best image bubbles to the top if no ties are allowed, Numerical ratmg may

be given after the images have been ranked.

If several observers are used in the evaluation process, then the mean rating is )

given by

where s, is the score associated with the &th rating, n, is the number of observers
with this rating, and » is the number of grades in the scale. .

TABLE 3.3 Impairment Scale
Not noticeable (1)
Just noticeable @
Definitely noticeable but only
slight impairment 3)
Impairment not objectionable (4) -
Somewhat objectionable (5)
Definitely objectionable (6)
Extremely objectionable @
58 ‘ . Image Perception ~ Chap. 3
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Among the quantitative measures,.a class of criteria used often is called the
mean square criterion. It refers to some sort of average or sum (or integral) of
squares of the error between two images. For M X N images u(m, n) and u'(m, ),
(or v(x, y) and v'(x, y) in the continuous case), the quantity

2 A 1

M N
2 ' —u'(m,n)? or v(x, y) —v'(x, Nfdxdy
0B 2, 2 o =) [ =vie
where R is the region over which the image is given, is called the average least
squares (or mtegral square) error. The quantity
ot & Ellu(m, m)—u'(m,m)P] or Ellv(xy) = v'(x )]

i . is called the mean square error, where E represents the mathematical expectation.
! - Often (3.9) is used as an estimate of (3.10) when ensembles for u(m, n) and
u’'(m, n) or v(x, y) and v'(x, y) are not available. Another quantity,

(3.9

(3.10)

E 1) —u'(m, n)f? .

wt=ghi 2 2 Elutnn) - wm )] |
or [[ ElbG) =G y)Plaray

called the average mean square or integral mean square error, is also used many

times. In many applications the (mean square) error is expressed in terms of a
signal-to-noise ratio (SNR), which is defined in decibels (dB) as .

(3.11)

"SNR =10 log@%, Ce= 0y, O » OF O (3.12)

where o? is the variance of the desired (or original) image.
Another definition of SNR, used commonly in image coding applications, is

o " (peak-to-peak valtie of the Teference image)

SNR’ = 10 10 210 (3.13)

. ) - o N

This definition generally results in a value of SNR' roughly 12 to 15 dB above
the value of SNR (see Problem 3.6).

The sequence u(m, ) (or the function v(x, y)) need not always represent
the image luminance function. For example, in the monochrome image model of
Fig. 3.9, v{x,y) 2 4 b(x, y) would represent the brlghtness function. Then from (3 9)
we may write for large images

0-2"=ff_wlb(xfy)—b_’(x»y)lzdxdy L

e —

(3.14)

=J-£° IB(§;,§2)*B'(&;,&z)lsz‘déz (3.15)

where B (£, &) is the Fourier transform of b (x, y) and (3.15) follows by virtue of the
Parseval theorem. From Fig. 3.9 we now obtain

(3.16)
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which is a frequency weighted mean square criterion applied to the contrast
function. ) :

An alternate visual criteria is to define the expectation operator E with respect
to the visibility (rather than the probability) function, for example, by

In

2 [ JePuie)de
i —00 B J

where ¢ & 1 — u' is the value of the error at any pixel and v(e) is its visibility. The
quantity %, then represents the mean square subjective error.

The mean square error criterion is not without limitations, especially when
used as a global measure of image fidelity. The prime justification for its common
use is the relative ease with which it can be handled mathematically for developing
image processing algorithms. When used as a Iocal measure, for instance, in adap-
tive techniques, it has proven to be much more effective.

(3.17)

3.7 COLOR REPRESENTATION

The study of color is important in the design and development of color vision
systems. Use of color in image displays is not only more pleasing, but it also enables
us to receive more visual information. While we can perceive only a few dozen gray
levels, we have the ability to distinguish between thousands of colors. The percep-
tual attributes of color are brighiness, hue, and saturation. Brightness represents
the perceived luminance as.mentioned before. The hue of a color refers to its
“redness,” “greenness,” and so on, For monochromatic light sources, differences in

‘.
A
-

White
i
t
]
Line of grays
wr
Pure (spectral)
Hue colors
S .
C/a |
Gl » R
Saturation :
8
I
. Brightness )
! Figure 3.10 Perceptual representation
‘ of the color space. The brightness W*
l varieﬁ along the vcrtica} axis, hue 0 varies -
: along the circumference, and saturation §
Bldek varies along the radius.
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Figure 3.11 -(a) Typical absorption spectra of the three types of cones in the
human retina; (b) three-receptor model for color representation.

hues are manifested by the differences in wavelengths. Saturation is that aspect of

_—perception that varies most strongly as more and more white light is added to a

monochromatic light. These definitions are somewhat imprecise because hue, satur-
.ation, and brightness all change when either the wavelength, the intensity, the hue,
% or the amount of white light in a color is changed. Figure 3.10 shows a perceptual
iy C‘ representation of the color space. Brightness (W*) varies along the vertical axis,
hue (6) varies along the circumference, and saturation (S) varies along the radial
distance.” For a fixed brightness W*, the symbols R, G, and B show the relative
locations of the red, green, and blue spectral colors.
Color representation is based on the classical theory of Thomas Young (1802)
[8], who stated that any color can be reproduced by mixing an appropriate set of
three primary colors. Subsequent findings, starting from those of Maxwell [9] to
“more recent ones reported in [10, 11], have established that there are three different
types of cones in the (normal) human retina with absorption spectra Sy(A),_S,(A),
ana S3(N), where Apio =N = Agae, Apin =380 nm, Ay = 780 .nm. These responses
peak in the yellow-green, green, and blue regions, respectively, of the visible
electromagnetic spectrum (Fig.” 3.11a), Note that there is significant overlap
“between Sy and ;. .
Based on the three-color theory, the spectral cnergy distribution of a
““colored” light, C(\), will produce a color sensation that can be described by

spectral responses (Fig. 3.11b) as
‘ Am;x N
a(©)=["smcMdn, =123
Amin © A e I S TN

(3.18)

"The superscript * used for brightness should not be confused with the complex conjugate. The notation
used here is to remain consistefit with the commonly used symbols for color coordinates.
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Equation (3.18) may be interpreted as an equation of color representation. If Ci(A)
and C,(\) are two spectral distributions that produce responses o;{C;} and «, {Cy).
such that '

a;(Cy) = o;(Cy), (3-19)

then the colors C; and C- are perceived to be identical. Hence two colors that look

i=1,2,3

" identical could have different spectral distributicns.

3.8 COLOR MATCHING AND REPRODUCTION

‘butions P(\}, &k
butions

One of the basic problems in the study of color is the recroduction of color using a
set of light sources. Generally, the number of scurces is restricted to three which,

due to the three-receptor model, is’ the minimum number required to maich .

arbitrary colors. Consider three primary sources of light with spectral energy distri-
=1,2,3. Let ~ |

f Pk{X)dx =1 (3.20)

where the limits of mt\,gratxon are assumed to b\. min 804 A,y and the sources are
linearly independent, i.¢.,a lincar combination of any two sources cannot p'od"ce
the third source. To match a color C(\), suppose the three primaries are mixed in

proportions of 8¢,k =1,2,3 (Fig. 3.12). Then S B B0 should be perceived as
C(n), e,

o (C) = f {2 B P (x)]s (A)dx—VBk [SVROYAN  i=1,2,3 - (3.2

Defining the ith cone response generated by one unit of the kth primary as

k=123 (3.22)

ardai(P) = [ SORM N,
we get

3

2 Bigi k=, (C) =f5[(>l)C(x)d>\, Ni=1,2,3 (3.23)
k=1
These are the color matching equations. Given an arbitrary color spectral distribu-
tion C(A), the primary sources P(\), and the spectral sensitivity curves S;(A), th2
quantities B,k = 1,2, 3, can be found by solving these equations. In practice, the
primary sources are calibrated against a reference white light source with known

@ )\@( SN g

@ Bs : Figure 3.12 Color matching using three
primary sources. .
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energy distribution’ W(\). Let w; denote the amount of kth primary required to
match the reference white. T Then th the quantities

W

Tk(C)”—k

’

k=1,2,3 (3.24)
are called the gistimuj«z;;ﬁglug; of the color C. Clearly, the tristimulus values of the
reference white are upity. The tristimuius values of a color give the relative amounts
of primaries required to match that color. The tristimulus values, 7;(\), of unit
energy spectral color at wavelength A give what are called the spectral matching
curves. These are obtained by setting C(X) = 8(\ — w, which together
with (3.24) yield three simultaneous equations -

3
2 Weiy T\ =8\,

i=1,2,3 (3.25)

3
for each \'. Given the spectral trlstxmulus values T;(A), the tristimulus values of an
arbitrary color C(\) can be calculated as (Problem 3.8)
*=1,2,3

7(C) = [ COTN dn, (3.26)

{ Example 3.1

The primary sources recommended by the CIE' as standard sources are ‘hree
monochromatic sources

P(2)=8(r—\y),
BN =3(x— \a),
. B\ =8(x — ),
Using (3.22), we obtain a; « = S: (As), i, k = 1,2, 3. The standard CIE white source has a
flat spectrum. Therefore, a{W) = jS:(\)d\. Using these two relations in (3.23) for-
reference white, we can write o ) 7 .
[ I e

B T R
E ,-()\,()=fS,-(}\)d)\, i=1,2,3

A\ =700 nm, red
‘Az =546.1 nm, green
A3 = 435.8 nm, blue

(3.27)

which can be soived for w, provided {5 {\«), 1 =/, k = 3} is a nonsingular matrix. Using
the spectral sensitivity curves and w,, one can solve (3.25) for the spectral tristimulus
values Ti(A) and obtain their plot as in Fig. 3.13. Note that some of the tristimulus
values are negative. This means that the source with negative tristimulus value, when
mixed with the given color, will matchan appropriate mixture of the other two sources.

It is safe to say that any one set of three primary sources cannot match all the visible
2glors; although for any given calor, a suitable set of three primary sources can
"be found. Hence, the primary sources for color reproductxon should be chosen_to
maximize the number of colors that can be matched..

Laws of Color Matching

"The preceding theory of Colorimetry leads to a useful set of color matching rules

{13], which are stated next.

'Commission Internationale de L’Eclairage, the international committee on color standards.
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Figure 3.13  Spectral matching tristimulus curves for the CIE spectral primary
system. The negative tristimulus values indicate that the colors at those wavelengths
cannot be reproduced by the CIE primaries. , e A s
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1. Any color can be matched by mixing at most three colored lights! This means
we can always find three primary sources such that the matrix {g, ;} is non-
singular and (3.23) has a unique solution. :
2. The luminance of a color mixture is equal to the sum of the luminances of its

/ components. The luminance Y of a color light C(A) can be obtained via (3.2)

P

P

N

=0

“as (here the dependence on x, y is suppressed)
Y=7(0)= [ covnan (3.28)

From this formula, the luminance of the kth primary source with tristimulus

setting By = w; T (see Fig. 3.12) will be T, w, [ B(A\)V(\) d\. Hence the lumi-

nance of a color with tristimulus values T,k = 1,2, 3 can also be written as

3 3
Y=3 5[ mBoyvead 3 5 (3.29)
k=1 : k=1
where /; is called the luminosity coefficient of the ];th primary:
The reader should be cautioned that in gg:neral o ‘
. 3
CO)# 3 we T BN, (3.30)
k=1 .

even though a color match has been achieved.

3. The human eye cannot resolve the components of a color mixture. This means
- that a monochromatic light source and its color are not unique with respect to
each other, i.c., the eye cannot resolve the wavelengths from a color.

4. A color match at one luminance level holds over a wide range of luminances..

Chap. 3

Image Perception

5. Color addition: If a color Cy matches color C, and a color C; matches color C;,
then the mixture of C\ and C{ matches the mixture of C, and C}. Using the
notation ’

" [Ci]=[C:] Zcolor €, matches color G,
oy[C] + @,[C;] 2> a mixture containing an amount ey of C,
and an amount o, of C, :

we can write the preceding law as follows. If
[C]=[C]] and [C]=[C}]
then
CX][C[] + Otz[CZ} = oq[C{] + Olz[cﬁ]

6. Color subtraction: If a mixture of C, and C, matches a mixture of C{ and C; and
if C; matches C; then C, matches C} , i.e., if

[Cl+[Cl=[C]+[C)

and [G]=]C)]
then [c]=[ci]
7. Transitive law: If C,‘matchés G, and if C, marches Cs, then C, matches G,
ie.,if
[Cl=[C] and [G]=[Cj]
~then

2 [G]=[C]
8. Celor matches: Three types of color matches are defined:

T a ofCl= a[Cl] + [ C)] + o3[ Cy]; i.e., o units of C are matched by a mixture
of &; units of Cy, a; units of C;, and «; units of Cs. This is a direct match.
Indirect matches are defined by the following. -

b. OL[C] + (11[C1] = (12[C2] + 0!.3[C3]
C. (X[C]+ (XI[CI] + (Xz[Cz] = C!3[C3]

These are also called Grassman’s laws. They hold except when the luminance levels
are very high or very low. These are also useful in color reproduction colorimetry,
. the science of measuring color quantitatively. o

- Chromaticity Diagram
P

The chromaticities of a color are defined as/
! i

AL T a3

o Lt LH L) T :

Clearly 4, +t,+5,=1. Hence, only two of the three chromaticity coordinates'

are independent. Therefore, the chromaticity coordinates project the three-

dimensional color solid on a plane. The chromaticities 7, , 5, jointly represent the
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Figure 3.14 Chromaticity diagram for the CIE spectral primary system. Shaded
area is the color gamut of this system.

chrominance components (i.e., hue and saturation) of the color. The entire color
space can be represented by the coordinates (¢ , £, Y), in which any Y = constant is
a chrominance plane. The chromaticity diagram represents the color subspace in
the chrominance plane. Figure 3.14 shows the chromaticity diagram for the CIE
spectral primary system. The chromaticity diagram has the following properties:

1. The locus of all the points representing spectral colors contains the region of
all the visible colors. ’ ,

2. The straight line joining the chromaticity coordinates of blue (360 nm) and red
(780 nm) contains the purple colors and is called the line of purples.

3. The region bounded by the straight lines joining the coordinates (0,0), (0,1)

and (1, 0) (the shaded region of Fig. 3.14) contains all the colors reproducible _

by the primary sources. This region is called the color garmut of the primary
‘sources. - ' ' ~ ,

4. The reference white of the CIE primary systern has chromaticity coordinates
@, 1). Colors lying close to this point are the less saturated colors. Colors
located far from this point are the more saturated colors, Thus the spectral
colors and the colors on the line of purples are maximally saturated.

3.9 COLOR COORDINATE SYSTEMS

There are several color coordinate systems (Table 3.4); which have come into
existence for a variety of reasons. : :

66 . . : Image Perception Chap. 3
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TABLE 3.4 Color Coordinate Systems
AR

g

Descripgion

Color coordinate system

Monochromatic primary sources P,.red =700 nm.
P,. green = 546.1 nm, Py, blue = 435.8 nm. Reference
white has flat spectrum and R = G =B = 1. See Figs.
3.13 and 3.14 for spectral matching curves and
chromaticity diagram.

1. C.L.E. spectral primary
system: R, G, B

e

* 9. C.LE. X, Y, Zsystem ryl [0.490 0310 0.200}[R
Y = laminance v |=l0177 0813 001G
71 lo.000 0.010 0.9901LB

3. C.LE. uniform - wi A 4x
chramaticity scale (UCS) TXTI5Y +3Z -~2x +12y +3
system: 1, v, ¥ .

&, v = chromaticities v Y o SO
TX+ Iy +3Z ~A 12y +3

Y =luminance —2X,V=Y,W=:K+;Y+Z

3
U, V, W = tristimulus
values corresponding to
u, v, w

U* = 13W* (1 — o)

* = 3WHY — )
W*=25(100Y)"* - 17. 1= 100Y = 100
¥y = luminance [0.01. 1] Mg o= chromaticities of reference white
W* = contrast or brightness

4. U*, V*, W system
(modified UCS system)

tmess
5. S8, W* system: S0+ (VT = 13l = )+ T
-+ § =saturation 6= tan"! (y_’) —tan [(v - vl — )], 0= g=2w

77 . 8=hue U*
/ W= brightness

6. NTSC receiver primary Linear transformation of X, Y, Z. Isbasedon
system Ry, Gn, Bn television phosphor primaries. Reference white is
iluminant C for which Ry = Gy=Bnx=1.

Rw 1.910 -0.533 —0.2881[X
{GN}= 085 2.000 —0.028]|Y
) Bw 0.058 -0.118 0.8961LZ

Y =0.299Rx+0.587G~ + 0.114Bw
] =0.596Ry — 0.274Gn — 0.322B~
Q =0.211Ry — 0.523Gy + 0.312B~ v

7. NTSC transmission system:
‘. Y =luminance
1, Q = chrominances

# Cw pk . ol
8. L*, a*, b* system: L* =25 (w)gz)l —'l6.1=100Y = 100
o .
L* = brightness o . [(i)m - (X) m]
’ a=50\x) "\w
a* = red-green content b* =200 [(Z)m B (;) .,,]
Yo Zy
b* = yellow-blue content Xo, Yo, Za= tristimulus values of the reference white
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As mentioned before, the CIE spectral primary sources do not yield a full .
gamut of reproducible colors. In fact, no practical set of three primarics has been
-found that can reproduce all cclors. This has led to the development of the CIE
X, Y, Z system with hypothetical primary sources such that all the spectral tri-
stimulus values are positive. Although the primary sources are physically unreal-
izable, this is a convenient coordinate system for colormetric calculations. In this
system Y represents the luminance of the color. The X, Y, Z coordinates are related
to the CIE R, G, B system via the linear transformation shown in Table 3.4, Figure
3.15 shows the chromaticity diagram for this system. The reference white for this
system has a flat spectrum as in the R, G, B system. The tristimulus values for the
reference whitcare X =Y =27 =1.

Figure 3.15 also contains several ellipses of different sizes and orientations.

These ellipses, also called MacAdam ellipses [10, 11], are such that colars that
lie inside are indistinguishable. Any color lying just outside the ellipse is just.
“noticeably different (JND) from the color at the center of the ellipse. The size,
orientation, and eccentricity (ratio of major to minor area) of these ellipses vary
throughout the color space. The uniform chromaticity scale (UCS) system u, v, Y
transforms these elliptical contours with large eccentricity (up to 20:1) to near
circles (eccentricity = 2 : 1) of almost equal size in the u, v plane. It is related to the
X, Y, Z system via the transformation shown in Table 3.4. Note that x; y and u, v are
the chromaticity coordinates and Y is the luminance. Figure 3.16 shows the
chromaticity diagram of the UCS coordinate system. The tristimulus coordinates
corresponding to u, v, and w 2 1= 4 —v are labeled as U, V; and W respectively.

The U* V*, W* system is a modified UCS system whose origin (i, ve) is.

“»shifted to the reference white in the u, v chromaticity plane. The coordinate W*

is a cube root transformation of the luminance and represents the contrast, (or ‘

the CIE XYZ color coordinate system.
The {MacAdam) ellipses are the just no-
ticeable color difference ellipses.
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Figure 3.16 Chromaticity diagram for
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brightness) of a uniform color patch. This coordinate system is useful for measuring
color differences quantitatively. In this system, for unsaturated colors, i.e., for
colors lying near the grays in the color solid, the difference between two colors is, to
a good approximation, proportional to the length of the straight line joining them.

" The S, 6, W* system is simply the polar representation of the U*, V*, W*
system, where § and @ represent, respectively, the saturation and hue attributes of
color (Fig. 3.10). Large values of S imply highly saturated colors.

The National Television Systems Committee (NTSC) receiver primary system__
(Rw, Gw, By) was developed as a standard for television receivers. The NTSC has
adopted three phosphor primaries that glow in the red, green, and blue regions of
the visible spectrum. The reference white was chosen as the illuminant C, for which
the tristimulus values are Ry = Gy = By = 1. Table 3.5 gives the NTSC coordinates
of some of the major colors. The color solid for this coordinate system is a cube
(Fig. 3.17). The chromaticity diagram for this system is shown in Fig. 3.18. Note that
the reference white for NTSC is different from that for the CIE system.

The NTSC transmission system (Y, I, Q) was developed to facilitate trans-
‘mission of color images using the existing monochrome television channels without.
increasing the bandwidth requirement. The Y coordinate is the luminance (mono-
chrome channel) of the color. The other two tristimulus signals, I and Q, jointly
represent hue and saturation of the color and whose bandwidths are much smaller
than that of the luminance signal. The /, Q components are transmitted on a
subcarrier channel using quadrature modulation in such a way that the spatial

.~ TABLE 3.5 Tristimulus and Chromaticity Values of Major Colors in the NTSC
Receiver Primary System

Red Yellow  Green Cyan Blue . Magenta White  Black

- 1.0 1.0 0.0 . 0.0 0.0 1.0 1.0 0.0
(e 0.0 1.0 1.0 1.0 0.0 0.0 1.0 - 0.0

. By 0.0 0.0 0.0 1.0 1.0 1.0 1.0 0.0 .
™~ 1.0 0.5. 0.0 0.0 0.0 0.5 0.333 0.333
&~ 0.0 0.5 1.0 0.5 0.0 0.0 0.333 0.333
by 0.0 0.0 0.0 0.5 1.0 0.5 0.333 0.333
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Figure 3.17 - Tristimulus. color solid for the
NTSC receiver primary system.

Figure 3.18 Chromaticity  diagram for the
NTSC receiver primary system.

spectra of 7,  do not overiap with that of ¥ and the overall bandwidth required for

..., transmission remains unchanged (see Chapter 4). The Y, I, Q system is related to
, the Ry, Gy, By system via a linear transformation. This and some other trans-

formations relating the different coordinate systems are given in Table 3.6.
The L*, a%, b system gives a quantitative expression for the Munsell system .
of color classification [12]. Like the U*, V*, W* system, this also gives a useful color

“difference formula.

Example 3.2

We will find the representation of the NTSC receiver primary yellow in the various
coordinate systems. From Table 3.5, we have Ry = 1.0, Gy = 1.0, By =0.0. ‘
Using Table 3.6, we obtain the CIE spectral primary system coordinates
as R =1167-0.146-0.0=1.021, G =0.114+0.753+0.0=10.867, B = —0.001 +
0.59 + 0.0 = 0.058.
The corresponding chromaticity values are

r=m~(%—€as§=o.szs, | g=%§=0.445, _b=‘1)—:gi—2=,0.030
Similarly, for the other coordinate systems we obtain: A
X=0781, Y=0886, Z=0066; x=0451, y=0511, z=0.038 _
U=0521, V=0.886, /=0.972, w=0219, v=0373,- w=0.408
Y=0886, [=0322, Q=-0312 '

In the NTSC receiver primary system, the reference white is Ry= Gy =
By=1. This gives X, =0.982,Y,= 1.00, Z,=1.183. Note tha; X, Yy, and Z, are
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TABLE 3.6 ' Transformations from NTSC Receiver Primary to Different Coordinate
Systems. Input Vector is [Ry G Bx]'.

Cutput
vector Transformation matrix Comments
R 1.167 -0.146 -0.151
G . 0.114  0.753 . 0.159 CIE spectral primary system
B © \-0.001" 0.059 1.128 E
X7 0.607 0.174 0.201 :
Y 0.299 0.587 . 0.114 "CIE X, Y; Z system
Z 0.000 - 0.066 1.117
U 0.405 0.116  0.133 .
|4 0.299  0.587 0.114 CIE UCS tristimulus system
w 0.145 0.827 = 0.627
Y-l 0.299 - 0.587 0.114
I ‘ 0.596 -0.274 -0.322 NTSC transmission system
Q| -0.523  0.312

0.211

Pl

not u ity because the reference white for (INTSC kources is different from that of
the (Q@ Using the definitions of « and v from Table 3.4, we obtain u,=10.201,
vo = 0.307 for the reference white. : '

Using ‘the preceding results in the formulas for the remaining coordinate
systems, we obtain

W* =25(88.6)"” ~ 17 = 94.45,
S = 84.00,

U* =22.10,
6 = tan"(3.67) = 1.30 rad,

V* =81.04
W* =094.45

- 13 173
L* =25(88.6)" ~ 16 =95.45, g* = [(9'-7-8_1) - (98_8§) ] -
(88.6) a =500 (723 : 16.98

13
b = 200[(0.886)"3 - (Qﬁ’i”)

T Tes J=}15.67

3.10 COLOR DIFFERENCE MEASURES

" problem of considerable interest in coding,

Quantitative measures of color difference between any two arbitrary colors pose a
I enhancement, and analysis of color
images. Experimental evidence suggests that the tristimulus color solid may be
considered as a Riemannian space with a color distance metric [14, 15]

3 3
U (dsY =2 3 ¢ dXdX,

i=1j=1
The 'd.istance ds represents the infinitesimal difference between two colors with
coordinates X; and X; + dX;in the chosen color coordinate system. The coefficients

(3.32)
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¢; ;measure the average human perception sensitivity due to small differences in the
" ith and in the jth coordinates. R ‘
Small differences in color are described on observations of just noticeable
* differences tJNDS) in colors. A unit JND defined by .
' 33 ‘ .
1=2 X ¢,dX.dX; (3.33)
i=1j=1
is .the describing equation for an ellipsoid. If the coefficients ¢;; were cor}stapt
throughout the color space, then the JND ellipsoids would be of uniform size in
the color space. In that event, the color space could be reduced to a Euclidean
tristimulus space, where the color difference betvsiee.:n. any two colors would become
proportional to the length of the straight line joining them. Unff;)rtunately, the
c;; exhibit large variations with tristimulus values, so that the sizes as \.avell as
the orientations of the JIND ellipsoids vary considerably. Consequeqtly, the dlstfince
between two arbitrary colors C; and G, is given by the minimal .chstanc? chain of
ellipsoids lying along a curve 9* joining C; and C, such that the distance integral
(X))

d(C,, Cy) & 7( ds (3.34)

( ! 2) 4 Ci (X))
is minimum when evaluated along this curve, i.e., for 4= ‘Q* This curve is called
the geodesic between Cy and G, . If ¢;; are constant in the trisnmu%us space, then Fhe
geodesic is a straight line. Geodesics in color space can be dete;mmed by employing
a suitable optimization technique such as dynamic programming or the calculus of

4

o4 Yellow
Red
03
Magenta

0.2

O

Blue
o1

I 1 - [ 1 1 1 1 [ I3 |
4] 0.1 02 03 0.4 <0.5

Figure 3.19 Geodesics in the (4, v) plane.
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TABLE 3.7 CIE Color-Difference Formulas

: - Equation
Formula Number Comments
(88)2 = (AU*)? + (AV =) + (AW *Y? (3.35) 1964 CIE formula
(&s)> = (AL*) + (Au*) + (Av*)? (3.36) 1976 CIE formula, modification of
100Y\" - the i, v, Y space to u*, v*, L*
L*= 25(—1;—) ~16 space. uo, vy, Ysrefer to .
u* = 13L* (Ou’ ) reference white.
= - ug ;
v¥=13L* (v~ )
u'=uyu . .
N ) ¢
Vel = e sy Tz R
(As)* = (AL*)* + (Aa*)* + (Ab*)? (3.37) L*, a*, b* color coordinate

system.

variations ' [15]. Figure 3.19 shows the projections of several geodesic curves
between the major NTSC colors on the UCS u, v chromaticity plane. The geodesics
between the primary colors are nearly straight lines (in the chromaticity plane), but
the geodesics between most other colors are generally curved.

Due to the large complexity of the foregoing procedure of determining color
distance, simpler measures that can easily be used are desired. Several simple
formulas that approximate the Riemannian color space by a Euclidean eolor space
have been proposed by the CIE (Table 3.7). The first of these formulas [eq. (3.35)]
was adopted by the CIE in 1964. The formula of (3.36), called the CIE 1976
L*, u*, v* formula, is an improvement over the 1964 CIE U*, V*, W* formula in
regard to uniform spacing of colors that exhibit differences in sizes typical of those
in the Munsell book of color [12]. .

: The third formula, (3.37), is called the CIE 1976 L*, a*, b* color-difference
formula. It is intended to yield perceptually uniform spacing of colors that exhibit
color differences greater than JND threshold but smaller than those in the Munsell
book of color.

'3.11 COLOR VISION MODEL T

With color represented by a three-element vector, a color vision model containing
three channels [16}], each being similar to the simplified model of Fig. 3.9, is shown
in Fig. 3.20. The color image is represented by the Ry, Gy, By coordinates at
each pixel. The matrix A transforms the input into the three cone responses
o(x, y, C),k =1,2,3, where (x, ¥) are the spatial pixel coordinates and C refers to
its color. In Fig. 3.20, we have represented the normalized cone responses

. A ulx,y, C) _
Ti2——="rL,  k=1,2,3 3.38
£ vak(x’y: W) . ( )
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Figure 3.20 A color vision model.

In analogy with the definition of tristimulus values@?j&e called the retinal
Lone.tristimulus-coordinates (see Problem 3.14). The cone“réspornses undergo non-
linear point transformations to give three fields Ti(x, y), k = 1,2, 3. The 3 X 3 matrix
B transforms the {7;(x, y)} into {C,(x; y)} such.that C\(x, y) is the monochrome
{achromatic) contrast field c(x, y), asin Fig. 3.9, and Cy(x, y) and Cs(x, y) represent
the corresponding chromatic fields. The spatial filters Hy (¢, &), k = 1,2, 3, repre-
sent the frequency response of the visual system to luminance and chrominance
contrast signals. Thus H,(§; , &) is the same as H(§,, &) in Fig. 3.9 and is a band-
pass filter that represents the lateral inhibition phenomenon. The visual frequency
response to chrominance signals are not well established but are believed to have
their passbands in the lower frequency region, as shown in Fig. 3.21. The 3x 3
matrices A and B are given as follows:

0299 0.587 0.114
A= )

!
21.5 0.0 0.00

-41.0 410 0.00 (3.39)

~ 627 0.0 6.27

-0.127 0.724 0.175
0.000 0.066 117

From the model of Fig. 3.20, a criterion for color image fidelity can be.

defined. For example, for two color images {Ry, Gn, By} and {R}, G¥, B}}, their
subjective mean square error could be defined by

= %El f f@ (Bux, y) — Bi(x, y)dxdy (3.40)

where @ is the region over which the image is defined (or available), A is its area,
and {Bi{x, y)} and {B;(x, y)} are the outputs of the model for the two color images.

Hylo) - Hy3(p) Hyz (0}

Figure 3.21 Frequency responses of the
three color channels C, C;, C, of the
p  color vision model. Eachi ﬁlte&is assumed

01 - 03 10 30 100 300 10 be isotropic so that H. (p) 2 He(é1, &),
: Cycles/degree p=VE+&,k=1,2,3.
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'3.12 TEMPORAL PROPERTIES OF VISION

Temporal aspects of visual perception [1, 18] become important in the processing of

motion images and in the design of image displays for stationary images. The main
properties that will be relevant to our discussion are summarized here.

Bloch's Law

Light flashes of different durations but equal ener indistinguishable below a

critical duration. This critical duration is about 30 ms when the eye is adapted at

moderate illumination level. The more the eye is adapted to the dark, the longer is
the critical duratien. :

‘Critical Fusion Frequency (CFF)

When a slowly flashing light is observed, the individual flashes are distinguishable.
At flashing rates above the critical fusion frequency (CFF), the flashes are indistin-
guishable from a steady light of the same average intensity. This frequency gener-
ally does not exceed 50 to 60 Hz, Figure 3.22 shows a typical temporal MTF.
This property is the basis of television rasier scanning cameras agd displays.
Interlaced image fields are sampled and displayed at rates of 50 or 60 Hz. (The rate
is chosen to coincidg with the power-line frequency to avoid any interference.) For
digital display of still images, modern display monitors are refreshed at a rate of
60 frames/s to avoid any flicker perception. '

Spatial versus Temporal Effects

The eye is more sensitive to flickering of high spatial frequencies than low spatial

frequencies. Figure 3.22 compares the temporal MTFs for flickering fields with
different spatial frequencies. This fact has been found useful in coding of motion

A E
1.0
0.5 -
z
£ 02f
] '
s 8 0ifF — = . High spatial
8 frequencies field '
2 -
« 0.05 Low spatial
- frequencies field
0.02 i~
0.01 i i 1 L 1 1 ] :o-'
L 2 _5 0 20 50 Figure 3,22 Temporal MTFs for flicker-
Flicker frequency {Hz) ing fields.
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images by subsampling the moving areas everywhere except at t.he et_:lges. lj"or the
same reason, image display monitors offering high spatial resolution display images

at a noninterlaced 60-Hz refresh rate.

3.1

3.2
33

3.4

3.5

3.6
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PROBLEMS

Generate two 256 X 256 8-bit images as in Fig. 3.3a, where the small squares have gray
level values of 127 and the backgrounds have the values 63 and 223, Ve.nfy the result
of Fig. 3.3a. Next change the gray level of one of the small squares until the result of

Fig. 3.3b is verified.

Show that eqgs. (3.5) and (3.6) are solutions of a modified Weber law: dfif™ is pro-
portional to dc, i.e., equal changes in contrast are induced by equal amounts of df/f 7.

Find v.

Generate a digital bar chart as shown in Fig. 3.5a, where each bar is 64 pixels wide. '

Each image line is a staircase function, as shown in Fig. 3.5b. Plot the brightness

function (approximately) as you perceive it. .
Generate a 512 X 512 image, each row of which is a smooth ramp r(n')‘ as shown in
ideo monitor and locate the dark (D) and the bright (B) Mach

Fig. P3.4. Displayonav

bands.

rin}

240
225

136
120

Figure P3.4

The Mach band phenomenon predicts the one-dimensiorfal step response of th‘e visual
system, as shown by s(n) in Fig. P3.5. The corresponding one-dimensional impulse
response (or the vertical line response) is given by .h_(rf) fs(n) —s(n —1). Show that
h(n) has negative lobes (which manifest the lateral inhibition phenomenon) as shown

in Fig. 3.6¢.

As a rule of thumb, the peak-to-péabk value of images can be estimated as no, where n
varies between 4 to 6. Lettingn'= 5 and using (3.13), show that

" SNR’=SNR +144B
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Figure P3.5

"3.7; Can two monochromatic sources with different wavelengths be perceived to have the

" Za same color? Explain. :
@ Using eqs. (3.23) through (3.25), show that (3.26) is valid.

@ In this problen we show that any two tristimulus coordinate systems based on different
sets of primary sources are linearly related. Let {P(M)} and {P{(V}L Kk = 1,2, 3, be two
sets of primary sources with corresponding tristimulus coordinates {7;} and {T{} and
reference white sources W(\) and W'(A). If a color C(A) is matched by these sets of
sources, then show that .

3 3
2 i, kWi T/L(C)’- z al wi T(C) -
k=1 k=1

where the definitions of a’s and w’s follow from the text. Express this in matrix form

and write the solution for {7}}.

Show that given the chromaticities ¢, , 1z and the luminance Y, the tristimulus values of
a coordinate system can be obtained by

[

Y
L= k=1,2,3
2 Lt

i=1

where I; are the luminosity coefficients of the primary sources.
mﬁmx* For all the major NTSC colors listed in Table 3.5, calculate their tristimulus values

5

in the RGB, XYZ, UVW, YIQ, U*V*W, L*a*b*, S6W*, and T; T3 T; coordinate
systems. Calculate their chromaticity coordinates in the first three of these systems.

2 ,%,,;"_3. 12) Among the major NTSC colors, except for white and black (see Table 3.5), which one

(2) has the maximum luminance, (b)is most saturated, and (c) is least saturated?

"3.13* Calculate the color differences between ali pairs of the major NTSC colors listed in
Table 3.5 according to the 1964 CIE formula given in Table 3.7. Which pair of colors is
(a) maximally different, (b) minimally different? Repeat the calculations using the
L*a*b* system formula given by (3.37). .
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m Retinal cone system; Ti, 73, T3] Let. PX), k =1,2,3 denote the pnmary sources
Utkat generate the retinal cone tristimulus values. Using (3.38), (3.24) and (3.23), show

that this requires (for every x, y, C) .-
3

2 o,y C)aye=0ufx,y, C) > ayu=5( ~ k) (P3.14)

k=1
To determine Pi(\), write »
P(A)= 2 S{(\bix,  k=1,2,3
i=1i

and show that (P3.14) implies B 84,3 =3, where £ & {o; } and
=S50

Is the set {P.(\)} physically realizable? (Hint: Are b, , nonnegative?)
!
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~ Image Sampling
-and

4.1 INTRODUCTION

The most basic requirement for computer processing of imaggs is that the imgg@s. bg_,
available in digital form, that is, as arrays of _ﬂfnuilﬁngth_b.l.nar.)t-\m For digi-
tization (Fig. 4.1), the given image is sampled on a dxscre.:te} grxd {ﬂld each sample or
pixel is guantized usinig & finite number of bits. The digitized image can then be

processed by the computer. To display a digital image, it is first converted to an
analog signal, which is scanned onto a display.

Image Scanning

A common  of i sampling is to scan the image row by row and sample

each row. An example is the television camera »\fith a .vid‘icon ’camerz'a'tube. or an
“image dissector tube: Figure 4.2 shows the operating principle. An object, film, or
transparency is continuously illuminated to form an electrokn‘lmage on a phc?to-
sensitive plate called the target. In a vidicgn tube the target is photoconductive,

fix, v £ x, ¥} ] utm,n) Digizal v
—————p|  Sampler Quantizer computer .
input
image
Digitization
*(m, n) -
Digital 'l DioA Display
computer converter
Display o

Figure 4.1 ° Sampling, quantization, and display of imaggs,
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! |
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Figure 4.2 Scan-out method.
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& 38 E
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-
s a0 o Switching S fix, y) v {m, n)
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.4_,,A 2 (% logic
a L]
A} e b e o @
-
o ﬁ

Figure 4.3 Self scanning array.

whereas in an image dissector tube it is photoemissive. A finite-aperture electron
beam scans the target and generates current which is proportional to the light
intensity falling on the target. A system with such scanning mechanism is called a
scan-out digitizer. Some of the modern scanning devices, such as charge-coupled
device (CCD) cameras, contain an array of photodetectors, a set of electronic
switches, and control circuitry all on a single chip. By external clocking, the array
can be scanned element by element in any desired manner.(see Fig. 4.3). This is
truly a two-dimensional sampling device and is sometimes called a self-scanning
-array. :

In another technique, called the scan-in method, the object is scanned by a
thin collimated light such as a laser beam, which illuminates only a small spot at
a time. The transmitted light is imaged by a lens onto a photodetector (Fig. 4.4).
Certain high-resolution flatbed scanners and rotating drum scanners use this tech-
nique for image digitization, display, or recording.

Television Standards °

In the United States a standard scanﬁing convention has been adopted by the
RETMA. Each complete scan of the target is called a frame, which contains 525

' Radio Electronics Television Manufacturers Association
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Detector |-

ransparency Figure 4.4 Scan-in method. Technique

Laser source thin : _
used by some high-resolution scanners.

collimated light

Start of even field

Start
of odd = —
Pm— T End
— of even
field

End of odd field Figure 4.5 Interlaced scanning.

lines and is scanned at 4 rate of 30 frames per second. Each frame is composed of

two interlaced fields, each consisting of 262.5 lines, as shown in Fig. 4.5. To elimi-
nate flicker, alternate ficlds are sent at a rate of 60 fields per second. The scan lines
have a tilt because of the slower vertical scan rate. The first field contains all the odd
lines, and the second field contains the even lines. By keeping the field rate rather
. than the frame rate at 60 Hz, the bandwidth of the transmitted signal is reduced and
is found to be about 4.0 MHz. At the end of the first field, the cathode-ray tube
(CRT) beam retraces quickly upward to the top center of the target. The beam is
biased off during the horizental and vertical retrace periods so that its zigzag retrace
is not visible. In each vertical retrace 21 lines are lost, so there are only 484 active
lines per frame._ : :
' There are three color television standards, the NTSC, used in North America
and Japan; the Sequential Couleur a Mémoire (SECAM, or sequential chrominance
signal and memory), used in France, Eastern Europe, and the Soviet Union; and the
Phase Alternating Line (PAL), used in West Germany, The United Kingdom, parts
of Europe, South America, parts of Asia, and Africa.*
The NTSC system uses 525 scan lines per frame, 30 frames/s, and two inter-
laced fields per frame. The color video signal can be written as a composite signal

*Some television engineers have been known to refer to these standards as Never Twice Same Color
(NTSC), Something Essentially Contradictory to the American Method (SECAM), and Peace At Last

L P(PALY ’ .
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Ay

w(t) = Y(£) + I(D)cos@nfut + &) + O ()sin(2nfut + b) 4.1)

where ¢ = 33° and f,, is the subcarrier frequency. The quantities Y and (Z, Q) are
ths luminance and chrominance components, respectively, which can be obtained
by linearly transforming the R, G, and B signals (see Chapter 3). The half-power
bandwidths of Y, I, and Q are approximately 4.2 MHz, 1.3 MHz, and 0.5 MHz,
respectively. The color subcarrier frequency f,. is 3.58 MHz, which is 455 fir2, where
fiis the scan line frequency (i.e., 15.75 kHz for NTSC). Since f,. is an odd multiple of
fif2 as well as half the frame frequency, £,/2, the phase of the subcarrier will change
180° from line to line and from frame to frame. Taking this into account, the NTSC
composite video signal with 2: 1 line interlace can be represented as

P ule,y, 0)=Y(x,y, 1) +1(x,y, t)cosQuf,.x + b)cos[w(f,t — fiy)]
+ 0, y, )sin(2nfix + d)cosfn(f,t ~ fiy)]

" The SECAM system uses 625 lines at 25 frames/s with 2:1 line interlacing.
Each scan line is composed of the luminance signal Y{r) and one of the chro-
minance signals U 4 (B-Y)2.030rV a (R — Y)/1.14 alternating from line to
line. These chrominances are related to the NTSC coordinates as

I =V cos 33°— U sin 33°

' 0 = Vsin 33°+ [ cos 33°

(4.2)

(4.3)

This avoids the quadrature demodulation and the corresponding chrominance shifts

due to phase detection errors present in the NTSC receivers. The { and V sub-

carriers are at 4.25 and 4.41 MHz. SECAM also transmits a subcarrier for lumi-
_hance, which increases the complexity of mixers for transmission.

The PAL system also transmits 625 lines at 25 frames/s with 2: 1 line interlace.

The composite signal is sl :

[ u)=Y(@)+ Teos2mft + (1) sin 2nf.r

where m is the line number. Thus the phase of Vchanges By 180° between successive

lines in the same field. The cross talk between adjacent lines can be suppressed by

averaging them. The T, V are allowed the same bandwidths (1.3 MHz) with the
carrier located at 4.43 MHz.

p

~ Image Display and Recording

An image display/recording system is conceptually a scanning system operating in
the reverse direction. A common method is to scan the image samples, after digital
to analog (D to A) conversion, onto a CRT, which displays an array of closely
spaced smail light spots whose intensities are proportional to the sample mag-
nitudes. The image is viewed through a glass screen. The uality of the image
depends on the spot size, both its shape and spacing, Basically, the viewed image
should appear to be continuous. The required interpolation between the samples
can be provided in a number of ways. One way is to blur the writing spot electrically,
thereby creating an overlap between the spots. This requires control over the spot

shape. Even then, one is not close to the “optimal solution,”” which, as we shall see,
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requires a perfect low-pass filter. In some displays a very small spot size can be

achieved so that interpolation can be performed digitally to generate a larger array,
. which contains -estimates- of some of the missing samples in between the given

samples. This idea is used in bit-mapped computer graphics displays. ' .

The CRT display can bé used for recording the image on a fxlm _by s1rpply
imaging the spot through a lens onto the film (basically the same as imaging with a
camera with shutter open for at least one frame period). Other recorders, such as
microdensitometers, project a rectangular aperture of size equal to that of the

o image pixel so that the image field is completely filled.. . i

Another type of display/recorder is called a halftope display. Such a dlsp_lay
can write only black or white dots. By making the dot size much smaller than the
pixel size, white or black dots are dispersed pseudorandomly such that the average
“number of dots per pixel area is-equal to the pixel gray level. Due to spatial

integration performed by the eye, such a black and white display renders the

perception of a gray-level image. Newspapers, magazines, severat pri?ter/plotters,
graphic displays, and facsimile machines use the halftone method of display.
4.2 TWO-DIMENSIONAL SAMPLING THEORY

Bandlimited Images

The digitization pr(;cess for ‘images can be understood by modeling them as

bandlimited signals. Although real-world images are rarely banmmi@,,thcym‘

be approximated arbitrarily closely by bandlimited functions. -
' A function f(x, y) is called bandlimited if its'Fourier transform F (&, &) is zero

outside a bounded region in the frequency plane (Fig. 4.6); for in§tan§e,

Fg,8)=0, |a|>&0 [&[>& 4.4

FlE &)

(a) Fourier transform of a {b} Its region of support.

bandlimited function.

Figure 4.6
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The quantities £, and §, are called the x and y bandwidths of the image. If the
spectrum is circularly symmetric, then the single spatial frequency £ 2 £, = &0 is
called the bandwidth. oo

Sampling versus Replication

The sampling theory can be understood easily by remembering the fact that the
Fourier transform of an arbitrary sampled function is a scaled, periodic replication
of the Fourier transform of the original function. To see this, consider the ideal
image sampling function, which is a two-dimensional infinite array of Dirac delta
functions situated on a rectangular grid with spacing A x, Ay (Fig. 4.7a), that is,

comb(x, y;Ax, Ay)8 I3 8(x —mAx,y ~ ndy)y (4.5)

mn= —o )

The sampled image is defined as

fx, y) = f(x, y) comb(x, y;Ax,4y) .

= Zmz f(mAx, {1Ay)8(x —t;{i‘;/Ax, y —nAy)

m,n=—ox

(4.6)

The Fourier transform of a comb function with spacing Ax, Ay is another comb
function with spacing (1/A x, 1/Ay), namely, ’

COMB(&I’ EZ) = g{comb(x’ y 5 Ax: Ay)}

=§m§wk§2 (e~ kb= lE) ¢ (47)

=00

=& & comb(§, &; VA x, 1/Ay)

where £, 2 VAx, £, 8 Ay, Applying the multiplication property of Table 2.3 to
(4.6), the Fourier transform of the sampled image £,(x, y) is given by the convolution

E(&1, &) = F(£,£) @ COMB(&;, &)

“Eabe 22 FEL8)ONG ~kEn b= 1E)  (48)

by 20 (ke &~ 14)

L‘ From (4.8) the Fourier transform of the sampled image is, within a scale factor, a
periodi¢ replication of the Fourier transform of the input image on a grid whose .
spacing is (§ ., &) (Fig. 4.7b).

a _Reconstruction of the Image from Its Samples
From uniqueness of the Fourier tranform, we know that if the spectrum of the

original image could be recovered somehow from the spectrum of the sampled
image, then we would ha\)e the interpolated continuous image from the sampled
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£

(¢} Aliasing and foldover
freguencies {shaded areas}.

Figure 4.7 Two-dimensional sampling.
image. If the x, ¥ sampling frequencies are greater than twice the bandwidths,
that is, .
. éx: > 2g x0s g,\'s > 2§yo . (49)
or, equivalently, if the sampling intervals are smaller than one-half of the reqiprocai
of bandwidths, namely, ’ B .

ay <

- o1 o
: . . Ax <= (4:10) -
' ‘ 2&,(0’ 2&)‘0 ) ’
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then F(&, &) can be recovered by a low-pass filter with frequency response
: (£, 8B) ESA

otherwise

e e

1
CH(E&) = {(gngﬁ)’ "(4.11)
07

where&# is any region whose boundary 87 is contained within the annular ring
between the rectangles o2, and ¥, shown in Fig. 4.7b. This is seen by writing

Pl ) & HE, ). 8) = (5, &) (4.12)

that is, the original continuous image can be recovered exactly by low-pass filtering

the sampled image. | L Joa e
E ] / - i ) ,

Nyquist Rate, Alias/i//ﬁg, and Foldover Frequenciés'

The.lower bounds on the sampling rates, that is, 2£ x0, 26,0 I0 (4.9), are called the
Nyquist rates of the Nyquist frequencies. Their reciprocals are called the Nyquist
“mtervals. The sampling theory states that a bandlimited image sampled above its
x and y Nyquist rates can be recovered without error by low-pass filtering the
sampled image. However, if the sampling frequencies are below the Nyquist
frequencies, that is, if '

Exs < 2& 0y gys < 2&;0

then the periodic replications of F(g,, &) will overlap (Fig. 4.7¢c), resulting ina
distorted spectrum Ff(¢,, £, from which F(&, &) 1s irrevocably lost. The frequencies
above half the sampling frequencies, that is, above £.12, 802, are called the fold-
over frequencies. This overlapping of successive periods of the spectrum causes the
foldover frequencies in the original image to appear as frequencies below £ 12,812
in the sampled image. This phenomenon is called aliasing. é,Liasin%e;wx_s_cannm.bc
-__removed by subsequent, filtering. Aliasing can be avoided by low-pass filtering the
image first so that its bandwidth is less than one-half of the sampling frequency, that

. 2.7 s is,when (4.9) 18 satisfied.

Figures 4.8a and 4.8b show an image sampled above and below its Nyquist
- rate. Aliasing is visible near the high frequencies (about one-third distance from
g the center). Aliasing effects become invisible when the original image is low-pass '

RS - filtered befdre subsampling (Figs. 4.8c and 4.8d).

g If the region of support of the ideal low-pass filter in (4.11) 1s the rectangle
R = [—%gx:v %gxs] X [—%gys’%gy.v} ) (4-13)
. centeréd at the origin, then its impulse response is
e y) = sincxEJsine (Ve (414

Inverse Fourier transforming (4.12) and using (4:14) and (4.6), the reconstructed
_image is obtained as -« S - .

ooy = B3 fmxnay)sine(es— msinc(yb: = ny (419
’ NBD S . B
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Moreover, the reconstructed image is given by the interpolation formula .

f(x, y) - 2&)2 f(mAx, nAy) (Sin(xgx.r — m)ﬂ) (Sin(ygys - n)ﬁ) (4.16)

mon=—x (xgxs—m)'" (ygys_n)'n'

s Remarks g e

-

o n \*:\ i . » e
N \ ; 1. Equation (4.16) shows that infinite order interpolation is required to recon-
\\i\\ struct the continuous function f(x,y) from its samples f(mAx, nAy). In

AN

fih \\ : practice only finite-order interpolation is possible. However, sampling theory

] g\\\\\ NN reduces the uncountably infinite number of samples of f(x, y) over the area

) AN, ‘ AxAy to just one sample. This gives an infinite compression ratio per umit
TN Sl P £ P P

area.

i tructed b ; o . . . .
{a) Sampled above Nyquist rate and reconstructed by same ist rate and reconstructed by 2. The gliasing energy.is the energy in the foldover frequencies and is equal to the
ZOH; ’

. : . energy of the image in the tails of its spectrum outside the rectangle ¢2 defined
Wil

il | =

/ 4

/ i An image described by the function . i .

Ly / J— o g i
- . 1 = 5 14 o

¢ ,% (%, y) =2 cos 2m(3x +4y) J
el )

/i

i

\ ]
N1

is sampled such that Ax = Ay = 0.2. Clearly f(x, y) is bandlimited, sirice
F(8,8)=8(8i 3,6~ 4) +8(& +3,86+4)

is zero for [&|>3, [£2]>4. Hence £.0=3,50=4. Also £,, =&, = 1/0.2 =5, which is
less than the Nyquist frequencies 2¢ .o and 2£,0. The sampled image spectrum is
€. <
(n 3} F(t,8) =25 %2 (88— 3~ 5k, £ —4—50) +8(&: + 3= 5k, &+ 4~ 51)]

—co

s Let the low-pass filter have a rectangular region of support with cutoff frequencies at

i’ half the sampling frequencies, that is,

7L

\\X\\\\\\gxx

N

\ i H(&;,gzj _ {% -2.5 s.gl <25, -2.5=§=<25 K—:/g’[";
(c) lowpass filtered before subsampling and recon- {d) lowpass filtered before subsampling and recon- . T . 0, otherwise -
structed by ZOH; , structed by FOH. L . Applying (4.12), we obtain LD« Lo
Figure 4.8 Image sampling, aliasing, and reconstruction. x] e , . ' F ELE8) =38 —~2,6-1)+3(& + 2,6+1) »
: ' ~ which gives the reconstructed image as f(x, y) =2 cos 2m(2x + y). This shows that any
which is equal to f(x, y) if Ax, Ay satisfy (4.10). We can summarize the preceding ‘ %ﬁg?&z ;?zpacigzzé )u; Stzefriggsl; r::ryligoe mt;:; ei;taioglge (/%; _/2A gﬁy: /§2y)/gy_ (ﬁg,&iy) is
results by the following theorem. . ) o L x xS 24

Sampling Theorem : 4.3 EXTENSIONS OF SAMPLING THEORY
imited i isfying ‘ iformly on a rectangular - :

A bandlimited image f(x, y) satisfying (4.4) and sampled uni 1

gid with spacing Ax, Ay can be recovered without error from the sample values

f(mAx, nAy) provided the sampling rate is greater than the Nyquist rate, that Is,

There are several extensions of the two-dimensional sampling theory that are of -
interest in image processing. )
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Sampling Random Fields

In physical sampling environments, random noise is always present in thc_e image,so

it is important to consider sampling theory for random fields. A continuous sta-

tionary random field f(x, y) is called bandlimited if its power spectral density func-
“fion S(£;, &) is bandlimited, that is, if

SELE) =0 for|&| > £x,l&:|> &0 4.17)
Sampling Theorem for Random Fieids
If f(x, y) is a stationary bandlimited random field, then
Fomd sz F(mAx, ndy)sinc(xé, — m)sinc(y &, = n) (4.18).
mn= o :

converges to f(x, y) in the mean square sense, thgt is, »
o E(| (5, ) = fr, y)) =0 o @.19)
where g’-‘ =VA X g}’-‘ = I/AY) gxs > 2§x09 gy: > 2§y0 .

Remarks )

This theorem states that if the random field f(x, y) is sampled above its Nyquist rate,

then a continuous random field f(x, y) can be reconstructed from the sampled .
sequence such that f converges to f in the mean square sense. It can be shown t'hat

the power spectral density function S,(£1, &) of the sampled image fi(x,y) is a

periodic extension of S (&, &) and is given by

Ss(%ls EZ) = gxs'gy: k;_g S(gl - kén, gZ - lgy.f) . (4'20)

When the image is reconstructed by an ideal low-pass filter with gain 1/(£ &), the

reconstructed image power spectral density is given by

S’(gl, EZ) = <k2[=2_3,8(§1 - kgxn gi - lgys))W(gl ’ EZ)

@.21) .

= S(gly gl)

-

1y (gly §2) tE R : L (4‘22)
0, otherwise

where

The aliasing power o2 is the power in the tails of the power spectrum outside %2,
thatis,

=[] se.wdnde=[[ 1-WeESE DEE @2
Q.6 A o .

which is zero if f(x, y) is bandlimited with &0 = /2, =& /2. This analysis is also

% . : " Image Sampling and Quantization Chap. 4
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useful when a bandlimited image containing wideband noise is sampled. Then the
sigrial-to-noise ratio of the sampled image can deteriorate significantly unless it is
low-pass filtered before sampling (see Problem 4.6). -

Monrectangular Grid Sampling and Interiacin;_;

All of our previous discussion and most of the literature on two-dimensional
sampling is devoted to rectangular sampling lattices. This is the desirable form
of sampling grid if the spectrum F(§;, &) is limited over the rectangle <2 of (4.13).
Other sampling grids may be more efficient in terms of sampling density (that is,
samples/area) if the region of support of F(&,, &) is nonrectangular.

Consider, for example, the spectrum shown in Fig. 4.9, which can be tightly .
enclosed by a diamond-shaped region. On a rectangular sampling grid G;, the

vz /

& m’ m
: -1 0 1 2 -2 - 0 1 2

\( {——“//‘2\—\_"1: Ashez}.] ot e .A . . 1 .
<5 L NA

{a) Spectrum, {b} Rectangular grid G,. {c) Interlaced grid G,.

{d) Spectrum when ‘Sampled by G, {e} Spectrum of interlaced signal
{noninteriaced frames). when sampled by G,. Hatched
area shows the new inserts.

Figure 4.9 Interlaced sampling.
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Nyguist sampling intetvals would be Ax =Ay A A, =1.1f the sampling grid G, is
chosen, which is a 45° rotation of G, but with intersample distance of A,, the
spectrum of the sampled image will repeat on a grid similar to. G, (with spacing 1/A;)
(Fig. 4.9¢). Therefore, if &y = /2, there will be no aliasing, but the sampling density
has been reduced by half. Thus if an image does not contain the high frequencies in
both the dimensions simultaneously, then its sampling rate can be reduced by a
factor of 2. This theory is used in line interlacing television signals because the
human vision is insensitive to high spatial frequencies in areas of large motion (high
temporal frequencies). The interlaced television signal can be considered as a three-
dimensional signal f(x, y, ¢) sampled in vertical (y) and temporal (#) dimensions. If
& and & represent the temporal and vertical frequencies, respectively, then Fig.
4.9¢ represents the projection in (£, &) plane of the three-dimensional spectrum of
the interlaced television signal. ’

In digital television, all three coordinates x, ¥, and ¢t are sampled. The pre-

ceding interlacing concept can be extended to yield the line quincunx sampling

pattern [10]. Here each field uses an interlaced grid as in Fig. 4.9¢c, which reduces.

the sampling rate by another factor of two.

Hexagonal Sampling

For functions that are circularly symmetric and/or bandlimited over a’ circular
region, it can be shown that sampling on a hexagonal lattice requires 13.4 percent
fewer samples than rectangular sampling. Alternatively, for the same sampling rate
less aliasing is obtained on a hexagonal lattice than a rectangular lattice, Details are

available in [14].
Optimal Sampling

Equation (4.16) provides the interpretation that the sampling process transforms a
continuous function f(x,y) into a sequence f(mAx, nAy) from which the original
function can be recovered. Therefore, the coefficients of any convergent series
expansion of f(x, y) can be considered to give a generalized form of sampling. Such
sampling is not restrjcted  to bandlimited functions. For bandlimited functions the
sinc functions are optimal for ‘recovering the original function f{x, y) from the
samples f(mAx, nAy). For bandlimited random fields, the reconstructed random
field converges to the original in the mean square sense. )

More generally, there are functions that are optimal in the sense that they
sample a random image to give'a finite sequence such that the mean square error
between the original and the reconstructed images is minimized. In particular, a
series expansion of special interest is : . :

fxy)= Zaam‘n Drinl, ¥) (4.24)
" where {bma(x, y)} are the eigenfunctions of the autocorrelation function of the
random field f(x, y). This is called the Karhunen-Loéve (KL) series expansion of
the random field. This expansion is such that a,, , are orthogonal random variables,

92 : ) ' Image Sampling and Quantization , Chap.4
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~and, for a given number of terms, the mean square error in the reconstructed image
— 7 is minimum among all possible sampling functions. This property is useful in devel-
/ , oping data compression techniques for images. . ‘
The main difficulty in utilizing the preceding result for optimal sampling of
r&?practical (finite size) images is in generating the coefficients a.,,. In conventional
sampling (via the sinc functions), the coefficients a,,, are simply the values f(mAx,
nAy), which are easy to obtain. Nevertheless, the theory of KL expansion is useful
in determining bounds on performance and serves as an important guide in the
design of many image processing algorithms.

4.4 PRACTICAL LIMITATIONS IN SAMPLING
AND RECONSTRUCTION

The foregoing sampling theory is based on several idealizations. Real-world images
are not bandlimited, which means aliasing errors occur. These ‘can be reduced by
“low-pass filtering the input image prior to sampling but at the cost .of attenuating
. higher spatial frequencies. Such resolution loss, which results in blurring of the
. image, also occurs because practical scanners have finite apertures. Finally, the

pling theory. Its transfer function depends on the display aperture. Figure 4.10
represents the practical sampling/reconstruction systems.

4 Sampling Aperture

A practical sampling system gives an output g,(x, y), which-can be modeled as (see
Fig. 4.10) s

g0, ) A px, K F(x, y) =pd-x, =) Of(x, y)
=[] ptr—xy=preyyanay

&(x,y)=comb(x,y; Ax, Ay)g(x,y) - (4.26)

where p,(x,y) Qenotes the light distribution in the aperture and £ denotes its
shape. In practice the aperture is symmetric with respect to 180° rotation, that is, °
pi(x,y) =ps(—x, ~y). Equation (4.25) is the spatial correlation -of f(x,y) with

(4.25)

T T e e e — — bl
\ [ |
Input | I
image | " Scanning gix, y) | ideal g,(x, ¥) | Dispfay g
———e  aperture sampler : + spot St v}
: pel=x,=y) | Ax, Ay | Pgl=x, —y)
1 l
b e —— e -

Practical scanner mode!

Figure 4.10 Practical sampling and reconstruction. In the ideal case 1';,(x, y) =
Pa(x, ¥y =8(x,y). - | : ) ‘
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* % Figure 4.12 Comparison between zero- and

first-order hold interpolators. Zero-order

: hold gives higher resolution and first-order
hold gives greater smoothing.

pslx ,'y) and represents the process of scanning through the aperture. Equation ) N
{4.26) represents the sampled output. For example, for an L X L squarc aperture
- with uniform distribution, we will have

- gf

x+ L2

'y + L2 ’ : ‘
s =] 7 yydsay @ - -
y- )

x=LR

which is simply the integral of the image over the scanner aperture at position (x, y). ,
//\}n general (4.25) represents a low-pass filtering operation whose-transfer functionis ¢ .
determined by the aperture function p/(x,y). The overall effect on the recon- | CoE
structed image is a loss of resolution and a decrease in aliasing error (Fig. 4.11). This |
effect is also visible in the images of Fig. 4.12.

‘ ﬁ?_' Lrd Ty
U'\v‘»“':“)’ 2 At

Display Aperture/Interpolation Function

{a) 256 x 256 image interpolated to 512 x 512
by zero-order hold {ZOH). )

Perfect image reconstruction requires an infinite-order interpolation between the . Tk
samples f(m A x , nAy). For a display system this means its display spot should have a . .
Tight distribution given by the sinc function, which has infinite duration and negative e :
lobes. This makes it impossible for an incoherent imaging svstem to perform near
‘perfect interpolation.
Figure 4.13 lists several functions useful for interpolation. Two-dimensional
interpolation can be performed b successive interpolation along rows and columns k i ¢
p. -, of the image. The zero-order- and first-order-hold filters give piecewise constant . P
\ ‘and linear interpolations, respectively, between the samples. Higher-order holds ‘
H o can give quadratic (n =2) and cubic spline (n = 3) interpolations. With proper
coordinate scaling of the interpolating function, the nth-order hold converges to the
Gaussian function as n— . The display spot of a CRT is circular and can’ be
modeled by a Gaussian function whose variance controls its spread. Figure 4.14
shows the effect of a practical interpolator on the reconstructed image. The resolu-
_ “tion loss due to the reconstruction filter depends on the width of the main lobe.
: Since [sinc(x)}" < 1 for every x, the main lobe of the nth-order hold filter spectrum

FZ N

o

{b) 256 x 256 image interpolated to 612 x 512 i
by first-order hold (FOH). . g

f " . i
input image r Resolution :
spectrum loss A

Lowpass filtered

image spectrum

due to finite

aperture scanrning )

Aliased frequencies
without lowpass
filtering

(c) 256 x 256 images after interpolation

_E
2

(i) | (i)
i) | (iv) . {i}- 128 x 128 image zoomed by
ZOH; (ii) 64 x 64 image zoomed by ZOH; (iii)
128 x 128 image zoomed by FOH; {iv)
64 x 64 image zoomed by FOH.

sk 5 i S

Reduction in Aliasing with
aliasing power lowpass filtering
due to aperture due to aperture o

PP

Figure‘l.ll Effect of aperture scanning.
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Figure 4.13 Image interpolation functions; £,
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Figure 4.14 Effect of practical inter-
polation.

Interpolation error

will become narrower as n increases. Therefore, among the nth-order-hold intérpo-
lators of Figure 4.13, the zero-order-hold function will have minimum resolution loss
and maximum interpolation error. This effect is visible in Fig. 4.12, which contains
images interpolated by zero- and first-order-hold functions. In practice bilinear
interpolation (first-order hold) gives a reasonable trade-off between resotution loss
and smoothing accuracy.

Example 4.2

- A CCD camera contains a 256 X 256 array of 1dentxcal phorodetectors of size @ X awith
spacing Ax =Ay =g <A (see Fig. 4.3). The scanning electronics produces output
pulses proportional to the response of each detector. The spatial response of a detector
to a unit intensity impulse input at location (x,y) is p,(x,y) = p (x)p (y), where

2 2lx| a AP,
- . px)=14 < ~Ta ) bel= 2 S

0, otherwise

Suppose an image f(x, y} 47 cos 2w(x/4a + y/8a), with @ = A, is scanned. Using (4.25)
. . and taking the Fourier transform, we obtain
! 5

ol .G(§1,§2)=sinc(2§)sxnc< )F(g.,gz)

R —51"“62(8)51nef(m)F(§,, &) =0.94F (&, &)

where we have used F(&1, &) =5(k ~ 1da, & — 1/8a) + 8(& + 1/4a, gz+ 1/8a). The
scanner output signal can be written as

8(x.) =g (¥, Yw(x,y) I 8(x —mA, y —nA)

moa=—x
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2 w} ated energy (in the frequency domain) leaked into the side lobes of the sinc functions -

64
256a

1 Figure 4,15 Array. scanner frequency
128a response.

-

where w(x, y) is a rectangular window [—L/2, L/2], which limits the field of view of the
camera. With spacing A and L = 2564, the spectrum of the scanned image is

Gt &)= & 22 Gla-mb, & — n&), 6= 1a

where G (&, £) 2 G(&, £)OW(E, &), W(&, &) & Lisinc(& L)sinc(g; L). This gives
G (&, &) = 61,4400 sinc(256a§, — 64)sinc(256a€; — 32)
+ sinc(256ak, + 64)sinc(256a&, + 32)]

. Figure 4.15 shows 5(&, &) at £, = Vea, for £ > 0. Thus, instecad of obtaining a deita
function at £, = Vaq, a sinc function with main-lobe width of Vizsq is obtained. Thls
degradation of G (£, &) due to convolution with W(§&,, &) is called ripple. The assoCi-

due to this convolution is known as Ieakgg_g.

Lagrange Interpolation

The zero- and first-order holds also belong to a class of polynomial interpolation
functions called Lagrange polynomials. The Lagrange polynomial of order (g — 1)
is defined as

LA 1 (k m) ko<k<k, g=2,3
(e (4.28)
Li) 81, vk
where ko& —(q — 12, k; = (g — 1)/2 for g odd and k& —(g = 2)12, kB q/2 for |

q even. For a one-dimensional sampled sequence f(m A), with sampling interval 4,
the interpolated function between given samples is defined as

o

fay=Fma+ at) S L Ya)f(mA+kA) (4.29)
e ‘///0,
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where —3 =« <j for g odd and 0= a < 1 for g even. This formula uses g samples,

f(m + %ah), . .., f(m + k; A), to interpolate at any location (m + «)A between two

samples. For ¢ = 1, 2, 3, we get the formulas
g=1>f(ma+ad)=f(ms), -i=a<}

g =2>f(mA+ad)=(1~a)f(mA) + of (m + 1A); 0= <1; (first-order hold)
(4.30)

(zero-order hold)

q=3>f(ma+ aAj =1 -a)1+a)f(ma)
+wf(m +1A) - f(m

The Lagrange interpolation formula of (4.29) is useful because it converges to
the sinc function interpolation as g — [Problem 4.10}. In two dxmensmns the

‘Lagrange interpolation formula becomes
fx,y)=Ff(mAx +aAx,nby + BAy)

ko4

4y Z LY(a)Le(B) f(m + kAx, n +1Ay)

- kgl=

where g; and ¢, refer to the Lagrange polynomlal orders in the x and y directions,
respectxvely

a(l ) ~“1=a<i

14),

(4.31)

Moiré Effect and Fiat Field Response [4, 40]

Another phenomenbn that results from practical interpolation filters is called the

- Moiré effect. It appears in the form of beat patterns that arise if the image contains

perlodxcmes that are close to half the sampling frequencies. This effect occurs when
the display spot size is small (compared to sampling distance) so that the recon-
struction filter cutoff extends far beyond the ideal low-pass filter cutoff. Then a
signal at frequency £, < £,,/2 will interfere with a companion signal at £, — £, to
create a beat pattern, or the Moiré effect (see Problems 4.11 and 4.12). A special
case of this situation occurs when the input image is a uniform gray field. Then, if
the reconstruction filter does not have zero response at the sampling frequencies
(&5, £), scan lines will appear, and the displayed image will exhibit stripes and not
a flat field.

' 45 IMAGE QUANTIZATION

The step subsequent to sampling in image dlgltxzatlon is quantization. A quantizer
Wﬂﬂu&ﬂm@&@b@w
a finite set {r . r.} of numbers. This mapping is generally a staircase furiction
(Fig. 4.16) and the quantization rule is as follows: Define {#, k =1,...,L +1}asa
set of increasing transition or decision levels with ¢ and ¢, as the mmxmum and
maximum values, respectlvely, of u. If u lies in interval [, #.,), then it is mapped to

Ik, the kth reconstruction level.

Sec. 4.5
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o
b Quantizer
’ output
ke = -
¢ u‘ T
e ——
/
/ / /
o S|
7 / / - 4 // / L ! u
’ 1
t, //t2 // // 7 ; /
/ / /
/
g 4 Quantizer
error
e rn -4

Figure 4.16 A quantizer.

Example 4.3 '
The simplest and most common quantizer is the uniform quantizer. Let the output of

an image sensor take values between 0.0 to 10.0. If the samples are quantized uni-
formly to 256 levels, then the transition and reconstruction levels are

10(k — 1)
= e =1,..-, 257
fe==55g—> kK
I I k=1,..., 256
* 256

The interval g é te = teoi =rx — Iy is constant for different values of X and is called
the quantization interval.
kbt Aol il

In this chapter we will consider only gg_o_m_emamq.mmm which opgrate onson;s1
input sample at a time, and the output value depends only on that input. Suc

quantizess are useful in image coding techniques such as pulse code modulat.ion
(PCM), differential PCM, transform coding, and so on. Note that the guantizer

1 lue cannot .

mapping is irreversible; that is, for a given qugntizer output, thg input va '
Be determined uniquely. Hence, a quantizer introduces distortion, which any S:r
sonable design method must attempt to minimize. Tpere_a're se\éezal fqur'c:)r:i rlice.
designs available that offer various trade-offs between simplicity and perfor

These are discussed next.
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4.6 THE OPTIMUM MEAN SQUARE OR LLOYD-MAX QUANTIZER

This Juentizer minimizes the mean square error for a given number of quantization
Jevels. Let u be a real scalar random variable with a continuous probability density
function p,(« ). It is desired to find the decision levels #, and the reconstruction levels

r. for an L-level quantizer such that the mean square error_ PR - ‘
ct;ﬂ= E[(u —-u )2] = J’Lﬂ (//— 4 ')zp,‘((l) du T (432)
1

is minimized. Rewriting this as
L b+
&= f o = 1) pule) du (4.33)
i=17y

the necessary conditions for minimization of & are obtained by differentiating it
with respect to ¢, and r, and equating the results to zero. This gives

Ao e 038
T S = = e ut) ~ (= Pl = 0
e 2 ¢
3 (i o+
e 58_(_)_=2f" X(//—I'k)pu(//)d/(=l'), l=k=L
. : Lor I
Using the fact that #, <#,, simplification of the preceding equations gives
+ 7o
o= et i) 2“ ) (4.34)
U w1 R
f aple)yde
=% < =Eulue7] (4.33)

Th+1
) f p,,(/z) de

T

where .7 is the kth interval [z, , £,,,). These results state that the optimum transition
levels lie halfway between the optimum reconstruction levels, which, in turn, lie at
the center of mass of the probability density in between the transition levels.
Together, (4.34) and (4.35) are nonlinear equations that have to be solved simulta-
neously given the boundary values ¢, and 1., . In practice, these equations can be
solved by an iterative scheme such as the Newton method. .

When the number of guantization levels is large, an approximate solution can
_be obtained by modeling the probability density p,(«) as a piecewise constant
function as (see Fig. 4.17),

Pl)=pi),  EBYo+1h), = a<g (4.36)
Using this approximation in (4.33) and performing the required minimizations, an

approximate solution for the decision levels is obtained as

Zg T
Al T
By = ,:_lﬂ = th e
’ f [p,,(/l )]_IB de -
‘ I : .

N ) .
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P, (@)

Figure 4.17 Piecewise constant approxi-

@

mation of p.X(« ).

where A= tw”— f and z=(k/L)A, k =1,..., L. This method requires. that the
quantities f, and 7, ., , also called the over load points, be finite. These values, which
determine the dynamic range A of the Guantizer, have 10 be assumed prior to the
placement of the decision and reconstruction levels. Once the transition levels {1}
have been determmed the reconstruction levels {r,} can be determined easily by
averaging 4 and £+, . The quantizer mean square dlswmon is obtained as

. 12le { j{ )] de } (4.38)
b

This is a useful formula because it gives an estimate of quantizer error directly in

terms of the probability density and the number of quantlzanon levels. This result is
exact for piecewise constant probability densities.

Two commonly used densities for quantization of image- related data are the
‘Gaussian and the Laplacian densities, which are defined as follows.

Gaussian:

1
)= ez ool 5

Laplacian:

~

p{u) =% exp(—ale — ) C O (4.400)

where p and o ? denote the mean and variance, respectively, of u. The variance of
the Laplacian density is given by
2.2

or=2 (4.40b)

Tables 4.1 and 4.2 (on pp. 104-111) list the design values for several Lloyd-Max
quantizers for the preceding densities. For'more extensive tables see [30].
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Gt R A AN

il G ’*)2) (4.39)

The Uniform Optimal Quantizer

For uniform distributions, the Lloyd-Max quantizer equations become linear, giving
equal intervals between the transition levels and the reconstruction levels. This is
also called the linear quantizer. Let

l_t, h=a=tl 4
pu(”) = L+1 1
0, otherwise
From (4.35) we obtain
(t — fk) _hen + & (4.41)

hrk 2(tk+l - tk) 2
Combining (4.34) and (4.41) we get
_ bt
KT ' 0
which gives
fy— by = beys — o= constant 2 ¢

Finally, we obtain

tre1—1 , y
_h 1L L K=t +q, rkztk+% (4.42)

Thus all transition as well as reconstruction levels are equally spaced. The quantiza-
tion efror e & u — u is uniformly distributed over the interval (—g/2, q/2) Hence
the mean square error is given by

The variance o2 of a uniform random variable whose range is A is A%12. For a
uniform quantizer having B bits, we have g = A/25, This gives

f’

———=2‘2” > SNR 10 log,y2*2 =68 dB (4.44)

o

Thus the signal-to-noise ratio achieved by the optlmum mean square quarmzer for
uniform distributions is 6 dB per bit.

Propertles of the Optimum Mean Sguare Quantizer -

Thxs quantxzer has several mterestmg properties. ) ’;,\
& ras
¥
1. The quantzzer output is an unbiased estimate of the inpus, that is, /o
, ‘ Elw]=E[u) - /Q) (4.45)
2. The quantization error is orthogonal to the quantizer output, that is,
E[(u —uw)u]=0, (4.46) .
Sec. 4.6 The Optimum Mean Square or Lloyd-Max Quantizer ' 103
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3. The variance of the quantizer output.is reduced by the factor 1 — f(B), where
‘f(B) denotes the mean square distortion of the B-bit quantizer for unity
variance inputs, that is, - lQJ
=1t ¥ (4.47)
4. Itis sufficient to design mean square quamizérs for zero mean unity variance
distributions (see Problem 4.13).

Proofs
1. If p, is the probability of 7, that is,

Pe= J'kﬂp”(”) de (448)
% ’ .
then from (4.35), ' !
A L Lo e 1 +1 .
Elwls > peE[ulu € 7} = > J. wpfu)du =f «p(«) du = E{u]
k=1 k=11

L L
2. Elww] = E{E[wulu € 7} = 2 pdriElulu € 7= 2 purk= E[(w)]

which proves (4.46). This gives an interesting model for the QUantizer, as
shown in Fig. 4.18. The quantizer noise n is uncorrelated with the quantize
output, and we can write . :

=+ . (4.49)

o} = E[(u —w)]=EW] - E[(w)] . (4.50)

Since o% =0, (4.50) implies the average power of the quantizer output is
reduced by the average power of quantizer noise. Also, the quantizer noise
is dependent on the quantizer input u, since -

E[un]=E[u(u~w)]=E[v]

3. Since for any mean square quantizer o2 = o2 f(B), (4.50) immediately yields
(4.47).

Optimum .

u u’

——»| mean square_fam——— @ - u
quantizer

u=u"+n
Elu'n] =0
Elunl = Eln?]

Figure 4,18 Optimum mean square quantizer and its signal dependent noise
model. ' : :
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4.7 A COMIPANDOR DESIGN [20-23]

A compandor (compressor-expander) is a uniform quantizer preceded and suc-

._cjﬁ_k_ﬂ—' ded by nonlinear transformations, as shown in Fig. 4.19. The input randoin
variable u is first passed through a nonlinear memoryless transformation f(-) to

yield another random variable w. This random variabl€ is uniformly quantized to
give y € {y;}, which is nonlinearly transformed by g(-) to give the output &' . The
overall transformation from u to u' is a nonuniform quantizer. The functions fand g
are determined so that the overall system approximates the Lloyd-Max quantizer.
The result is given by

gx)=f7(x) (4.51)

[ tpnas |
f)=2a{—t————1-a " (4.52)
f [pu(a )]1/3 dee | X

t

where [—a, a] is the range of w over which the uniform quantizer operates. If p,(«)
is an even function, that is, p,(« )= p,(—«), we get

. fo [pu(e)] di
f@=aym——— x=0
. L [pu(// )]1/3 de
Jx)y==f(=x), x<0 - ©(4.53)

‘This gives the minimum and maximum values of f(x) as —a and a, respectively,
However, the choice of a is arbitrary. As shown in Fig. 4.19, f(x) and g(x) turn out
to be functions that compress and expand, respectively, their domains.

w= flu) y u"=gly
3 . .
Y [ T/
e ‘ | : ! |
\ | | |
) | : | . |
ey — ! w ] v
|
|
| s
\
u £(+) . w Uniform 4 gt+) LY
compressor. . quantizer . - | expander

Figure 4.19 A compandor.

Sec. 4.7 . ACompandor Design {20-23] . 1713




-

Example 4.4 vl
Consider the truncated Laplacian density; which is often used as a probabilistic model
for the prediction error signal in DPCM, . .

plu)y=ce™,  -Asa=A (4.54)

where ¢ = i;-{1 —exp(—aA)]"". Use of (4.53) gives

21— exp(—ox/3)] )
[L—exp(-adB3)} (4:55)
~f(=x),~A =x<0. .

A
»
A

fx)=

-—g-ln{l—zc— {1—exp(~'§A>]}, O=sx=ea
glx)={ ¢ ar : (4.56)
—g(-x),  —a=x<0. ' :
Transformations f(x) and g(x) for other probability densities are given in Problem

4.15.

Remarks

1. The compandor design does not cause the transformed random variable w to
be uniformly distributed:

2. Forlarge L, the mean square error estimate of the compandor can be approxi-
mated as
o+ 3
5?2%( [ e d«) 4.57)
3 .

The actual performance characteristics of compandors are found to be quite

close to those of the minimum mean square quantizers. o

The compandor does not necessarily require £ and f.,; to beyfinite. F

4. To implement a compandor, the nonlinear transformati0n§f(-) and f~ ‘.(-) may
be implemented by an analog noniinear device and the umforr-n qgantlzer can
be a simple analog-to-digital converter. In a digital communication applica-

bl

tion, the output of the uniform quantizer may be coded digitally for trans- -

mission. The receiver would decode, perform digital-to-analog conversion,
and follow it by the nonlinear transformation F%e). ’

§. The decision and reccrstruction levels of the compandor viewed as a non-
uniform quantizer are given by

Ix
n=g(kg), tx=—k=0,...,5
’ (4.38)
1 _ =1 L
rk=g((k—5>q), r_k——rk,k— ,.'.,2
for an even probability density function.
Chap. 4
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4.8 THE OPTIVIUNM MEAN SQUARE UNIFORM QUANTIZER
FOR NONUNIFORM DENSITIES

Since a uniform quantizer can be easily implemented, it is of interest to know how to
best' quantize a nonuniformly distributed random varible by an L-level uniform
quantizer. For simplicity. let p,(«) be an even function and let L be an even integer.
For a fixed L, the optimum uniform quantizer is determined completely by the
quantization step size g. Define !,\QNQ\,A\QJ‘“;%“L ,
2 et
‘2q A Lqg
where g has to be determined so thé{ the mean square error is minimized. In terms
of these parameters, SeUlg & 6T N ool
, ? ; —
Loy f e
&= 2 f (« — r,-)zpu(a) du + 2[ (e = YL)Zpu(/l) de
=274 a~q

N D) Sl ?

Since {#;, r;} come from a uniform quantizer, this simplifies to
-1 g 2 - 2 . _qe\?
E=2 2 f (a - (—L‘i—llq') p,,(zl) de+ ZJ’ ((1 —-('l;—-l—)—q) p,,,(l/) du
j=t Ju=ig @1 2

Now, the problem is simply to minimize & as a function of the single varizble g. The
result is obtained by iteratively solving the nonlinear equation (for L > 2)

ad

dg .
For L =2, the optimum uniform and the Lloyd-Max quantizers are identical, giving
a= 2[ lzp“(«) de.
[
which equals the mean value of the random variable |u|. Table 4.3 gives the opti-

mum uniform quantizer design parameters for Gaussian and Laplacian probability
densities.

=0

4.9 EXAMPLES, COMPARISONS, AND PRACTICAL LIMITATIONS

Comparisons among various quantizers can be madé in at least two different
ways. First, suppose the quantizer output is to be coded by a fixed number of levels.
This would be the case for a fixed-word-length analog-to-digital conversion. Then
one would compare the quantizing error variance {or the signal-to-noise ratio,
SNR = 10 logioo /&) as a function of number of quantization bits, B. Figure 4.20

_ shows these curves for the optimum mean square (Lloyd-Max), the compandor, and
-the optimum uniform quantizers for the Gaussian density fuaction. As expected,

the opiimum mean squaf& quantizers give the best performance. For Gaussian
densities, the performance differénce between the optimum mean square and the
optimum uniform quantizers is about 2 dB for B = 6. In the case of the Laplacian

Sec. 4.9
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TABLE 4.3 Optimum Unifox;m Quantizers for Zero Mean, Unity Variance
Gaussian, and Laplacian Densities -

Gezussian i Laplacian

No. of - : _ _
Output levels ' Step size ‘l,M.S.E. Entropy  Stepsize M.S.E.  Entropy

1.596 '[ .363 1.00 - 1.414 - .500 1.00

% 1.224 v .190 1.54 1.414 264 1.32
4 996 119 1.90 1.087 .196 1.75
5 .843 .082 2.18 1.025 133 1.86
6 733 - 070 2.41 871 110 2.13
7 .651 049 260 822 .083 2.21
8 .586 .037 2.76 751 .072 2.39
9 .534 031 2.90 694 :058 2.46
10 .491 026 3.03 .633 .051 2.60
11 .455 022 - 315 .605 .043 2.66
12 424 :019 3.25 .561 .039 2.78
13 .397 016 3.35 .539 .034 2.83
14 374 .015 3.44 .506 .031 2.93
15 353 .013 3.52 487 .027 2.98
16 335 012 3.60 461 .025 3.06
17 319 .010 3.68 445 .023 i
18 .304 .009 375 424 021, 3.18
19 291 .009 3.81 411 .019 3.22
20 279 . .008 3.87 394 .018 3.29
21 268 .007 3.93 .383 .017 3.33
22 258 .007 3.99 .368 .016 3.39
23 .248 .006 4.04 .358 .014 3.42
24 240 .006 4.10 .346 014 348
25 232 .005 4.15 337 013 3.51
26 224 .005 . 4.19 326 012 3.56
27 217 .005 4.24 .318 011 3.59
28 211 004 - 4.29 .309 011 3.64
29 204 .004 4.33 302 .010 3.67
30 199 .004 4.37 294 .010 37N
31 1,193 .004 4.41 .287 .009 3.74
32 .188 .003 4.45 .280 .009 3.78
33 183 003 4.49 274 .008 3.81
34 2179 .003 4,52 - .268 .008 3.85
35 174 .003 4.56 .263 .008 3.87
36 170 .003 4,59 257 .007 3.91
64 .104 .001 5.31 166 .003 4.54
128 ’ .057 .00030  6.18 .100 .001 5.32
256 .030 .00004  7.07 055 .0003 6.15
512 .017 .00002 - 7.97 .031 .00009 ~ 6.96

density, this difference is about 4.3 dB. The compandor and optimum mean square
quantizers are practicaily indistinguishable. L . .
From rate distortion theory it is known that the minimum achievable rate, _B,,
of a Gaussian random variable of variance o2 is given by the rate distortion function
(see Section 2.13) as :

2
o
. B,= logzD .

[ SR e
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. (4.59)

50 —

Shannon quantizer

0
Opt. uniform with .
entropy coding '
”~ -
"
T 30}
-] .
° Al Lloyd-Max/compandor
o P - .
z -,
& 20 {/\Optimum
uniform
10
i) } ] ! ! l J
1 2 3 4 5 6 7

Rate, bits ——»—

Figure 4.20 Performance of Gaussian density quantizers.

where D < ¢?, is the average mean square distortion per sample. This can dlso be
written as L Y

g0 & T D=¢2 B =20 (4.60)

o ]

!
and represents,aw‘%e—rmﬂfwi on attainable distortion for any practical quantizer for
Gaussian random variables. This is called the Shannon lower bound. The associated
optimal encoder is hypothetical because it requires that a block of infinite observa-
tions of the random variable be quantized jointly. This is also called the Shannon
quantizer. The various quantizers in Fig. 4.20 are also compared with this quantizer.
Equation (4.60) also gives an upper bound on attainable distortion by the Shannon

© quantizer, for non-Gaussian distributed random variables. For a given rate B,, zero

memory quantizers, also called one-dimensional quantizers (block length is one),
-generally do not attain distortion below the values given by (4.60). The one-
dimensional optimum mean square quantizer for a uniform random variable of
variance o2 does achieve.this distortion, however. Thus for any fixed distortion D,
the rate of the Shannon quantizer may be considered to give practically the min-
imum achievable rate by a zero memory quantizer for most probability distributions
of interest in image processing. (See Problems 4.17 and 4.18.)

The second comparison is based on the entropy of the quantizer output Versus
its distortion. If the quantized variables are entropy coded by a variable-length
ceding scheme such as Huffman coding (see Ch. 11, Section 11.2), then the average

- number of bits needed to code the output will often be less than log, L. An optimum

quantizer under this criterion would be the one that minimizes the distortion for a
specified output entropy [27-29]. Entropy coding increases the complexity of the
encoding-decoding algorithm and requires extra buffer storage at transmitters and
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receivers to maintain a constarit bit rate over communicatio.n chgnr}e!'s. From Fig.
4.20 it is seen that the uniform quantizer with entropy coding gives a petter per-
formance than the Lloyd-Max quantizer (without entropy ?odmg). It“has_been
found that the uniform quantizer is quite a good approximation .of tl?e optimum
quantizer” based on entropy versus mean square qistgrtxon criterion, if the quanti-
zation step size is optimized with respect-to tl_]is criterion. .

In practice the design of a quantizer boils down to thff selection of number of
quantization levels (L) and the dynamic range (4 ) Fora g1v§n,number of levels, a
compromise has to be struck between the quantizer resolution (f— 1) and the

attainable dynamic range. These factors become particularly important when the ,

input signal is nonstationary or has an unknown probability density.

'4.10 ANALYTIC MODELS FOR PRACTICAL QUANTIZERS [30]

i

In image coding problems we will find it useful to have analyt.ic expressions for the
quantizer mean square error as a function of the number of b1t§. Table 4.4.hsts the
distortion function models for the Lloyd-Max and optimum uniform quantizers for
Gaussian and Laplacian probability densities of unity variance. Note that the mean
of the density functions can be arbitrary. These models have the general form

f(B) = a27"%.1f the input to the quantizer has a variance @2, then the output mean

square error will be simply a2f(B). It is easy to check that the f(l?) modf:ls are
monotonically decreasing, convex functions of B, which are properties required of

distortion versus rate functions. . . ) ‘
From Table 4.4 we see that for equal distortion, the number of bits, x, needed

for the optimum mean square quantizer to match the performance of a B-bit
Shannon quantizer is given by
2-—23 oz 2.26(2—1.963;()

for small distortions. Solving for x, we get
x=B+0.5

which means the zero memory (or a one-dimensional) optimum mean square quan-

TABLE 4.4 Quantizer Distortion Models, 7(B) = a2"%

0=2%<5 5=28<36 . 36=2"=512
Quantizer a b o a N a b
Shannon 1 2 1 '
Meéﬂai‘é&ire 1 15047 15253 1.8274 22573 1.9626
MeLa;;axSf;:;e : 1 11711 20851 17645  3.6308  1.9572
o%igl‘;g‘agniform {15012 12477 16883 13414 17562
O‘{;‘;ﬁz;\nﬁom 1 11619 14156 14518 2.1969 15944
118 ' » Image Sampling and Quantization®  Chap- 4
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4.12- VISUAL QUANTIZATION

tizer performs within about % bit of its lower bound achieved by an infinite-
dimensional block encoder (for Gaussian distributions).

4.11 QUANTIZATION OF COMPLEX

GAUSS!AN RANDOM VARIABLES

In many situations we want to quantize a complex random variablé, such as
z2=x+jy. ' (4.61)

where x and y are independent, identically distributed Gaussian random variables.
" One method is to quantize x and y independently by their Lioyd-Max quantizers
using B bits each. This would not be the minimum mean square quantizer for z.
Now-suppose we write ‘ : '

z =Ae?
A8V A tan"(%)

then A and 6 are independent, where 4 has the Rayleigh density (see Problem
4.15b) and 6 is uniformly distributed. It can be shown the minimum mean square
quantizer for z requires that 6 be uniformly quantized. Let L, and L, be the number |
of quantization levels for A and 6, respectively, such that L, L, = L (given). Let {v;}
and {w,} be the decision and reconstruction levels of A, respectively, if it were
quantized independently by its own mean square quantizer. Then the decision levels
{t:} and reconstruction levels {r,} of A for the optimum mean square reconstruction
of z are given by [31]

(4.62)

ey =V
Nz ' . (4.63)

Ty = Wy smc(f)
If L, is large, then sinc(1/L,)—> 1, which means the amplitude and phase variables
can be quantized independently. For a given L, the optimum allocation of L, and L,
requires that for rates log; L = 4.6 bits, the phase should be allocated approximately
1.37 bits more than the amplitude [32]. '

The performance of the joint amplitude-phase quantizer is found to be only
marginally better than that of the independent mean square quantizers for x and y.
However, the preceding results are useful whea one is required to digitize the
amplitude and phase variables, as in certain coherent imaging applications where
amplitude and phase measurements are made directly.

The foregoing methods can be applied for gray scale quantization of monochrome ’
images. I the number of quantization levels is not sufficient, a phenomenon called
contouring becomes visible. When groups of neighboring pixels are quantized to the
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Contouring effects start becoming visible at or below 6 bits/pixel. A mean square
quantizer matched to the histogram of a given image may need only 5 to 6 bits/pixel
without any visible contours. Since histograms of images vary quite drastically,

SWMWMaW image data are rarely used. A uniform
guantizer with 8 bits/pixel is usually used. ’

In evaluating quantized images, the eye scems to be quite sensitive to contours

and errors that affect local structure. However, the contours do not contribute very
much to the mean square error. Thus a visual quantization scheme should attempt
to hold the quantization contours below the level of visibility over the range of
luminances to be displayed. We consider two methods of achieving this (other than
allocating the full 8 bits/pixet).

Contrast Quantization

Since visual sensitivity is nearly uniform to just noticeable charnges in contrast, it is
more appropriate to quantize the contrast function shown in Fig. 4.21. Two non-
linear transformations that have been used for representation of contrast ¢ are [see
Chapter 3]

=aln(l+Bw), Osu=]l (4.64)

c=auf : - (4.65)

where o and § are constants and u represents the luminance. For example, in (4.64)
the values a = B/In(1 + B) for a lying between 6 and 18, and 'in (4.65) the values
a=1,8 = V5 have been suggested [34]. ‘ '

For the given contrast representation we simply use the minimum mean square
error (MMSE) quantizer for the contrast field (see Fig. 4.21). To display (or recon-
struct) the image, the quantized contrast is transformed back to the luminance value
by the inverse transformation. Experimental studies indicate that a 2% change in
contrast is just noticeable. Therefore, if uniformly quantized, the ¢ontrast scale
needs 50 levels, or about 6 bits. However, with the optimum mean square quantizer,
4 to 5 bits/pixel could be sufficient.

Pseudorandom Noise Quantization
Another method of suppressing contouring effects [35] is to add a small amount of

uniformly distributed pseudorandom noise to the luminance samples before‘ quanti-
zation (see Fig. 4.22). This pseudorandom noise is also called dither. To display the

120 - Image Sampling and Quantization . Chap.4

—— - . 3 t TE
; Luminance | £ ..y ¢ P 100 . u{m, n)
67 \\ N 4" =31 lyminance to Mu“:s:?zer * contrast to [~ U’ : G\ vAm. ”)j Quantizer | V{1, ”): f;:\ display
A4 S | contrast 4 fuminance 2/ & bits ,
N \':3* . +4 . -
Q) - ’
@ !\(‘\ Figure 4.21 Contrast quantization.
W R ‘
\J(‘\\\ ) . nlm, n)
‘ same value, regions of constant gray levels are formed, whose boundaries are called
contours (see Fig. 4.23a). Uniform quantization of common images, where the ::eg‘fsr’j?;’:;“
pixels represent the luminance function, requires about 256 gray levels, or § bits. [-A, A ‘ Figure 4.22 Pseudorandom noise quan-
tization.

image, the same (or another) pseudorandom sequence is subtracted from the quan-
tizer output. The effect is that in the regions of low-luminance gradients (which are

the regions of contours), the input noise causes pixels fo go above or below the

original decision level, thereby breaking the contours. However, the average value
ofmanﬁzmm‘e’m—;fd without the additive noise.
During display, the noise tends to fill in the regions of contours in such a way that
the spatial average is unchanged (Fig. 4.23). The amount of dither added should be
kept small enough to maintain the spatial resolution but large enough to ailow the
luminance values to vary randomly about the quantizer decision levels. The noise
should usually affect the least significant bit of the quantizer. Reasonable image
quality is achievable by a 3-bit quantizer,

Halftone Image Generation

The preceding method is closely related to the method of generating half-tone
images fro.n.l gray-level images. Halftorie images are binary images that give a gray
scale rendition. For example, most printed images, including all the imiages printed

[a]b
Figure 4.23 (a) 3-bit image, con-

tours are visible; (b) 8-bit image with'
pscudorandom noise uniform over
[-16,16]; (c) v+(m,n), 3-bit quantized
v(m,n); (d) image after subtracting pseu-
dorandom noise.

121




Luminance
0<ulmn <A

C\ vim,n

+ .
+

Threshold
v
v'{m, n) Two-level
display

0<gp{m, n <A
Pseudorandom array

Figure 4,24 Digital halftone generation.

40 60 150 90 10

80 170 240 200 110

H, =| 140 210 280 220 130
120 190 230 180 70

20 100 160 50 30

Figure 4.25 Two halftone patterns. Re-
peat periodically to obtain the full size
array. H, is called 45° halftone screen be-
cause it repeats two 4 X 4 basic patterns at
+45° angles.

in this text, are halftones. Figure 4.24 shows the basic concept of generating
halftone images. The given image is oversampled (for instance, a 256 X 256 image
may be printed on a 1024 x 1024 grid of black and white dots) to coincide with
the number of dots available for the halftone image. To each image sample (repre-
senting a luminance value) a random number (halftone screen) is added, and the
resulting signal is quantized by a 1-bit quantizer. The output (0 or 1) then represents
a black or white dot. In practice the dither signal is a finite two-dimensional pseudo-
random pattern that is repeated periodically to generate a halftone matrix of the
same size as the image. Figure 4.25 shows two halftone patterns. The halftone
image may exhibit Maoiré patterns if the image patiern and the dither matrix have
common or nearly common periodicities. Good halftoning algorithms are designed
to minimize the Moiré effect. Figure 4.26 shows a 512 X 512 halftone image gener-
ated digitally from the original 512 X 512 x 8-bit image. The gray level rendition in
halftones is due to local spatial averaging performed by the eye. In general, the
perceived gray level is equal to the number of black dots perceived in one resolution
cell. One resolution cell corresponds to the area occupied by one pixel in the
original image.

Color Quantization

Perceptual considerationis become even more important in quantization of color

signals. A pixel of a color image can be considered as a three-dimensional vector C,
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alb

Figure 4.26 L€1%| (a) Original 8-bit/
pixel image; (b) halftone screen H,; (c)
halftone image; (d) most significant 1-bit/
pixel image.

its elements Cy, G, C; representing the three color primaries. From Chapter 3 we
know the color gamut is a highly irregular solid in the: three-dimensional space.
Quantization of a color image requires allocating quantization cells to colors in the
color solid in the chosen coordinate system. Even if all the colors were equally likely
(uniform probability density), the quantization cells will be unequal in size because
equal changes in color coordinates do not, in general, result in equal changes in
perceived colors.

Figure 4.27 shows a desirable color quantization procedure. First a coordinate

transformation is performed and the new coordinate variables 7; are independently
quantized. The choice of transformation and the quantizer should be such that
the perceptual color difference due to quantization is minimized. In the NTSC
color coordinate Ry, Gy, By system, the reproducible color gamut is the cube
[0,1] x[0,1] X [0,1]. It has been shown that uniform guantization of each color
c.oordi_nate in this system provides the best results as compared to uniform quantiza-
tion in several other coordinate systems. Four bits per color have been found to be
just adequate in this coordinate system. : ' '

» 7 Ty N

Gy Somine 1 e tion [
Figure 4.27 Color quantization.
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PROBLEMS

- - s d
i ion, 262.5 lines of each field are scanned in g s.
. In the RETMA scanning convention, 26
+ Show that the beam has a horizontal scan rate of 15.75 KHz and a slow downward

motion at vertical scan rate of 60 Hz. v .
4.2 Show that a bandlimited image cannot be space-limited, and vice-versa.

i i i =Ay=05and Ax =4y =
%,y) =4 cosdmx cos6my is sampled wx.th Ax ; . A A
43 gge E;'nhig?efc(ons}t’guction filter is an ideal low-pass filter with bandwidths (z4.x, 3Ay).

. . o
What is the reconstructed image in each case? o
ite vi i i d such that Ax =3£.0, 8y = Ufi.
SC ¢omposite video signal of (4.2) is samplex
4 2erb;'rgiven fra}:ne, say at t = 0, what would be the spectrum of the sampled frame for

: . 9
the composite color signal spectrum shown in Fig. P4.4?
Chrominance

. spectra !
f .
. 2 i
{0

Il
T
|

@ 1 @

. Prove (4.19) for bandlimited stationary random fields. - . _
:: (S'amp(ling I)Voisy Images) A ba(ndlin)\iteg imz;ge acgqugegd :gdanl(aiacj;cil “s]ie;:g;nxs
x,¥)=f@x,y) +nx;y), where £x0=&a =&y nix, v
ggiszerv vev(}ixssseggpec)gal ]:i(ens}i)t)y function S,.(gt, &)Y =m/4 is bandhmxft‘;:tdrit: ajﬁ ilgt,};
£,<&,, £.= 2E;. The random field g(x,.y) is sgmpled without prefi ed bg nd e
prefiltering at the Nyquist rate of the noiseless image and reconst;ucte ). }}lle g
low-pass filter whose bandwidths are also §z X0 g,;, (Fig. ?4.62): Shpvy t 3t (aower by ihe
the sensor output g over its bandwidth is 03/(n A yvhere o¢is the image p ,

Luminance
spectrum
1

Figure P4.4 NTSC composite color sig-
nal spectrum. :

\deal "Iow—pasé §lx, 9 Ideal low-pass

fr +f+\ kidd filter _o\a_._ Ideal sampler g:(x. v recanstruction g
. i §e0= b0 =k £o=,= 2k filter =
M j fro= k0" b
Sensor noise
alx, y)
£y=2k
Figure P4.6 Sampling of noisy images.

Chap. 4

124

Image Sampling and Quantization

o)

4.7

4.8

&

SNRs of the reconstructed image with and without prefiltering are o%/(n&%) and
o3/(4mt?), respectively. What would be the SNR of the reconstructed image if the
sensor output were sampled at the Nyquist rate of the noise without any prefiltering?
Compare the preceding sampling schemes and recommend the best way for samplinig
‘noisy images. -

Show that (4.15) is an orthogonal expansion for a bandlimited function such that the
least squares error .
2 ” - ZS‘ 2
ohe = | |1 £ 5) = ZZa(m, n)om(x)n()F d dy
where ¢n.(x) A sinc(x €., — m), Pa(y) A sinc( y &, ~ n), is minimized to zero when
a{m, n)=f(mAx, ndy).

(Optimal sampling) A real random field f(x, ), defined on a square [—L, L]x

[=L, L], with autocorrelation function R(x,y:x’,y’) 2 E[fle, )", yn], - L =

x,x',y,y' <L, is sampled by a set of orthogonal functions ¢,...(x,y) to obtain the
M-I N-T"

samples @, , such that the reconstructed function fMN (x,y) A 2 > Gma GmalX, ¥)
m=0 n=0

minimizes the mean square error o2, v & JIZLE[ Fx,p) = farn(, )P dx dy. Let
$um,n(x,y) be a set of complete orthonormal functions obtained by solving the eigen-
value integral equation

. :
”_LR(x,y;x',y’)¢m.n(x’,y') dx' dy" = hnn bmanlx, ),

a. Show that {a., .} are orthogonal x;andom variables, that is,

~L=x,y=L

E{Gnre.n] = Mo B(m = m', 1 = 1),
b. Show that o » is minimized when {&um,} are chosen to correspond to the largest
MN eigenvalues and the minimized error is TN = E Z Morn

meMa=N
The preceding series representation for the random field f(x, y) is called its KL
series expansion.

(Interlaced sampling) The interlaced sampling grid G, of Fig. 4.9c can be written as a
superposition of rectangular grids, that is,

g(x,y)=22 8(x-2m,y—2n)+228(x—-2m - 1,y-2n-1)

Verify Fig. 4.9¢ by showing the Fourier transform of this array is

i G(El, §2)7=% Zz 5(&1“15{50, & — &), §né%

a. Show that the limiting Lagrange polynomial can be written as

lim Li(x) = ] (x——_g“ '") -11 [1 ———(x,;zk)zJ
g m= —x m=1

which is the, well-known product expansion of sinc(x ~ k).

b. Show that the Lagrange interpolation formula of (4.29) satisfies the properties’

fmay= f(mA)—that is, no interpolation error at known samples—and
If@) de=a2 f(mA)—that is, the area is.preserved aécording_ to the trapézoidal
rule of integx::ztion'. ’ .

¢. Write the two-dimensional intérpolation formula for g, =g, =1, 2, 3.
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\ (Moiré effect—one-dimensional) A one-dimensional function f x) = 2 cos mhox is
# sampled at a rate £, which is just above §9‘VCommon reconstruction fl.lthS suc.h as the
zero- or first-order-hold circuits have a passband greater than /2 with the first zero
crossings at +£,, as shown in Fig. P4.11a.

a. Show that the reconstructed function is of the form‘

S
f(x)=2(a + b cos 2wE, x) cos wox + 2b sin 2wk, x sin wEpx

en(8)s
EH(E) , ¢
p2yls - _0)
e - 3 &
|
{a) i
3 =
2 -
1 3 ¢
ol
1
' ¥
-2 L . |
3 1 i 1 i 1 ! 1 1 1 L
o 5 10 15 20 25 30 35 40 45 50
i)

Figure P4.11 (a) Reconstruction filter frequency response.
(b) A one-dimensional Moiré pattern.
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whic is a beat pattern between the signal frequency &/2 and one of its companion
frequencies £, — (£/2) present in the sampled spectrum. :

b. Show that if the sampling frequency is above twice the highest signal frequency,
then the Moiré effect will be eliminated. Note that if & = O0—that is, f(x)=
constant—then the reconstructed signal is also constant—that is, the sampling
system has a flat field response. .

¢.* As an exampie, generate a sampled signa! fs(k) =2 cos(kn/1.05), which corre-
sponds to & =1, £, = 1.05. Now plot this sequence as a continuous signal on a
line plotter (which generally performs a first-order hold). Fig. P4.11b shows the
nature of the result, which looks like an amplitude-modulated sine ‘wave. This is a
Moiré pattern in one dimension, i

4.12  (Moiré effect—iwo dimensions) An image, f(x, y) = 4 cos4mx cos 4wy, is sampled at
arate §;; = §,,=5. The reconstruction filter has the frequency response of - square

display spot of size 0.2x 0.2 but is bandlimited to the region [—5, 5]x[-5, 5].

- Calculate the reconstructed image. If the input image is a constant gray instead, what
would the displayed image look like? Would this display have a flat field response?

4.13 If 1, r; are the decision and reconstruction levels for a zero mean;: unity variance

random variable u, show that f,=p+ot, 7 =  + o7, ‘are the ‘corresponding

quantities for a random variable v having the same distribution but with mean i and

variance o %. Thus v may be quantized by first finding u = (v ~ w)/o, then quantizing u

by a zero mean, unity variance quantizer to obtain u, and finally obtaining the

quantized value of vas v = u + ou'.
4.14  Suppose the compandor transformations in Fig. 4.19 are g(x) = f'(x) and

u ’ >
w é—f(u)= fﬂ y2 (/1) du uw>0

=f (‘—u ), u<0 .
where p.(«) = p.(—«). This transformation (also called histogram equalization) causes
w to be uniformly distributed over the interval [—%, %]. The uniform quantizer is now
optimum for w. However, the overall quantizer need not be optimum for u,

. _ 1'—111’, “l=se=1
S Letpfa) = {0, otherwise

and let the number of quantizer levels be 4. What are the decision and
reconstruction levels for the input 1? Calculate the mean square error.
b. - Show that this compandor is suboptimal compared to the one discussed in the text.
4.15 (Compandor transformations)
a. For zero mean Gaussian random variables, show that the compandor transforma-
- tions are given by f(x) =2 erf(x/Véo), x = 0, and g(y)=Veéo erf(y/2),y 20,

. where erf(x) & (IIV7) [Zexp(—y?) dy.
b.. For the Rayleigh density - v
. ) . PEAN :
e )
0, «<0

show that the transformation is

P § .,
Fx) =cj; a‘“exp(ﬁz-) da~1

where ¢ is a normalization constant such that f(®)=1,: "
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416 Use the probability density function of Problem 4.14a.
.a. Design the four-level optimum-uniform quantizer. Calculate the mean square

- error and the entropy of the output.
b. Design the four-level Lloyd-Max quantizer (or the compandor) and calculate the

mean square error and the entropy of the output. )
c. If the criterion of quantizer performance is the mean square error for a given
entropy of the output, which of the preceding two quantizers is superior?
m Show that the optimum mean square, zero-memory quantizer for a uniformly distrib-
.~ utedrandom variable achieves the rate distortion characteristics of the Shannon quan-
- tizer for a Gaussian distribution having the same variance.
4.18 The differential entropy (in bits) of a continuous randoin variable u is defined as

H@=-[ pioogplarde

a. Show that for a Gaussian random variable g whose variance is 0.2, H ('g) =
Hog(2mea?). Similarly, for a uniform random variable f whose variance is 07,
H(f) =}log:(120°7). ‘
b. . Foran arbltrary random variable x, its entropy power Q. is defmed by the relan?n
H(x) = tlog;(2meQ.). If we write O, = o,c°, then we have Q, = a?, Q= (60%)/
me, o,=1, and oy=0.702. Show that among possible commuous density
functions whose variance is fixed at o?, the Gaussian density function has the
maximum entropy. Hence show that a, <1 for any random variable x.
¢. For the random variable x with entropy power (., the minimulm achievable rate,
Numin(¥), for a mean square distortion D is given by #min(x) = §k.>gz(Q,‘/D.). For a
uniform random variable £, its zero memory Lloyd-Max quantizer achieves the
' rate ny=1log:(a /D). Show that
; Ry = Nl f) + 3
" that is, for uniform distributions, the one-dimensional optimum mean square
quantizer is within § bi'sample of its minimum achievable rate of its Shannon

- quantizer. ' . o

4.19% Take a 512512 8-bit/pixel image and quantize it to 3 bits using a (a) uniform

quannzer, (b) contrast quantizer via (4.65) with a =1, § =5, and (¢) pseudorandom

noise quantizer of Fig. 4.22 with a suitable value of A (for instance, between 4 and 16).
Compare the mean square errors and their visual qualities.
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VVVVVVVVVV / matrices used for
representmg images. Just as‘a one-dimensional signal ‘can be represented by an
orthogonal series of basis functions, an image can also be expanded in terms of a

discrete set of basis arrays called basis i images. These basis images can be generated
by unitary matrices. Alternatively; a given N X N image can be viewed as an N2 X 1

vector. An image transform provides a set of coordinates or basis vectors for the

vector space.

For continuous functions, gx;tg(_)ggg Jnes—%xpansmns provide series-ee-
efficients which can be used for : any further processing or analysis of the functions.

For a one-dimensional sequence {u(n),0 =n =N — 1}, represented as a vector u of

size N, a unitary transformation is written as
N—-1

v=Au  Sv(E)= D alknuln), O=k=N-1 (.1)
‘ n=_
where A~ = A*" (unitary). This gives
. N-1
u=A*Tv :>u(n)=2 v(k)a*(k,n) O0=n=N-1° (5.2)

Equatlon é. 2) can be viewed as a series representation of the sequence u(n). The
columns of A*”, that is, the vectors af tB{a*(k, n),0=n=<N —1}7 are called The
basis vectors of A. Figure 5.1 shows examples of basis vectors of several orthogonal
“transforms encountered in image processing. The series coefficients v(k) give a
representanon of the original sequence u(n) and are useful .in flltermg, data
compression, feature extraction, and other analyses.
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5.2 TWO-DIMENSIONAL ORTHOGONAL _ vk, 1) =22 a(k, mju(m, n)a(l, n) > V=AUAT (5.11)
AND UNITARY TRANSFORMS - © ma=0 .
. N-1
In the context of image processing a general orthogonal series expansion for an o u(m, n) = %EO a*(k, myv{k, Da* (I, ) U= A*TVA* (5.12)
i ‘ i ir of transformations of the form e
N x N image u(m, 1) 1sNa_ Fa" 1 For an M x N rectapgular image, the transform pair is
vk, )= 22 ulm nari(m,n),  0=kI=N-1 (5:3) V= A, UAy (5.13)
mn=0 3 . .
N1 ' U=ALTVAYT (5.14)
u(m, =SS vk, Natilmn),  0=mn=N-1 5.4) o .
. k1=0 ) where Ay and Ay are M X M and N X N unitary matrices, respectively. These are
here {a1(m, n)}, called an image transform, is a set of complete orthonormal called two-dimensional separable transformations. Unless otherwise stated, we will
:is crete bké’sis f,unct,ions Satisfyjng the propemeg 4 always imply the preceding separability when we mention two-dimensional unitary
' et _ transformations. Note that (5.11) can be written as
 Orthonormality: 220 ar{m, n)at.p(m,n)y=08(k—k', 1 =1") ¢35 - V7= A[AU]" (5.15) ;
: N1 . P which means (5.11) can be performed by first transforming each column of U and—— P
: _-wCompleteness: 2‘120 ons(m, m)ak i m', n7) =8(m = =) G- then transforming each row of the result to obtain the rows of V.
k= - e R —— =
" The elements v(k, 1) are called the transform coefficients and V 8 fv(k, D)} is Basis Images
e e~ called the fransfor med image. The orthonormality property as»surﬁes,tha‘t any. {run- Let af denote the kth column.of A*7. Define the matrices
¥ 72} ; ion of the f — ’
‘v../;’ ) U cated series c:xpalnsmx:’“ol ;_T orm. | . Al =afaiT ) (5.16)
i up, g (m, 1) 4 20 IEO v(k Dati(mn), P=N, Q=N 67 N and the matrix inner product of two N x N matrices F and G as . L
' k=01= ‘ ) _ ' N=1N-1 ' ' i
will minimize the sum of squares error FG=2 > f(m, n)g*(m, n) 5.17)
) 0 0 & i
o~ i ” N-1 . . b m=0n= ‘
A o igr= 3 [u(m, n) — upo (m, n)Y 8 » Then (5.4) and (5.3) give a series representation for the image as ?
) . . mn=0 . ; . Nl i l,
: when the coefficients v (k. {) are given by (5.3). The completeness property assures ' {f U=22 v(k DAL, f (5.18) ;
. /:,./m—\ that this error will be zero for P = Q = N (Problem 5.1). . wi=e. ' : v
AR (A : [y = m,AL) j (5.19)
y Separable Unitary Transforms ; - Equation (5.18) gxpresses any image U as a linear combination of the N2 matrices. >
p Y . . . ned e Y S
‘ . ] ¢ Apyk, 1 =0,...,N—1, which are called the _pasis images,.Figure 5.2 shows 8 X 8 . i
The number of multiplications and additions required to compute the trz.msl orm basis images for the same set of transforms in Fig. 5.1. The transform coefficient
coefficients v (k, 1) using (5.3) is E},LQF ), which is quite excessive for practica f-sxze ! » v(k, I) is simply the inner product of the (k, /)th basis image with the given image. It
images. The dimensionality of theProblem is reduced to O (N?) when the transform © isalso called the projection of the image on the (k, /)th basis image. Therefore, any
is restricted o be separable, that is, , ‘ o . NXNimage can be expanded in a series using a complete set of N° basis images. If
T T T _ A 5.0 : U and V are mapped into vectors by row ordering, then (5.11), (5.12), and (5.16)
. @ (m, 1) = & (m)bi () 2 a(k, )b, n) ( ) ; yield (see Section 2.8, on Kronecker products) ‘ /A :
R where {a,(m),k =0,...,N =1}, {bi(m,1=0,...,N—1} are onedimensions} . . | Ay (o=(A®AWA e S e 520
: / complete orthonormal sets of basis vectors. Im : i &1 , ] . . o i
5 .-/ ) A2 {a(k, m)} and B & {b (1, n)} should be unitary matrices themselves, for example, | o '/'f > e 12 ARA & j“‘* P : Sl (5.21) k:
"?; ’ o o AA*T=ATA* =1 . ‘ (5.10) - - where ’ 'ff;;‘ li.— . ) T‘,,ﬁgaw/&(%!‘/ ‘ P
! . i . R Lo, | . ‘”\,.1/ it .
2 . @ A
7 Often one chooses B to be the same as A so that (5‘.3) and (5.4) reduce to 51 ABARA | (5.22) s
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is a unitary matrix. Thus, given any unitary transform A, a two-dimensional sepa-
rable unitary transformation can be defined via (5.20) or (5.13).

Example 5.1
- For the given orthogonal matrix A and image U

L L A

I
> g,

the transformed image, obtained according to (5.11), is

1B D 9k -5

To obtain the basis images, we find the outer product of the columns of A*™, which gives

ol nei( )

* and similarly

: ’ 1 -1 i 1 -i
X j A:.l=%<1;‘ _1)=A.r,€, A:‘.1=%(_1‘ 1)

* | The inverse transformation gives

et el 06 =6 26 -0

| which is U, the original image.

Kronecker Products and Dimensionality

Dimensionality of image transforms can also be studied in terms of their Kronecker
product separability. An arbitrary one-dimensionalstransformation

‘ oz =do ' (5.23)

is called separable if
‘ ‘ A=A ®A, (5.24)

" This is because (5.23) can be reduced to the separable two-dimensional trans-

formation

' Y=A XA ‘ (5.25)

‘where X and 'Y are matrices that map into vectors = and 4, respectively, by row
ordering. If ¢ is N°X N*and A,, A, are N x N, then the number of operations
required for implementing (5.25) reduces from N* to about 2N3. The number of
operations can be reduced further if A; and A, are also separable. Image transforms
such as discrete Fourier, sine, cosine, Hadamard, Haar, and Slant can be factored as
Kronecker products of several smailer-sized matrices, which leads to fast algorithms
for their implementation (see Problem 5.2): In the context of image processing such
matrices are also called | fast image transforms. '
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Dimensionality of Image Transforms -

The 2N? computations fWQL@{ng‘the choice of A to the

fast transforms, whose matrix structure allows 2 Tactorization of the type

‘ A=AnAn .. A (5.26)

where Ag,i =1,...,p(p < Njare matrices with just a few nonzero cntries (say 7,

with r<< N). Thus, a multiplication of the type y = Ax is accomplished in rpN

operations. For Fourier, sine, cosine, Hadamard, Slant, and several other trans-

forms, p = log; N, and the operations reduce to the order of N'log, N {or N* log, N

for N X N images). Depending on the actual transform, one_operation can_be

7 "e&" defined as onc multiplication and one addition or subtraction, as in_the Fourier
' - transform. or one addition of subtraction, as in the Hadamard transform.

- T

o Lv’f; ¢ ’Transform Frequency

]‘/A}M 227 . For a onc-dimensional signal f(x), frequency is defined by the Fourier domain
ATy ""W, " variable £. It is related to the number of zero crossings of the real or imaginary part
AF° M{of the basis function exp{j2m£x}. This concept can be generalized to arbitrary
. unitary transforms. Let the rows of a unitary matrix A be arianged so that the
number of zero crossings increases with the row number. Then in the trans-

. formation
y=Ax

the elements y (k). are ordered according to increasing wave number or_transform.,
. /W R e . = * N e S
- fréguency. In the sequel any reference to frequency will fmply the transform
frequency, that is, discrete Fourier frequency, cosine frequency, and so on. The
term spatial frequency generally refers to the continuous Fourier transform fre-
quency ‘and is not the same as the discrete Fourier frequenty. In the case of
Hadamard transform, a term called segitency is also used. It should be noted that

this concept of frequency is useful only on a relative basis for a particular transform.

Alow-frequency term-ofopgtransform could contain the high-frequency harmonics.
of another transform. __ @ i
ol anotaer rans e -

The Optimum Transform

r_important _consi ecting a transform_is its performance in

f_ij}grjgg,_and data compression of images based on the mean square. criterion. The
Rarhunen-Loeve transform (KLT) is known to be optimum with respect to this

criterion and is discussed in Section 5.11.
5.3 PROPERTIES OF UNITARY TRANSFORMS
Energy Conservation and Rotation

In the unitary transformation,

e T v= Au R
VI = ulf L

341
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This is easily proven by noting that

N-1
A ) N-1
? & kEO WP =vTv=u*TA* " Au=u*Tu= 2, |u(n)] A
= n=0

Jhus a_unpitary transformation preserves the signal energy or, equivalently, the

length of the vector u in the N-dimensional vector space, This means every unitary

Jransformation is sir nply. a rotation-of the vector u in the N-dimensional vector -

space. Alternatively, a unitary transformation is a rotation of the basis coordinates
.and the components of v are the projections of u on-the new basis (see Problem 5.4),
Similarly, for the two-dimensional unitary transformations such as (5.3), (5.4), and
(5.11) to (5.14), it can be proven that ’

53 lu(r, m)ff = 32 ok DF (5.28)

mn=0

Energy Compaction and Variances of Transform Coefficients
y Etﬁ REGAN &

. / :
Most unitary transforms have a tendency.to pack a large fraction of the average

Si.nce the 'total energy is preserved, this means many of the transform coefficients
will contain very little energy. If u, and R, denote the mean and covariance of a
vector u, then the corresponding quantities for the transformed vector v are given

by

w4 E[v] = E[Au] = AE[u] = Ap, (5.29)
R, =E[(v-p)(v— )] ’
=A(E[(u - p)(u—-p)* " DA*T=AR A* (5.30)
“The transform coefficient variances are given by the diagonal elements of R, , that is
‘ o(k) =R, ) = [AR, A* ] & . (5.31)
Since A is unitary, it follows that '
' 4 N-1 ) N-1
L s 5o 230 I (P = s T, = pi TATAp, = 3 i (n)? - (5.32)
et = ! n=0
;Ce} VMQJ& N-1 R N-1
e o ; ! (7) 2 oi(t) = TAR.A"| = THR.] = 3. o%(n) (5.33)
. N-1 N-1 E
> 2 Elv@®=Z Efu(mf] F(5:34)
. = n=0 : :

" The average energy E[[{k)Y] of the transform cocfficients v(k) tends to be un-

evenly distributcd,. although it may be evenly distributed for the input sequence
u(n)..For a two-dimensional random field w(m, n) whose mean is p,(m, n) and
covariance is 7{m, n;m’', n'), its transform coefficients v (k, /) satisfy the properties

ik, 1) = % 2 alk, m)a(l, n)pm, n) - (5.39)
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ik, 1= E[v (& 1) = k. DF]

: (5.36)
=33 > alk, mal(l, nyr(m, nym’, n)a*(k,m'ya™ (L n’)
If the covariance of u{m, n) is separable, that is |
r(m,nym', n')=r(m,m"rnn g (5.37)

then the variances of the transform coefficients can be written as a §eparable

product
ok, 1) = gi(k)a3(l)

8 [AR, A*T], JAR; A*T], - (5.38)

where '
R, ={n(m, m')} and R,= {ra(n, n Ot

Decorrelation

hen the input vector elements are highly gﬂdat,@,kmgzm@\mjgcfﬁc%%{;
“tend o be uncorrelated. This means the off-diagonal terms of the covariance jma 19)
R, tend to become small compared to the diagonal elements.

4 -

Tth tespect to the preceding two properties, the KL transform is optimum, .

that is, it packs the maximum average energy in a given number of trax:liic;rﬁ
coeffic;ents while completely, decorrelating them. These properties are prese

greater detail in Section 5.11.

Cther Properties

i i i minant
Unitary transforms have other interesting properties. For e?(ample, Ithe (i}eliez o
and the eigenvalues of a unitary matrix have unity mafgmtud'e. Al Ssp, . emropypis
i . Sinc
i d under a unitary transformation. Si
a random vector is preserve : / rmati yis
me‘easure of average information, this means information is preserved under a_

7
unitary transformation., //)/ _ /12/} 27.’ [ / / f 7
. inl -
2 (E compaction and decorrelation) y / / Ky
Example 5.2 (Energy comp -~ 4 é/” z

A 2 X 1 zero mean vector u is unitarily transformed as

where Rué<:} F{), O'<p<1

(V3,1
V=i <-1 “Val™

The parameter p measures thé correlation between u(0) and u(1).. The covariance of v
- is obtained as

1+ V3pl2 o2 . )
R, = ( pl2 1=V3p2

Fromthe expression for R,,0%(0) = o%(1) = 1, that is, the totazl(averalge ix}gr;/gg zfn 3
i wee However, o2(0) =1+ V3p

is distributed equally between u(0) and ;‘4(1).. R 3

lsz(d;; t——r_l 1u—e\/§p?2. Tie total average energy is still 2, but the average energy tl: e

Gr:aater than in v(1). I p=0.95, then 91.1% of the total average e'nergg @

iacked in the first sample. The correlation between v (0) and v(1) is given by

Chap. 5
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2

nv(0)is

A

!

AEOv(D)] p
,(0,1) 2 = =
PO ) =17
which is less in absolute value than p| for [p| < 1. For p = 0.95, we find p{0,1) =0.83,
Hence the correlation between the transform coefficients has been reduced. If the
foregoing procedure is repeated for the 2 X 2 transform A of Example 5.1, then we find
ol0)=1+p,0%(1) =1~ p, and p,(0, 1) = 0. For p = 0.95, now 97.5% of the energy is

packed in v(0). Moreover, v(0) and v(lw., B -
) &
4 SR e LM/?& /4{/7’3

, .. e
5.4 THE ONE-DIMENSIONAL DISCRETE Paonge  Por ﬁ/r (ol )% ;?Z? s
FOURIER TRANSFORM (DFT) PR i v Desioidelp
JOUSS EY T oreaDas
The discrete Fourier transform (DFT) of a sequence {u(n),n =0,...,N —1} is
defined as ’ . ‘
N-1 )
vK)= 2 u(mW¥, k=0,1,... N-1 (5.39)
n=0 . . -
where '
Wy A exp{—————;\%w} ' (5.40)

The inverse transform is given by

N-1
u) =y S vOWF,  n=01,...,N-1 (5.41)

The pair of equations (5.39) and (5.41) are not scaled properly to be unitary

transformations. In image processing it is more convenient to consider the unitary
DFT, which is defined as

’ v(k)=\—/1_xl 2 W)W,  k=0,...

,N—-1 (5.42)
1 N-1
u(my=—= 2 v()Wi*, n=0,... N-1. (5.43)
N k=0 )
The N X N unitary DFT matrix F is given by
‘ F={\—/1_NW§"}, 0skn=N-1 ©(5.44)
N Future references to DFT and unitary DFT will imply the definitions of {5.39) and

(5.42), respectively. The DFT is one of the most important transforms in digital
* signal and image processing. It has several properties that make it attractive for -
image processing applications.

Properties of the DFT, /Uﬁ_itary DFT

Let u(n) be an érbitréry sequence defined for n.=0,1,...,N — 1. A circulat shift

of u(n) by /, denoted by u(n — I)c, is defined as u[(n — ) modulo N]. See Fig. 5.3
forl=2,N =35, ;

-Sec. 5.4
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. I

S 1

win) ul{n — 2) modulo 6] . ‘ > v(ﬁ——k>=v* (ﬁ-}-k)’ | k=0’_”,

2 2 2
[It‘_u '

N_, i
71 (5.49)

B B > pE-0=p @ 550

Figure 5.4 shows a 256-sample scan line of an image. The magnitude of its' DFT is

12 3 4 in Fi
shown in Fig. 5.5, which exhibits symmetr, i i
. . ) wn : y about the point 128. If we consider t
n—> Figure 5.3 erculaf shift of u(n) by 2. periodic extension of v (k), we see that er the

v(=k)y=v(N-k) "

£

n-——>

The DFT and Unitary DFT matrices are symmetric. By definition the
- matrix F is symmetric. Therefore, '

Fl=F* (5.45) .

The extensions are periodic.  The extensions of the DFT and unitary DFT
of a sequence and their inverse transforms are periodic with period N. If for
example, in the definition of (5.42) we let k take all integer values, then the
sequence v (k) turns out to be periodic, that is, v (k) = v (k + N for every k.
unj.

The DFT is the sampled spectrum of the finite sequence u (n) extended “
_ by zeros outside the interval [0, N —1]. Ifwe define a zero-extended sequence

a(n)é{u(n), 0=n=N-1 (5.46)

o ! 1 1 i 1 : ,
_ . . ) , 0 50 100 150 ; |
then its Fourier transform is _ . 200 250
@ N—-1 . In-———-—% n

Ow)y= 2 i(n) exp(—jwn)= 2 u(n) exp(~jon) (5.47)'

= n=0

0, otherwise

Figure 54 A 256-sample scan line of an i
image. . a8

Comparing this with (5.39) we see that

v =0/(2%) EERCEON b

Note that the unitary DET of (5.42) would be U (2mk/N)/VN. ' 1 o R ,

" The DFT and unitary DFT of dimension N can be implemented by a fast vik) ’ i

algorithm in O(N log, N) operations. = There exists a class of algorithms, called 2k
*the fast Fourier transform (FFT), which requires O (N log, N) operations for imple- . . v -
menting the DFT or unitary DFT, where one operation is a real multiplication and a. : ' - ‘ i
real addition. The exact-operation count depends on N as well as the particular i :
choice of the algorithm in that class. Most common FFT algorithms require N =27, '

where p is a positive integer.

i The DFT or unitary DFT of a real sequence {x(n),n =0,...,N—1}is
] conjugate symmetric about N/2. From (5.42) we obtain :
2

& Nil Nil : 0 50 100 150 200 250
V(N =K)y= 3 ()W = 2 u(m)Wx=v(k ’ . : . ' ) ) )
( ) ot ( ) N = ( ) N ( ) . » . Figure 5.5 Unitary disc.ite Fourier
e —_’rr/——- £ K e - transform of Fig. 5.4.
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itary e ies- ( k=0;...,N2~1 are simply the
Jence the (unitary) DFT frequencies N2+ k, k=0, ; ) L
i)eL;;t?ve f;équenci)e)s at w = (2w/N)(=N/2 + k) in the Fourier spectrum of the fm;re
sec‘;uence {u(n),0=n <N —1}. Also, from (5.39) and (5.49), we see that v(0) and
v(N/2) are real, so that the N X 1 real sequence

v (0), {Re{v(k)},k =1,... ,%— 1},{Im{v(k)},k -1, = ,%— 1},v (—g—’) (5.51)

i ¢ Therefore, it can be said that
completely defines the DFT of the real sequence u(n). ,
the BFT gr unitary DFT of an N X 1 real sequence has N degrees of frgedom and

requires the same storage capacity as the sequence itself.

The basis vectors of the unitary DFT are the orthonormal eigenvgctors
of any circulant matrix. Moreover, the eigenvalues of a cnrcul.ant matrix are
given by the DFT of its first column. Let H be an N X N circulant matrix.

Therefore, its elements satisfy z |
. [H],»=h(m —n) =h[(m —n) modulo N},

. r_ .
The basis vectors of the unitary DFT are columns of F** =F~, that is,

0=mn=N-1.(552)

j e v :
¢k={71_1\—]W;,"",OSnSN,~1}, k=0 N-1 (3

Consider the expression

N-1 )
(Bl = S hlm = mWi (5.54)
n=0
Writing m — n =/ and rearranging terms, we can write
N-1 -1 N-1
=Ly g: ROWE— S ROWE]  (5.59)
e LI R

Using (5.52) and the fact that Wy'= W}~ (since. WY =1), the second and third
terms in the brackets cancel, giving the desired eigenvalue equation

[H¢k]m = N i(m)

or .

}hbkz:Akd% (S.J6)
where A, , the eigenvalues of H, are defined as
' N-1 S . v
NAS hWH,  0sk=N-1 | (5.57)
A
This is simply the DFT of the first column of H. -

“Based or the preceding properties of the DFT, the following'ad_ditional
properties can be proven (Problem 5.9). :

Circular convolution theorem.  The DFT of the circular convo tion of two
sequences is equal to the product of their DFTSs, thatis, if i )

image Transforms Chap. 5
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The two-dimensional DFT of an-N X N image {u(m, n)} is a separat

Xo(n) = Nz_lh(n = k) xy(k), O=n=N-1 (5.58)
k=0
then '
DFT{y(n)}v = DFT{h (n)hy DET{xy(n)} (5.59)

where DFT{x (n)}y denotes the DFT of the sequence x(r) of size N. This means we
can calculate the circular convolution by first calculating the DFT of x,(n) via (5.59)
and then taking its inverse DFT. Using the FFT this will take O(N log, N) oper-
ations, compared to N? operations required for direct evaluation of (5.58).

A linear convolution of two sequences can also be obtained via the FFT
by imbedding it into a circular convolution. In general, the linear convolution
of two sequences {h{n),n =0,..:,N' =1} and {x,(n),n =0,... N— 1} is a se-
quence {x,(n),0=n =< N'+ N — 2} and can be obtained by the following algorithm:

Step 1: Let M = N’ + N — 1 be an integer for which an FFT élgorithm is available.

Step 2: Define A (n) and %,(n),0=n <M —1, as zero extended sequences corre-
sponding'to 4 () and x,(n), respectively.

 Step3: Let 1(k) = DFT{E(m)h M =DFT{h(n)}y. Define jo(k) =M yi(k), k =

0,...,M~-1. ) .
Step 4: Take the inverse DFT of $2(k) to obtain #,(n). Then x2(n) = %,(n) for
O=n=N+N'—-2. - ’ ’
Any circulant matrix can be diagonalized by the DFT/unitary DFT.
That is, .

where A =Diag{\,,0=k <N ~ 1} and X, are given by (5.57). It follows that if
C, C; and C, are circulant matrices, then the following hold.

1. C,C,=C,C,, thatis, circulant matrices commute.
2. C'is a circulant matrix and can be computed in O(N log N} operations.

3. C7, C,+Cy, and £(C) are all circulant matrices, whére f(x) is an arbitrary
function of x.

55 THE TWO-DIMENSIONAL DFT o >

definedas . .. :
’ N-1N-1 - . ) .
vik,)=2 3 u(m, nWEWS,  O0skisN-1 (5.61)
m=0n=0 : .
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and the inverse transform is

N-1N~1

S 2 vk DWW,
k=0 (=0

. 1 dSm,ﬂ =N-1
u(m, n)=7v-g

-di i nitary DFT pair is defined as
The two-dimensional u itary D p

V(k’l)=1%m§0n§0u(m’n)wg‘vmwx£’ Osk)lsN_l
| N=~1N-1 .
—km y7=In = -1
wmm =13 S o nwim Wi, 0=mnsN

In matrix notation this becomes
V=FUF

(5.62)

(5.63)

(5.64)

(5.65)

4
- : ' ’
’ T {c} agnitud;' e {d) magnitude centered. o
C) m: :
Figure 5.6 Two-dimensional unitary DFT of a 256 X 256 image.
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Figure 5.7 Unitary DFT of images

(a) Resolution chart;

(b) its DFT;

(c) binary image;

(d) its DFT. The two parallel lines are due
to-the '/’ sign in the binary image.

o A B e il T

U=F*VF* (5.66)
If U and V are mapped into row-ordered vectors « and o, respectively, then
o=Fu, w=F*p . (5.67)
F=FRF (5.68)
The N* x N” matrix & represents the N X N two-dimensional unitary DFT. Figure
5.6 shows an original image and the magnitude and phase components of its unitary
DFT. Figure 5.7 shows magnitudes of the unitary DFTs of two other images.
Properties of the Two-Dimensicnal DFT

The properties of the two-dimensional ynjtary DFT are quite similar to the one-
dimensional case and are summarized next,

Symmetric, unitary.

F'=F, Fl=gF* =Rl (5.69)°

Periodic extensions.
vk + N, I+N)=v(k 1), VkI
u(m +tN,n+N)=u(m,n), Ym, n

* (5.70)

Sampled Fourier spectrum. If ii(m, n) = u(m,n),0 sm,n=<N—1, and
i(m, n) = 0 otherwise, then , » :

7 (Z”_Nk ZT“’) = DET{u(m, n)} = v(k, 1) )

where U (w1, w,) is the Fourier transform of i (m,n).
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Since the two-dimensional DFT is geparable, the tr;n;;
formation of (5.65) is equivalent to 2N one-dix.nensanal umtary}?F’fg;:cmtal
which can be performed in O (N log, N) operations via the FFT. Hen

number of operations is O (N 1og: V). |
Conjugate symmetry. The DFT and unitary DFT of real images exhibit
conjugate symmetry, that is,
N

v(—ZYtk,%,tl)=v*<N2—$k,-1§-T-l), 0ski=8-1 | (.72)

.Fast transform.

or

vk ) =v*(N-kN=1I),  0ski=N-1  (573)

is, 1 ly N? independent real elements. For
this, it can be shown that v (%, [) has on y ‘ ; ,
S)Icﬁplel Stlie samples in the shaded region of Fig. 5.8 determine the complete DFT

or unitary DFT (see problem 5.10).

Basis images. The basis images are given by definition [see (5.16) and
(5.53)]:

| R — < =N-1}, 0sklil=N-1 ~ (5.74)
A:1=¢k¢lT=jV‘{WN( ,  O0=mn } |
Two-dimensional circular convolution‘ theorem. The I')I;)TF;‘f the two-
dimensional circular convolution of two arrays is the product of their i s. 2 and
Two-dimensional circular convolution of two N X N arrays (m,

w,(m, n) is defined as

N—-1N-1 . , _ ) ‘
uy(m, n) = S T h(m-m',n—n)um(m’,n’), 0=mnsN-1 (5.75)
m=0n'=0 . . .

where !

h(m, n). = h(m modulo N, n modulo N ) (5.76)

k . |
SN2 - 17(
' N/2
i ier transform
Figure 5.8 Discrete Fourier i
coefficients v(k, I) in the sh?(%ed ?rea de
n termine the remaining coefficients.
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N =1 o e sy uy (m, n}

! '
. - - 1
) W 2
Alm,n)=0

bim = m',n - a),

o~ us(m', n')
_ hlm, n)#0 \
M-1 o - i
7 E !
m E{ 2 '
TR <

{b} Circular convolution of
him, n) with u, (m, n}
over N X N region.

{a) Array Aim, n).

Figure 5.9 Two-dimensional circular convolution.

Figure 5.9 shows the meaning of circular convolution. Itis the same when a periodic
extension of k(m, n) is convolved over an N x N region with w;(m, n). The two-
dimensional DFT of 2(m —m', n —n’), for fixed m’, n' is given by
N-1IN~1 N-l-m'N~-1~-n'
Z 2 him—m',n—n) Wik =g S R(, j)e WD,
m=0n=0 i=-m' j=-n'
) N-1N-1 !
=WEE D Z 3 hm WD . (5.77)
m=0n=0

=W "D DFT{h (m, n)}y
where we have used (5.76). Taking the DFT of both sides of (5.75) and using the

preceding result, we obtain'

DFT{u;(m, n)}x = DFT{h (m, n)ly DFT{uy(m, n)}y (5.78)

From this and the fas} transform property (page 142), it follows that an N X N
circular convolution can be performed in O {N? log, N) operations. This property is
also useful in calculafing two-dimensional convolutions such as
. M-1M-1
x(mny= 2 X xm-m',n—n x(m’, n’) . (5.79)
m =0n'=0 .

where x;(m, n) and x,(m, n) are assumed to be zero for m,n &[0,M ~1). The
region of support for the result x;(m, n)is{0=m,n <2M —2}. Let N =2M —1 and

. define N x N arrays 4
h(m, n)é{"z‘m’”)' Om,n=M-1 (5.80)
. , otherwise
dy(m, n) & {xl(’”’ n) 0=mn=M-1 (5.81)
s otherwise

'We denote DFT{x (m, n)}y as the two-dimensional DFT of an N X N array x(h, n),0smn=N-1.
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Evaluating the circular convolution of /i(m, n) and &(m, n) according to (5.75), it
can be seen with the aid of Fig. 5.9 that o
xi(m, n)y=u(m,n), 0=mn=2M - 2 ' (5.82)

This means the two-dimensional linear convolution of (5.79) can be performed in
O(N? log, N) operations.

Block circulant operations. Dividing bothi sides of (5.77) by N and using
the definition of Kronecker product, we obtain

FRFI =D FRF) (5.83)
where S is doubly circulant and & is diagonal whose elements are given by
[@]kwﬁ,mwédk,'l=DFT{h(m, mivs OSk, I=sN-1 (5.84)

Eqn. (5.83) can be written as
FH=PF or FHAT*=D . (5.85)

that is, a doubly block circulant matrix is diagonalized by the two-dimensional
unitary DFT. From (5.84) and the fast transform property (page 142), we conclude
that a doubly block circulant matrix can be diagonalized in O(N? log; N) opera-
“‘tions. The eigenvalues of 9T, given oy the two-dimensional DFT of & (m, n), are the
same as operating N on the first column of . This is because the elements of the
first column of 7 are the elements & (m, n) mapped by lexicographic ordering.

Block Toeplitz operations. Our discussion on linear convolution implies
that any doubly block Toeplitz matrix operation can be imbedded into a double’
block circulant operation, which, in turn, can be implemented using the two-

dimensional unitary DFT.

. 5.6 THE COSINE TRANSFORM

The N X N cosine transform matrix C = {c(k, n)}, also called the discrete cc;sine
transform (DCT), is defined as

1 ,
= \/12 ’ - : k=0,0sn=N-1 536
\/:1\:1005_—_27’\7——’, 1=k=N-1,0=n=N-1- .
The one-dimensional DCT of a sequence {1 (n),0=<n <N — 1}is defined as
v(k) = (k) Ni:u(n) o TEADE]  gsk=N-1 (8D
where :
a(O)-A_-\/% ' a(k)é'\/]% for 1sk=N-1 " (5.88)
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1 50 100 150 200 250

. Figure 5.10 Cosine transform of the im-
i age scan line shown in Fig. 5.4.

The inverse transformation is given by

u()= T ok (k) cos| T2+ Lk 1)"],' Osn=N-1 (589

Th; basis vectors of th? 8 x 8 DCT are shown in Fig. 5.1. Figure 5.10 shows the
ggzlfx;i it;:a?sform of tll;e image scan line shown in Fig. 5.4. Note that many transform
nts are small, that is, most i i
tstonts are small ost of the energy of the data is packed in a few
Ao A’{h_e Ctx;_vrcl)—zisinlxi;xsior;al(s clozs)ine transform pair is obtained by substituting

=A"= -11) and (5.12). The basis images of the 8 X 8 two-di i
cosine transform are shown in Fig. 5.2. Fi " lmeﬂSlO{lal
Cranstorm of difienent meanes g . Figure 5.11 s}how5 examples of the cosine

Properties of the Cosine Transforﬁ.

1. The cosine transform is real and orthogonal, that is, '
C=C* >C'=r - (5.90)

2. The cosine transform is not the re ; i
; _ al part of the unitary DFT. This can be seei
gz' inspection of C and the DFT matrix F. (Also see Problem 5.13.) Howes\?::]
e cosine transform of a sequence is related to the DFT of its symmet ic
extension (see Problem 5.16). ‘ et
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{a) Cosine transform examples of monochrome im-

SN 770,
NN /////%

N\
N

e

'y

¥

! .
{b) Cosine transform examples of binary images.

ages;-. !
Figure 5.11

3. The cosine transform is a fast transform. The cosine Fransfc?rm ofa vector of N
elements can be calculated in O(N log, N) operations via an N-point FFT
'[19]. To show this we define a new sequence & (n) by reordering the even and

odd elements of u(n) as |
_ Em=u@n) | gep= (%) -1 (5.91)
AN -n-1)=un+1)

wa, we split the summation term in (5.87) into even and odd terms and use

(5.91) to obtain :
. (N~ 1 4n + 1)k
v (k) =a(k)[ go u{2n) cos[“_(_zz_v_l_}
)~ 3 k
R |
E n=0

= a(k){[(N%; 1 u(n) cos[g(-{‘fm:—%]

Y aw-n -y _cos[———*f(4”2 L ”

Changing the index of summation in the second term to n' =N —n — 1 and
combining terms, we obtain :

w(4n + Dk ]

v (k) = a(k) Aéo ‘1('?) COS[ N (5.92)
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= Re[a(k)e—iﬂm NE:I i (n)e—izﬂk"W] = Re[a(k) W DFT{i (n)h]

which proves the previously stated result. For inverse cosine transform we
write (5.89) for even data points as

N-1 -
u(2n) =i(2n) A Re[ > [a(k)v(k)ehm]eﬂm“"},
Lo (5.93)
N
O=n= (2) 1
The odd data points are obtained by noting that
u@n+1)=4R2(N-1-n)], O=n= (—ZY) -1 (5.0

Therefore, if we calculate the N-point inverse FFT of the sequence
! a(k)v(k) exp(jwk/2N), we can also obtain the inverse DCT in O(N logN)
~ operations. Direct algorithms that do not require FFT as an intermediate step,
so that complex arithmetic is avoided, are also possible [18]. The computa-
tional complexity of the direct as well as the FFT based methods is about the
' same. }
4. The cosine transform has excellent energy compaction for highly correlated
data. This is due to the following properties.
5. The basis vectors of the cosine transform (that is, rows of C) are the eigen-
vectors of the symmetric tridiagonal matrix Q, , defined as.

l-a —a 0

0.= _: 1\\\ _ | (5."95)

The proof is left as an exercise. .
"6, The N X N cosine transform is very close to the KL transform of a first-order
stationary Markov sequence of length N whose covariance matrix is given by
. (2.68) when the correlation parameter p is close to 1. The reason is that R™! is
a symmetric tridiagonal matrix, which for a scalar 24 (1—p?/(1 + p*.and
@ 2 p/(1 + p?) satisfies the relation v

—a l1-a

. ! o 1 “-pa —a 0‘ .
, e ] - »
Bt s I \ - (5.96)
. \\ 1 - .
0 —a 1-pa
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This gives the approximation )
- p*R'=Q, for p=1
s of Q., that is, the cosine
nsidered in greater depth in

(5.97)

Hence the eigenvectors of R and the eigenvector
transtorm, will be quite close. These aspects are €O
Section 5.12 on sinusoidal transforms.

7 i i ith the fact that it is a fast
This property of the cosine transform together wit )
' {\transfimﬁ has made it a useful substitute for the KL transform of highly

] e
correlated first-order Markov sequences.

5.7 THE SINE TRANSFORM

The N X N sine transform matrix ¥ = {yi(k, n)}, also called the fii“‘r'et&‘___'ﬂﬂ_&_m_

form (DST), is defined as

/ k+Dn+1) I
q;(k,n):\’Nilsinw( Nl('; ) osknsN-1  (598)

dimensional sequences is defined as

The sine transform pair of one-

PR Cak+ Dn +1) N
v(k) = N%ngou(n)sgx.i-ﬁﬁ——, 0=k=<N-1 (5.99)

oo kD B

u(n) = N2+ L 2 v® sin—(—W):(-l———-)j, 0<n=N-1 (5.100)

The two-dimensional sine transform pair for N XN 'images is obtained b.y

substituting A= A" = AT = in (5.11) and (5.12). The basis vectors and the l?asxs

images of the sine transform are shown in FxgsSl and 5.2. Figure 5.12 §how> the

sine transform of a 255 x 255 image. Once again it1s seen that a large fraction of the
total energy is concentrated in a few transform coefficients.

5 Properties of the Sine Transform

‘1. The sine transform is real, symmetric, and orthogonal, that is, ‘
' T ==Y = (5.101)

Thus, the forward and inverse sine transforms are identical.

Figure 5.12  Sine transfprm of a 255%
255 portion of the 256 X 256 image shown

in Fig. 5.6a.
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2. The sine transform is not the imaginary part of the unitary DFT. The sine
transform of a sequence is related to the DFT of its antisymmetric extension
{sce Problem 5.16). !

3. The sine transform is a fast transform. The sine transform (or its inverse) of a

vector of N elements can be calculated in O(N log; N) operations via a
2(N + 1)-point FFT.
Typically this requires N + 1=2?, that is, the fast sine transform is usually
defined for N =3, 7, 15, 31, 63, 255, . . . . Fast sine transform algorithms that
tdo not require complex arithmetic (or the FFT) are also possible. In fact, these
algorithms are somewhat faster than the FFT and the fast cosine transform
algorithms [20]. '

4. The basis vectors of the sine transform are the eigenvectors of the symmetric
tridiagonal Toeplitz matrix ' .

[ 1 —(x\():l N
Q=|~a —a 5.102
NG RRCATE)

5. The sine transform is close to the KL transform of first order: stationary

Markov sequences, whose covariance matrix is given in (2.68), when the

%Q:correlation parameter p-lies in the interval (—0.5,0.5). In general it has very
'+ -; good to excellent energy compaction property for images. )

6. The sine transform leads to a fast KL transform algorithm for Markov se-
quences, whose boundary values are given.. This makes it useful in many
image processing problems. Details are considered in greater depth in
Chapter 6 (Sections 6.5 and 6.9) and Chapter 11 (Section 11.5). -

5.8 THE HADAMARD TRANSFORM

Unlike the previously discussed transforms, the elements of the basis vectors of the
Hadamard transform take only the binary values =1 and are, therefore, well suited
for digital signal processing. The Hadamard transform matrices, H,, are N X N
matrices, where N22", n =1,2,3. These can be easily generated by the core
matrix '

-1t ]

== (1 B  Gam)

and the Kronecker product recursion Y

 _1(H., H
H,=H,- . ®@H=H,®H,_,=—= (" ol .
1QH=H® k \/E(Hm —H,._1> : (5.104)
As an example, for # = 3, the.Hadamard matrix becomes

H=H®H . (5.105)
H,=H,®H, (5.106)
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- which gives
Sequency
- &
o1 1.1 41 1 1.1 0
1 -1 1—1.'1—'1 1 -17- 7
1 01-1-1 11—1-} i g
e =1 =1- -1 -1
IR St Nt (5107
R T S B A s ;
1-1.,1-1 -1 1-1 1 6
1 1-1-1 1-1-1 1 1 2
1-1-1 1 -1 1 110 s

The basis vectors of the Hadamiard transform can also be gf:nerated by samg.lm%g‘
class of functions called the Walsh_functions. These functions also takef vomyﬁ;) 1c
‘binary values =1 and form a complete orthonormal basis for square integrable

functions. For this reason the Hadamard transform just defined is also called the

Ish-Hadamard transform. . . ’ -
e The number of zero crossings of a Walsh function or the number of transitions.

in a basis vector of the Hadamard transform is&aucdﬁfs_sfquwax. ch;?gl;h;;t f}(:;
i i i \ fined in terms of the zero crossings.

nusoidal signals, frequency can be de : i
i—lladamard n%atrix generated via (5.104), the row vectors are not sequency zrde{;‘:}?'
The existing sequency order of these vectors i_s called the Hadamard order. The
Hadamard transform of an N X 1 vector u1s written as

v=Hu o ' (5.108)
and the inverse transform is given by v
u=Hv . (5.109)
where H 4 H,,n =log, N. In series form the transform pair becomes
4 N-1
1 _1pem Q=K =N-1 (5.110)
=—= u(n)(—1) , 0
v =5 Z )
; N-1
1 A(~1)6m,  0=m<=N-1 .111)
(m) =—== 2, v{k)}(—1) , 0=m
u(m) == 2 VIR |
where ]
: n—1 g )
bk, )= 2 kimi;  ki,mi=0,1 . (5.112)
T =0

and {k} {m} are the binary representations of k and m, respectively, that is,
k=kot 2k + o 2 ks }

(5.113)
m=me+2m+ o +20ma

. . . ined by
Th i i for N X N images is obtained b;

two-dimensional Hadamard transform pair 1or . . el
subestivtvuotinlomA= A* = AT=H in (5.11fand (5.12). The basis vectors an@ the basis

ap. 5
image Transforms ‘Ch_.,ﬁ.
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(a) Hadamard transforms of monochrome images. (b) Hadamard transforms of binary images.

Figure 5.13 Examples of Hadamard transforms.

images of the Hadamard transform are shown in Figs. 5.1 and 5.2. Examples of
two-dimensional Hadamard transforms of images are shown in Fig. 5.13.

Properties of the Hadamard Transform

1. The Hadamard transform H is real, symmetric, and orthogonal, that s, '

H=H*=HT=H" - (5.114)

L 2. The Hadamard transform is a fast transform. The one-dimensional trans-.

formation of (5.108) can be implemented in O (N log, N) additions and sub-
tractions. , ' o '

. Since the Hadamard transform contains only *1 values, no multiplica-

tions are required in the transform calculations. Moreover, the number of

additions or subtractions required can be reduced from N 1o about N log, V.

This is due to the fact that H, can be written as a product of  sparse matrices,

.. thatis,
. H=H,=H, n=logN T (5.115)
where . oL “ :
. { | s — : .
' S T Lo
001 100 . ~ Tows
‘ 0.0 f 1 1 1
~A 1
HE— |-— - . © (5.116)
\/i 1 =1-07 0 f :
0 _ ‘
? : 11 N
: I — rows
0o o 1=t (A
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Since H contains only two nonzero terins per row, ihe transformation

v=Rru=d.. i, n=lopN (5.117)

iH .,
lAgan
aerms
can be accomplished by operating H 7 times on u. Due to the structure of K
only N additions or subtractions are required each time H operates on a
vector giving a total of Nn = N log. N additions or subtractions.
’ . .
The natural order of the Hadamard transform coefficients turns out to be

¢qual to the bit reversed gray code representation of its sequency s. If the .

sequency s has the binary representation_b,. bp-1...by and if thg correspond-
ing gray code is g.g«-1. - - &1, then the bit-reversed repg‘esentatlon 8182 - - &n
gives the natural order. Table 5.1 shows the conversion of sequency s t0
natural order A, and vice versa, for N = 8. In géneral,

gksbk@bkn, 1c=1,...,n~1 ' _
& =ba (5.118)
M= gn-k+1

and
gk=hn—k+l A )
bi=g®bx1, k=n-1,...,1 (5.119)
b, = g,

give the forward and reverse conversion {formulas for the sequency and natural
ordering. o
The Hadamard transform has good to ve .energy;gompactxgu.jm
highly correlated images. Let {u(n),0=n =N~ 1} be a stationary random
e e e ) .

TABLE 5.1 Natural Ordering versus Sequency Ordering of Hadamard

Transform Coefficienis for ¥ =8

Gray code of 5
or )
: Binary reverse binary Sequency binary
Natural order  representation  representation representation Sequency

h hsho 838281 =izl bsb by s
0 000 ©. 000 = 000 -0

1 001 » 100 111 7
2 010 - 010 011 3
3 011 116 100 4
4 100 oot - 601 1
5 101 101 110 ]
6 110 011 010 2
7 1i1 111 101 5
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5.9 THE HAAR TRANSFORM

sequence with autocorrelation r(n),0sn =N — 1. The fraction of the ex-
pected energy packed in the first N/2’ sequency crdered Hadamard transform

coefficients is given by [23] '

-1
/=1 k r(k)}
By ’ 1+2 2, <l - —*)-——-
Ny A = Di [ kg‘ 27 r(0)
6’(5) =N = — (5.120)
Z D
={
DA [HRH], - RE{r(m - n} . (5.121)

where Dy are the first N/2/ sequeney ordered elements Dy
are simply the mean square values of t

significance of this result is that & (N/2) depends on the first 2 auto-
correlations only. For j =1, the fractional energy packed in the first N/2
scquency ordered coefficients will be {1+ r(1)/r(0)/2 and depends only upon
the one-step correlation p a 7(1)/r(0). Thus for p=0.95, 97.5% of the total
energy is concentrated in half of the transform coefficients. The result of

(5.120) is useful in calculating the energy compaction efficiency of the
Hadamard transform. '

. Note that the D,

Consider the covariarice matrix R of (2.68) for N = 4. Using the definition of H, we
obiain . ‘ ’ :

Sequency

4+ 6p + 4p* + 2p° 0 0
4—6p +4p*—2p° 3
4+2p~4p7~2p? 11
2

4—2p—4p* + 2p°

D = diagonal [H, RH,] =}
0

This gives D¢ = Do, Dj = D,, D}= D5, D} =D, and

)
4

N 1<, 1 S~ 1+
o(i>=Zk§-:oDk=1—6(4+6p+4p2+2p3+4+2p-—4p2—2p’)=_._§ 29)

as expected according to (5.120).

- The Haar functions &, (x) are defined on a continuous interval, x € [0, 1], and for

k=0,..v‘,N~—1,whereN=2’5

. Sec.5.9

« The integer & can be uniquely decomposed as

k=Z+q-1 (5.122)

The Haar Transform

159

ients [Hu),. The




§

where0=p=n—~1;4=0,1forp = Oand1<q <2"forp #0. Forexample when
N =4, we have

kio123

plo o 11

0112

-

Representing k by (p, ¢), the Haar functions are defined as

ho(x)éhﬂ,o(x)=\/il_v . xelo1]. (5.123a)
- 1
e g 11 = <q2p 2

I (x) q(x) \/N —2en qu 12, <% (5.123b)

0, otherwise for x € [0 1]

The Haar transform is obtained by letting x take discrete values at m/N, m =0,

., N — 1. For N =8, the Haar transform is given by

Sequency

1 1 1 11 1 1 1] o0

1 1 1 1-1-1 -1 -1 1

V2 V2 -VZ V3 vg \/9 \/9 \/(_) 2

_ 1 0 0 0 0V2V2-V2-\V2 2

== 122 o0 o000 o0 of 2 G129

00 2 -2 0 0 0 0 2

0 0 0 0 2-2 0 0] 2

L0 0 0 0 0 0- 2 =21 2

The basis vectors and the basis images of the Haar transform are shown in Figs. 5.1
and 5.2. An example of the Haar transform of an image is shown in Fig. 5.14. From
the structure of Hr [see (5.124)] we see that the Haar transform takes differences of
the samples or differences of local averages of the samples of the input vector.
Hence the two-dimensional” Haar transform coefficients y(k;[), except for
k =1 =0, are the differences along rows and columns of the local averages of pixels
in the image. These are manifested as several “edge extractions” of the orxgmal
image, as is evident from Fig. 5.14.

Although some work has been done for using the Haar transform in image

data compression problems, its full potential in feature extraction and image anal- .

ysis problems has not been determined.
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Figure 5.15 Slant transform of the 256 X 256
image shown in Fig. 5.6a.

Figure 5.14 Haar transform of the 256 X 256
image shown in Fig. 5.6a.

Properties of the Haar Transform

1. The Haar transform is real and orthogonal. Therefore,
Hr = Hr*

Hr'=Hr" (5.125)
2. The Haar transform is a very fast transform. On an N X 1 vector it can be
implemented in O (N) operations.
3. The basis vectors of the Haar matrix are sequency ordered.
4. The Haar transform has poor energy compaction for images.

5.10 THE SLANT TRANSFORM

The N X N Slant transform matrices are defined by the recursion

1 0| 1 ol ar |
| o | I o |
an byl } Y {
| I I I_.____}__.__ S
* 0 | vy -2 I 0 | Ty -2 | ,
1 .
S, =—= I | | (5.126)
A2 )N N I N RO | ST N S
0 1| |0 -1 | |
10 | o 0 | Sui|
_b,, a,,,l l bn anh ' ' ,
PRI SR SRS SR
TV ] 0 e 1
Sec. 5.10
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where N = 2", 1, denotes an M x M identity matrix, and

=L 1 : e
. 5 =5 [1 r-l] ‘ (5.127)
The parameters a, and b, are defined by the recursions
=) @ 1}‘ (5.128)
a,=2b, @y~
which solve to give'
3N? ”n (N-1 n . ‘
a,.+x=(m7_—‘1') s b= m‘;:’l' ;. N=2 - (5.129)
Using these formulas, the 4 X 4 Slant transformation matrix is obtained as
Sequency
1 1 1 1 0
3 _1 -t =3 1
1 V5 V5 V5 VS ('5 130)
$:=3 1 -1 -1 1 2 :
1 =3 3 -1 3
V5 V5 V5 V5 : .

Figure 5.1 shows the basis vectors of the 8 X 8 Slant transform. Figure 5.2 shows the
basis images of the 8 X 8 two dimensional Slant transform. Figure 5.15 shows the

Slant transform of a 256 x 256 image. v :

Properties of the Slant Transform

1. The Slant transform is real and orthogonal. Therefore,

§=5 S'=8T , (.131)

3. The Slant transform is a fast transform, which can be implemented in
O(N log; N) operations on an N X 1 vector. ’

3. It has very.good to excellent energy compaction for images.

4, The basis vectors of the Slant transform matrix S are not sequency ordered for
n=3. If 8,_, is sequency ordered, the ith row sequency of S, is given as
follows. E :

i=0, sequency=0

. i=1, sequency = 1
. _N : . 2i, i = even
25‘15—5—' i, . sequency=-{2i+1’ i =odd -
z=%,' sequency = 2

162 . . : ~ Image Transforms Chap. 5

i=%+ 1, = sequency =3

Z

2 i——)+l, i = even

N ) : 2
3+251.<.N—1, sequency = .
, N ,
2(1—7), i = odd

5.11 THE KL TRANSFORM

The KL transform was originally introduced as a series expansion for continuous

random processes by Karhunen [27] and Loeve [28]. For random sequences Hotel- .

ling [26] first studied what was called a method of principal components, which is
the discrete equivalent of the KL series expansion. Consequently, the KL transform
is also called the Hotelling transform or the method of principal components.

For a real N X 1 random vector u, the basis vectors of the KL transform (see
Section 2.9) are given by the orthonormalized eigenvectors of its autocorrelation
matrix R, that is,

R, = My, 0=k=N-1 (5.132)
The KL transform of u is defined as .
. v=0"u %ﬁwﬁg A (5.133)
and the jnverse transform is ' /N% B — Bj',ﬂ,rs i
u=dv= kzov(k)q;k (5.134)

where &, is the kth column of ®. From (2.44) we know @ reduces R to its diagonal |

form, that is, .
®*TR® = A = Diag{\;} (5.135)

We often work with the covariance matrix rather than thé autocorrelation
matrix. With p 2 E[u], then ‘
R, 4 covfu] A E[(u - p)(u— p)"] = E[m"] - pp” =R~ pp”  (5.136)

If the vector g is known, then the eigenmatrix of Ry determines the KL

transform of the zero mean random process u — . In general, the KL transform of
v and u — p need not be identical.

Note that whereas the image transforms considered earlier were functionally -
" independent of the data, the KL transform depends on the (second-order) statisti
—

_of the data. » W7,

.. Example 5.4 (KL Transform of Markov-1 Sequences)

- The covariance matrix of a zero mean Markov sequence of N elements is given by
(2.68). Its eigenvalues A, and the eigenvectors ¢ are given by '
. - g . o

A S———i—e
, 1~2p cosawy +p?
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& (m) = b(ri, k) ' (5.137)
' v N1y (kD
=( ) sin (l)k(m+1_— +-—T—, OSm,kSN"l
N + A -2
" where the {w,} are the positive roots of the equation .
S
tan(Nw) = ——G g sine Neven (5.138)

cosw—2p+p® cosw’

A similar result holds when N is odd. This is a transcendental equation that gives rise to
nonharmonic sinusoids & (m). Figure 5.1 shows the basis vectors of this 8 X8 I$L
transform for p = 0.95. Note the basis vectors of the KLT and the DCT are quite

similar. Because d (m) are nonharmonic, a fast ?lgg yrithm for this transform does not

exist. Also note, the KL transform matrix is ®7 = {d(k , m)}.

Example 5.5 p

Since the unitary DFT reduces any circulant matrix to a diagonal form, it is the KI1.

transform of all random sequences with circulant autacorrelation matrices, that is, for
all periodic equenees. ]
The DCT is the KL transform of a random sequence whose au(ocorrel.atlofl
matrix R commutes with Q, of (5.95) (that is, if RQ. = Q:R). Simlla.rly, the DST is t.he
KL transform of all random sequences whose autocorrelation matrices commute with

Q of (5.102). A ‘
mf“"’r"ﬁroba
KL Transform of Images VAR VRS

If an N X N image u(m, n) is represented by a random field whose autocorrelation
function is given by .
E[u(m,myu(m’',n)}=r(m,n;m',n’), Osm,m',n,n'=N-1 (5.139)

then the basis images of the KL transform arr the orthonormalized eige-nfunctioqs
.1 (m, n) obtained by solving A é_,M,i_,/ e Euss 5 fwa Pt

y

N-1 N-1 ot PISYIYE¢.
vty i etttV LG
S rim,n;m'n' W, (m’,n') vg prgrgit PANIINE
""2=°"'=° i’ ’ L (5.140)

=Mali(m,n), 0=k, I=sN-1,0sm,n=N-1
In matrix notation this can be written as . .
Rdi=\b, i=0,...,N*~1 (5.141)

. . . 2
where {; is an N? X 1 vector representation of \bk,,(nzz, n) and 9 is an N2 XN
autocorrelation matrix of the image mapped into an N? X 1 vector «. Thus

R=E[ua”] (5.142)

If G is separable, then the N?x N? matrix ¥ whose columns are {{s} ‘becomes |

separable (see Table 2.7). For example, let
r(m,nym',n")=r(m,m"r(n,n’) (5.143)
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‘ | ' @t.@'i.

i (m, n) =i (m, )b (n, ) - - (5.144)
" In matrix notation this means '
‘ R=R,®R;, V=&, (5.145)
where . "-———_——-——_ ‘
ORDT=4;, - j=1,2 S (5.146)
and the KL transform of « is ‘
e=VT4=[D}TR D} e . C(5.147)

For row-ordered vectors this is equivalent to

v=oilue; . (5.148)

and the inverse KL transform is

U=@ VP o (5.149)
e . 3
The advantage in modeling the image autocorrelation by a separable function-is-that

instead of solving the N?X N? matrix eigenvalue prablem of (5.141), only two
N X N matrix eigenvalue problems of (5.146} need to.be solved. Since an N X N
matrix eigenvalue problem requires O (N?) computations, the reduction in dimen-
sionality achieved by the separable model is O (N)/O(N®) = O(N?), which is very
significant. Also, the transformation calculations of (5.148) and (5.149) require 2N°
operations compared to N* operations required for W*7 4.

Example 5.6 )
Consider the separable covariance function for a zero mean random field
r(m,nim’, n')=pghm=lgh-nt (5.150)

This gives & = R @ R, where R is given by (2.68). The eigenvectors of R are given by
&« in Example 5.4. Hence ¥ = ®®® and the KL transform matrix is ®T® ®".
Figure 5.2 shows the basis images of this 8 x 8 two-dimensional KL transform for
p=10.95.

Properties of the KL Transform

The KL transform has many desirable properties, which mak_é it Woptimal in many
signal processing applications. Some .of these properties are discussed here. For

simplicity we assume u has zero mean and a positive definite covariance matrix R.
a5 Zero meapy _posiive achinite co 0.9

Decorrelation. The KL transform coefficients {v (k), k = 0,...,N—1}are
uncorrelated and have zero mean, thatis, ' - Co S 1

Elvti)] =0 o
Ev(kp* Ol =Nk =) (5.151)
The proof follows directly from (5.133) and (5.135), since - . o
E[w*T 2 ®*" E[uu"}® = ®*TR® = A = diagonal (5.152)
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which implies the latter relation in (5.151). It should be noted that @ is not a unigue
matrix with respect to this property. There.could’be many matrices (unitary and
nonunitary) that would decorrelate the transformed sequence. For example, a lower
triangular matrix ¢ could be found that satisfies (5.152).

Example 5.7 )
The covariance matrix R of (2.68) is diagonalized by the lower triangular matrix

‘ 2
0 1-p 0

—n2
Ld TP& SLRL=| 1\" Ap (5153
0 ~—p 1 1-¢? ; '

Hence the transformation v = L7u, will cause the sequence v(k) to be uncorrelated.
Comparing with Example 5.4, we see that L # ®. Moreover, L is not unitary and the
diagonal elements of D are not the eigenvalues of R. |

Basis restriction mean square error. - Consider the operations in Fig. 5.16.

The vector u is first transformed to v. The elements of w are chosen to be the first m
elements of v and zeros elsewhere. Finally, w is transformed to z. A and B are

N X N matrices and L, is a matrix with 1s along the first m diagonal terms and zeros

elsewhere. Hence . N
k), O=k=m-1
W= T (5,154

Therefore, whereas u and v are vectors in an N-dimensional vector space, w is a
vector restricted to an m < N-dimensional subspace, The average mean square

error between the sequences u(n) and z(n) is defined as
N-1

rALE (2 lu(n) - z(n)lz') - TE(u - 2)w-2"T] (5.155)

n=0 ' . .
This quantity is called the basis restriction error. It is desired to find the matrices A
and B such that J, is minimized for each and every value of me[1l, N]. This
minimum is achieved by the KL transform of u.

The error J,, in (5.155) is minimum when

A=@*T, B=®, AB=I1 . (5.156)
where the columns of & are arranged according to the  decreasing order of the
eigenvalues of R. ' - S
Proof. From Fig. 5.16, we have

rem 5.1,

v =Au, w=1IL,v, and z=Bw (5.157)

u A v L, w B z
1 wxw “tismenl T NXWN

Figure 5;16 KL transform basis restriction. .
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Using these we can rewrite (5.155) as
1
J= 5 Tr[(I - BI, A)R(I ~ BI,A)*7]

To minimize J, we first differentiate it with respect to the elements of A and set the
result to zero [see Problem 2.15 for the differentiation rules]. This gives

L.BI1-BI,A*R=0 (5.158)
which yields
=1 -1, A)R] |
=% - (5.159)
L.B*"=1,B*"BI A (5.160)
Atm = N, the minimum value of Jy must be zero, which requires . i
I-BA=0 or B=A"' . (5.161)

Using this in (5.160) and rearranging terms, we obtain
L.B*"B=1,B*’Bl,, l=m=N (5.162)

Fo_r (5_.116_2)'to be true for every m, it is necessary that B*"B be diagonal. Since
g— A gt is easy to see that (5.160) remains invariant if B is replaced by DB or
nD, w]}.lereBD 1sha (i;igonal matrix. Hence, without loss of generality we can
crmalize B so that B =1, that is, B is a unitary matri i
unitary and B = A*”, This give; v rix. Thesfore, A s alko

_1 1 '
In =5 TH(@~ A*L, A)R) = ~ TH(R — L, ARA*T) (5.163)
Since R is fixed, J,, is minimized if the quantity
i m—1 . "L
J. A Te(1, ARA*T) = 3 ol Ra? ‘ (5.164)
’ k=0 )
is maximized where al is the kth row of A. Since A s unitary,
alaf =1 L (5.165)
To maximize J, subject to (5. 165), we form the Lagrangian '
. . m=1 m~1 '
S :
Jn Eﬂ a[Ra} + Eo M(1- alad) .. (5.166).

and dlffergntiateit with respect to a;. The result give§ a necessary condition

- Raf =nar AT

where a7 are orthonormalized eigenvectors of R. This yields

m—1 . . ) .
h=Zh L (5.168)
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which is maximized if {a*, 0=j=m — 1} correspond to the largest m eigenvalues
of R. Because J, must be maximized for every m, it is necessary to arrange
NZ M= Z A Then a,T, the rows of A, are the conjugate transpose of the
eigenvectors of R, that is, A is the KL transform of u. ’

Distribution of variances. &@g@iﬂh&uitaq transformations v = Au,
‘the KL transform @*7 packs \aximum average energyinm = N samples of v.
Define ' :
AAEp@A, obzol- =k
m=1 (5.169)
SHA)R T o}
k=0
Then for any fixed m e[1, N] . . ’
S(®*T) = S.(A) ’ ‘ (5.170) .

Proof. Note that
m-1
Sn(A) = kZ (ARA* )
=0

=Tr(I,A*"RA)
= jm

transform. Since o = A, when A = ®*7, from (5.168)

m-1 m—1
M=ok, l=m=N (5.171)
k=0 k=0 ) X .

Threshold representation. The KL transform also minimizes E{m], the

which, we know from the last proi)erty [see (5.164)], is maximized when A is the KL

expected number of transform coefficients required, so that their energy just

ceeds a prescribed»_ggg_s}‘l'ql_d (see roblemr%.%ﬁ and [33)).

=

@/ T Lt [aesinird Lo _
. A fast KL transform.  In application of the KL transform to images, there
are dimensionality difficulties. The KL transform depends on the statistics as well as
the size of the image and, in general, the basis vectors are not known analytically.
After the transform matrix has been computed, the operations for performing the
transformation are quite large for images.
1t has been shown that certain statistical image models yield a fast KL trans-
form algorithm as an alternative to the conventional KL transform for images. It is
based on a stochastic decomposition of an image as a sum of two random sequences.
The first random sequence is such that its KL transform is a fast transform and the
second sequence, called the boundary response, depends only on information at the
boundary points of the image. For details see Sections 6.5 and 6.9.

"The rate-distortion function. Suppose a random vector u is unitary trans-
formed to v and transmitted over a communication channel (Fig. 5.17). Let ¥/ andu

Image Transforms ~ Chap &
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o A v . v u
{Unitary) Channel > AT
Figure 5.17 Unitary transform data tr ission. Each el t of v is coded

independently.

b.e the reprosiuced values of v and u, respectively. Further, assume that u, v, v', and
u’ are Gaussian. The average distortion in u is ’

=1 .
D =~ E[(-w)"(u-w)] : (5.172)
Since A is unitary and u = A*"vand v = A*Tv', we have

1
D= NE[(V ~v)*TAA* (v —v)]
) . (5.173)
= NE[(V vy (v —v)] = —ﬁE(Sv*Tav)
where 8v = v — v’ represents the error in the reproduction of v. From the preceding,

D is invariant under all unita; i i
inv ry transformations. The rate-distortion function i
obtained, following Section 2.13, as : Hon s now

K R =‘1—NE_1 max 0,11 ok '
NSy »7 10827 (5179
Rt ’ )
= 2 min(o, oi] (5.175)
where
ok =E[v(k)f] =[ARA* ],  (5.176)
depend on the transform A. Therefore, the rate o '
R=R(A) A

also depends on A. For each fixed D th ie
‘ . , the KL transform achieves the mini,
among all unitary transforms, that is, ‘ form ackieves the minimuam rat

R@ T =R@A) Y A4 (5.178)
. . . . o :c‘ ' )
B Th;s property is discussed further in Chapter 11, on transform coding S
Example 5.8 ) o
‘Consic_ler a2 x1vector fx, whose covariance matrix is ' s
o R ' ‘ :
. : 3 : R",[p ‘1)]' o<1 Ve
The KL transform is L S
@'T‘—" (D = ___1‘_ 1 1 ¢
V21 -1
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Variance o}

100.00

10.00

T T

The transformation v = ®u gives
E{vOFt=r=1+p, * E{v(D)I}=1-p ,
+ - ' 1-p
R(P)= %[max(o, ilog 1—6—E> + max(O, ilog ——e——)]

Compare this with the case when A =1 (that is, u is transmitted), which gives

od=0%=1, and

 R@=Y-2loge], 0<0 <1 _
Suppose we let 6 be small, say 6 < 1.— |p|. Then it is easy to show that
R(®)<R()

This means for a fixed level of distortion, the numker of bits rec_;uifed to transm.it ‘the
KLT sequence would be less than those required for transmission of the original

sequence.

T TTTTIT

0.10 =
- N,
B ﬁ\\
3 Cosine, KL
i i i L
1 1 1 1 L I ! ] L 1
0-010 1I ; 3 4 5 6 7 8 9 10 1 12 13 14 15

. Indexk
Figure 5.18 Distribution of‘ variances of the transform coefficients (in decreasi;lg
order) of a stationary Markov sequence with N =16, p= 0.95 (sce Example 5.9).
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TABLE 5.2 Variances &% of Transform Coefficienté of a Stationary Markov
Seqience with p = 0.95 and N = 16. See Example 5.9.

Transform Unitary )
Lk KL Cosine Sine DFT Hadamard  Haar Slant
0 12.442 12.406 11.169 12.406 12.406 12.406  12.406
1 1.946 1.943 1.688 1.100 1.644 1.644 1.904
2 0.615 0.648 1.352 0.292 0.544 0.487 0.641
3 0.292 0.295 0.421 0.139 0.431 0.487 0.233
4 0.171 0.174 0.463 0.086 0.153 0.144 0.173
5 0.114 0.114 0.181 0.062 0.152 0.144 0.172
6 0.082 0.083 0.216 . 0.051 0.149 0.144 0.072
7 0.063 0.063 0.098 0.045 0.121 0.144 - 0.072
8 0.051 0.051 0.116 0.043 0.051 0.050 . 0.051
9 0.043 0.043 0.060 0.045 0.051 0.050 0.051
10 0.037 0.037 0.067 0.051 0.051 0.050 0.051
11 0.033 0.033 0.049 0.062 0.051 0.050 0.051
12 0.030 0.030 0.042 0.086 0.051 0.050. 0.031
13 0.028 0.028 0.031 0.139 0.051 0.050 0.031
14 0.027 0.027 0.029 0.292 0.050 0.050 0.031
15

0.02¢ 0.026 0.026 1.100 0.043 0.050 0.031

Example 5.9 (Comparison Among Unitary Transforms for a Markov Sequence)

Consider a first-order zero mean stationary Markov sequence of length N whose -

covariance matrix R is given by (2.68) with p = 0.95. Figure 5.18 shows the distribution
of variances o} of the transform coefficients (in decreasing order) for different
transforms. Table 5.2 lists ¢ for the various transforms.

Define the normalized basis restriction error as

N1
2 ok

Jo=%"" s m=0,...,N~1 (5.179)
2 ok

w0

where 0% have been arranged in decreasing order.
‘ Figure 5.19 shows J,, versus m for the various transforms. It is seen that the
cosine transform performance is indistinguishable from that of the KL transform for
p=0.95. In general it seems possible to find a fast sinusoidal transform (that is, a
transform consisting of sine or cosine functions) as a good substitute for the KL
- transform for different values of p as well as for higher-ordet stationary random
sequences {see Section 5.12), :
The mean square performance of the various transforms also depends on the
dimension N of the transform. Such comparisons are made in Section 5 12, -

' I*fxamplc 3,10 (Performance of Transforms on Images)

The mean square error test of the last example can be extended to actual images.
Consideran N x N image u (m, n) from which its mean is subtracted out to make it zero
mean. The transform coefficient variances are estimated as g

Ak, 0= Elv Gk D= (&, D
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3 4 5 6 71 8 -9
Samples retained {m)

Figul

restriction errors (J,
sequence with N = 16, p = 0.95.

Fi 11, 4:1,
Figure 5.20 Zonal .ﬁlters for 2.. ,4:1,
8:1, 16: 1 sample reduction. White areas
are passbands, dark areas are stopbands.

di i ith respect to basis .
5.19 Performance of different unitary txtansfomls with re
e ) versus the number .of basis (m) for a stationary Markov

Image Transforms

15 16

The image transform is filtered by a zonal mask (Fig. 5.20) such that only a fraction of
the transform coefficients are retained and the remaining ones are set to zero. Define
the normalized mean square error ’

ZZ ‘ ,Vk IIZ

7, A Kiestopbona " _ energy in stopband
°T total energy

i_El ’Vk, i lz

ki=0 )
Figure 5.21 shows an original image and the image obtained after cosine transform
zonal filtering to achieve various sample reduction ratios. Figure 5.22 shows the zonal
filtered images for different transforms at a 4: 1 sample reduction ratio. Figure 5.23
shows the mean square error versus sample reduction ratio for different transforms.
Again we find the cosine transform to have the best performance.

&

{c) 8: 1 sample reductin; ) {d)16:1 sampie reduction.

Figure 5.21 Basis restriction zonal filtered images in cosine transform domain.
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{b) sine;

: o L o d
{d) Hadamard;

{c) unitary DFT;

sy

i

(“) !;laar ) (f) Slant.
0 H
Figure 5.22 Basis restriction zo

nal filtering using different transforms with 4:1
sample reduction. . o

Hadamard

Normalized MSE %
o

Haar

r Hadamard
1 Cosine

Figure 5.23 Performance comparison of
0 L 1 . } different transforms with respect to basis

16 8 » 4 2 restriction zonal filtering for 256 x 256
) Sample reduction ratio ' - images. .

5.12 A SINUSOIDAL FAMILY OF UNI‘TARY TRANSFORMS

This is a class of complete orthonormal sets of eigenvectors generated by the
. parametric family of matrices whose structure is similar to that of R [see (5.96)],

r l—qu -

1

—-a

(5.180)

. k30£ ‘ . - 1"‘sz__1 }
Infact, for ki =k, = p, k3 =0, B2= (1 = pA)/(1 +p%), and o = p/(1 + p?), we have
J(p,p,0) =B*R"! : _ . (5.181)

Since R-and B2R™! have an identical set of eigenvectors, the KL transform
associated with R can be determined from the eigenvectors of J(p, p, 0). Similarly, it
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can be shown that the basis vectors of previously discussed cosine, sine, and discrete
Fourier transforms are the eigenvectors of J(1;1,0), J(0,0,0), and J(1,1,-1),
respectively. In fact, several other fast transforms whose basis vectors are sinusoids
can be generated for different combinations of k;, k», and k;. For example, for

0=<m, k =N — 1, we obtain the following transforms:

1. Oddsine = 1: ky = k; =0,k; = 1

2 gkt D@m D
d),,,(k)—-\/z_j_v__l__ism AN 1 (5.182)
2. Odd cosine - 1: ky =1,k =k; =0 ()
k + + i
2 @2k + 1)(2m + D (5.18)

(k)= o5 O 20N +1)

Other members of this family of transforms are given in [34].,

Approximation to the KL Transform

The J matrices play a useful role in performance evaluation of the sinusoidal trans-
forms. For example, two sinusoidal transforms can be compared with the KL

transform by comparing corresponding J-matrix distances
- A, Ky, ks) & 13 ks, Kz, ) = 3o, 0, O

This measure can also explain the close performance of the DCT ‘and the
KLT. Further, it can be shown that the DCT performs better than the sine trans-
form for 0.5 = p < 1 and the sine transform performs better than the cosine for other
values of p. The J matrices are also useful in finding a fast sinusoidal transform

(5.184)

approximation to the KL t |
variance matrix is A. If A commutes with aJ matrix, that is, AJ = JA, then they will
have an identical set of eigenvectors. The best fast sinusoidal transform may be

chosen as the one whose corresponding J matrix minimizes the commuting distance

|AJ — JA|?. Other uses of the J mats ices are (1) finding fast algorithms for inversion -

(2) efficient calculation of transform coefficient vari-
domain processing algorithms, and (3) estab-
f these transforms. For details see [34].

of banded Toeplitz matrices,
ances, which are needed in transform
lishing certain useful asymptotic properties 0

5.13 OUTER PRODUCT EXPANSION .
AND SINGULAR VALUE DECOMPOSITION

In the foregoing transform theory, we considered an N X M image U to be a vector
in an NM-dimensional vector space. However, it is possible to represent any such
image in an r-dimensional subspace where r is the rank of the matrix U. o
Let the image be real and M =N. The matrices UUT and UTU are non-
negative, symmetric and have the identical eigenvalues, {\.}. Since M = N, there
are at most r =M nonzero eigenvalues. It is possible to find » orthogonal, M X1
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ransform of an arbitrary random sequence whose co-
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eigenvectors {¢,,} of U"U and r orthogonal N X 1 eigenvectors {\s} of UU7, that is,
UTUd, = A b, (5.185)
UU Yo = At (5.186)

The matrix U has the representation
U=WTARPT

= 3 Vo,
m=1

W r i
q,he:::d‘fb and ¢ are N X rand zllg .>< r matrices whose mth columns are the vectors
- m » Fespectively, and A" is an r X r diagonal matrix, defined as ' :

“ ‘[\ffl\\ 0 J

m=1,...,r

m=1,...,r

(5.187)

(5.188)

AV = -

0 Vi (5.189) -

Equation (5.188) is called the spect : i ‘

) pectral representation, the outer product i
%rr ltjl;e}\smgularl valuil o‘ijec;:mpositian (SVD) of U. The nonzefo eig’;n‘ifg;z::u(’z%
t , A » are also called the singular values of U. If r < M, then the i i
ing NT sarmoles o b . » then the image contain-
T d),,,;:m =1’.”e’r}r.epresented by (M +N)r samples of the vectors

Since ¥ and & have ortho 1
kg 1 s gonal columns, from (5.187) the SVD transform of

A =wTud " (5.190)
which is a separable transform that di i i i .
(5.158) s outtnod i pasrorm th iagonalizes the given image.The proof o{

Properties of the SVD Transform

L. O = i an be
nce ¢, ,m =1,...,r are known, the eigenvectors s, can be determined as

n & F=Ud,

m=1,...,r (5.191)
It can be shown that ¥s,, are orth igeni ’ A
_ - on \ i
. orthonormal eigenvectors of U7 U. ormal cigenvectors of UUTIl ¢, are the
2, i '
, g‘:cea Sz?ltt;ixésg)z?eii ;itefme;i by (5.190) is not a unitary transform. This is
e angular matrices. However, we can i i
:Inl _acidfn;mal o;t{hoggnalr eigenvectors ,, and v, , which ;:fii‘;;ieg:b@fl:)d
=r+1,...,Man U, =0,m=r+1,... . ftrices
are unitary and the unitary SVD transform is, oAV such that Hhese matrices

l/z .
[A J =¥Tyd

0 (5.192)
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3. The image U; generated by the partial sum

; 4
- ¢
Ul S VR . oL, k=r (5.193)

m=1
is the best least squares rank-k approximation of U'if A, are in decreasing
order of magnitude. For any k =, the least squares error

M N .
&= X lutmmy—uwmnf, k=12,...,r (5.194)
m=ln=1
reduces to , ‘
&= DI (5.195)
. m=k+1

Let L A NAL. Note that we can always write a two-dim;nsion'al unitary transfox;m
representation as an outer product expansion in an L-dimensional space, namely,

L
U= 2 wab] (5.196)
=1 .
f orthogonal basis vectors of
here w; are scalars and & and b, are sequences O
Zl"in‘:;nsio’ns N x1and M X 1, respectively. The least squares error between U and

any partial sum . i ,
0,43 wab , (5.197)
f=1

is minimized for any k €[1, L] when the above expansion coincides with (5.193),
that lfi‘l:‘:: f,?e:]r:s ﬂ:l;kenergy concentrated in the tran'sform coefficients wf, = t N If
is maximized by the SVD transform for the given image. Recall that the K :ra:}:e
form, maximizes the average energy in a given m.unber of transform goeﬁ‘sczer; S, <
average being taken over the ensemble for' whzchﬂ the autocorrelatzf;;z func ;(::ate
defined. Hence, on an image-to-image bz?s?s, the SVD. tran,sform wi bconieu]awd
more energy in the same number of coefficients. But the SVD has to le 1catcd ae
for each image. On the other hand the KL transforrp needs to be cal g;.l ate Lo Z
once for the whole image ensemble. Therefore, while one may be al e):tot tm '
reasonable fast transform approximatign of t.h:a KL transform, no such fast trans
i for the SVD is expected to exist. '

form ;‘:lt::(:tl?gtﬁ applicable in image restoration anq image data c'ompress;ox;-plzct):é
lems, the usefulness of SVD in such image processing prob‘lcms is severe ); 1m1a ol
because of large computational effert required for calcul:.itmg the elgenvil ues and
eigenvectors of large image matrices. However, th'e SVP is-a fundgmer;ta 1'es:xr‘ces
matrix theory that is useful in finding the generahzed inverse of singular matric
and in the analysis of several image processing problems.

Example 5.11
Let 1 2
U=i2 -1
1 3

: -3
age Transforms. Chap-
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_ DFT/unitary DFT

The eigenvalaes of UTU are found to be A, = 18.06, A, = 1.94, which giver =2, and the
SVD transform of U is
A2 [4.25 0 ]

0 1.39

The eigenvectors are found to be
. 10.5019 _| 0.8649
b= [0.8649]’ b= [—0.5019]

TABLE 5.3 Summary of Image Transforms

(continued on page 180)

Fast transform, most useful in digital signal processing, convolution,
digital filtering, analysis of circulant and Toeplitz systems. Requires
- complex arithmetic. Has very good energy compaction for images.

Cosine ' Fast transform, requires real operations, near optimal substitute for
the KL transform of highly correlated images. Useful in designing
transform coders and Wiener filters for images. Has excellent
energy compaction for images. .

Sine About twice as fast as the fast cosine transform, symmetric, requires
real operations; yields fast KL transform algorithm which yields
recursive block processing algorithms, for coding, filtering, and so
on; useful in estimating performance bounds of many image )
processing problems. Energy compaction for images is very good.

Hadamard ' Faster than sinusoidal transforms, since fio multiplications are

- required; useful in digital hardware implementations of image
processing algorithms. Easy to simulate but difficult to analyze.

Applications in image data compression, filtering, and design of

codes. Has good energy compaction for images. .

Haar Very fast transform. Useful in feature extracton; image coding, and
. image analysis problems. Energy compaction is fair.
Slant Fast transform. Has “image-like basis”; useful in image coding. Has

very good energy compaction for images.

Is optimal in many ways; has no fast algorithm; useful in performance
evaluation and for finding performance bounds. Useful for small
size vectors e.g., color multispectral or other feature vectors. Has
the best energy compaction in the mean square sense over an
ensemble.

Fast KL | ] Useful for designing fast, recursive-block processing techniques,
including adaptive techniques. Its performance is better than
independent block-by-block processing technigues.

Many members have fast implementation, useful in finding practical

. substitutes for the KL transform, analysis of Toeplitz systems,

| mathematical modeling of signals, Energy compaction for the

. ) optimum-fast transform is excellent.

Karhunen-Loeve

Sinusoidal transforms

SVD transform Best energy-packing efficiericy for any given image. Varies drastically

from image to image; has no fast algorithm or a reasonable fast
transform substitute; useful in design of separable FIR filters,
finding least squares and minimum norm solutions of linear
equations, finding rank of large matrices, and 50 on. Potential
image processing applications are in image restoration, power.
spectrum estimation and data compression. :
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From above W, is obtained via (5 .191) to yield

, [1.120 1.94
U=V d]=10935 1.62
: . [1.549 2.70

as the best least squéres rank-1 approximation of U. Let us compare this with the two

dimensional cosine transform U, which is given by

vz vi Vi |1 27[1 1] , [10v2 -2V2
[\/50 -Vv3j2 1jt1 -1 12—\/5\/5
1 -2 1 1 3] | -1 -5

v— { APt ‘
=Gue Vvi2 ‘

It is easy to see that ZE v2(k, 1) =\ + N2 The energy concentrated in the K
K

samples of SVD 3K ik, K =1,2, is greater than the energy concentraEed inany K
samples of the cosine transform coefficients (show!).

5.14 SUMMARY

e studied the theory of unitary transforms and their proper-

‘uni i ine, Hadamard, Haar, Slant, KL,
i 1 unitary tranforms, DFT, cosine, sine, .
;ii;sgg;r?a;rill;, f):;st KL, and SVD, were discussed. Table 5.3 summarizes the

various transforms and their applications.

In this chapter we hav

PROBLEMS

of (5.8) is minimized when the series coefficients

i 2
i Tor @
51 Forgven P O oo O Ao, t t the basis images must form a complete set for

v(k, 1) are given by (5.3). Also show thai
gitobezerofor P=Q =N. v

rms and Kronecker separability) From . <
52 S)I;ag;tri‘;’r’lséfoin implementing the matrix-vector pioduct is reduced from O(NY to

O(N?) if A is a Kronecker product. Apply this idea inductively to show that if A is
M x M and ' o
«/¢=A1®Az.®. ..®Am
i f (5.23) can be imple-
i X te, M =11 ne, then the transfgrmatlon o e i
l‘:‘lll:ll;ZdAi:l 13(";4 E',:'k 1hE), wf\iclh equals nM log, M if nkh= n. Many fi:td all)gyogt;l:;s[fgolr
i . i is i i hich was sugges .
itary matrices can be given this mterpretat}on W]
;;lslfszsrms possessing this property are sometimes called Good transforms.

§3 For the 2 x 2 transform A and the image U . |
' Jvi u-l2 3 e »
A=:il_1 V3] 12 4 .

: ‘ - P
cal¢ulate the. transforn:ned image V and the basis lma;ges. - g >/
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(5.23) we see that the number of ’

l

5.4

5.5
6
&
@

5.7

58
5.9

Consider the vector x and an orthogonal transform A

x= xo" A= cos.e sin 6

Xy —sin® cos@
Let a, and a; denote the columns of A7 (that is, the basis vectors of A). The trans-
_formation' y = Ax can be written as y, =alx,y; = alx. Represent the vector x in

Cartesian coordinates on a plane. Show that the transform A is a rotation of the

coordinates by 6 and y, and y; are the projections of x in the new coordinate system
(see Fig. P5.4). ' -

Figure P5.4,

Prove that the magnitude of determinant of a unitary transform is unity, Also show

that all the eigenvalues of a unitary matrix have unity magnitude.

Show that the entropy of an N X 1 Gaussian random vector u with mean » and

covariance R, given by . ‘}
%y

" o 7L

is invariant unde i

itary transformation. \

Consider the zero mean random vector u with covariance R, discussed in Example 5.2,

From the class of unitary transforms .
Ry=A. G R
w--”s

], v=Au W

A, = | 08 0 sind
¢ ~sin® cos 0

determine the value of 9 for which (a) the aver energy compressed_in vq is

+ maximum and (b) the comxzo_nznis_uf_umm@yrel_ated.
Prove the two-dimensional energy conservatioif relation of (5.28).

(DFT and circulant matrices) .

a. Show that (5.60) follows directly from (5.56) if ¢ is chosen as the kth column of the
unitary DFT F. Now write (5.58) as a circulant matrix operation x; = Hx,. Take
unitary DFT of both sides and apply (5.60) to prove the circular convolution
theorem, that is, (5.59). : )

b. Using (5.60) show that the inverse of an N X N circulant matrix can be obtained in
O(N log N) operations via the FFT by calculating the elements of its first column

‘ TNt : s
[H 0 =3 2 W*"\i' = inverse DFT of {\;} '

km=Q
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¢. Show that the N X 1 vector x; = 'fx;, where T is N-x N Toeplitz but not circulant,

can be evaluated in O (N log N) operations via the FFT. = ot . 1 ]
i DFT of a real sequence
he N? complex elemerts v(k, 1) of the unitary ‘
s10 {S:EJ: rtz};a(t);_iz n=<N E 1} can be determined from the knowledge of the partial

sequence

M (o N) o<k <X
ook} (e Home)

{v(k, 1,0k =N - 1,1515-’;1—1}, (N even)

which contains only N* nonzéro real elements, in general. .
5,11 a. Find the eigeﬁvalues of the 2 x 2 doubly block circulant matrix

b. Given the arrays x, (m, n) and x2 (m, n) as follows:

x(m,n n 4 x2(m,n)
o omwn) o mpmimm
1 3 4 0 "1 4 "‘1
0o |12 -1{0 -1 0
lo1 m -1 0 1

Write their convolution x; (m, n) = x2(m, n)@x, (m, n) as a doubly block circulant

matrix operating on a vector of size 16 and calculate the result. Verify your result by-.

performing the convolution directly.. erbond
if an i ‘N — 1} is multiplied by the checkerboar
that if an image {u(m,n),0=smn =N 1} is mu .

1 g:ft:]m (G} i thfn its unitary DFT is centered at (N/2, N/2). If the unitary D.PT o;
u(m, n) has its region of support-as shown in Fig. P5.12, what would be the rgglgn of
supp;ort of the unitary DFT of (—1)™ 7" u(m, n)? Figure 5.6 shows the magnitude o

. - Y
he unitary DFTs of an image u(m, n) and the image ( . .
::a:l ‘ll)e us?d for computing the unitary DFT whose origin is at tl.le' center of the image
matrix. The frequency increases as one moves away from the origin.
k ——
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Y™ **u(m, n). This methodl .

Chap. 5

—£25.13

5.14

5.15

/gs.lﬁ

. 5.17

5.18

§.19

5.20
5.21

5.22

5.24

§.25%

Show that the real and imaginary parts of the unitary DFT matrix are not orthogonal
matrices in general. . :

Show that the N X N cosine transform matrix C is orthogonal. Verify your proof for

the case N = 4. .

Show that the N X N sine transform is orthogonal and is the eigenmatrix of Q given by
(5.102). Verify.your proof for the case N = 3.

Show that the cosine and sine transforms of an N x 1 sequence {u(0), ..., u(N = 1)}
can be calculated from the DFTs of the 2N x 1 symmetrically extended sequence
{uN-1), u(N=-2), ..., u(1), u(0), u), u(l), ..., u(N~1)} and of the
(2N +2) x 1 antisymmetrically extended sequence {0 — u(N — 1), ..., ~u(1), ~u(0),
0, u(0), u(1), ..., u(N —1)}, respectively. -
Suppose an N X N image U is mapped into a row-ordered N2 X 1 vector «. Show
that the N?x N” one-dimensional Hadamard transform of « gives the N X N two-

-dimensional Hadamard transform of U. Is this true for the other transforms discussed

in the text? Give reasons. . ‘
Using the Kronecker product recursion (5.104), prove that a 2" X 2" Hadamard trans-
form is orthogonal.

Calculate and plot the energy packed in the first 1, 2, 4, 8, 16 sequency ordered
samples of the Hadamard transform of a 16 x 1 vector whose autocorrelations are
=095y . | '

Prove that an N X N Haar transform matrix is orthogonal and can be implemented in
O(N) operations on an N X 1 vector.

Using the recursive formula for generating the slant transforms prove that these
matrices are orthogonal and fast.

If the KL transform of a zero mean N X 1 vector. u is @, then show that the KL>

transform of the sequence
Jdry=u(m)+p,

where p is a constant, remains the same only if the vector 1 a (1,1,...,1)7is an
eigenvector of the covariance matrix of u. Which of the fast transforms discussed in the
text satisfy this property? :

0sn=N-1

If w, and u;, are random vectors whose autocorrelation matrices commute, then show

that they have a common KL transform. Hence, show that the KL transforms for

autocorrelation matrices R, R™*, and f(R), where f() is an arbitrary function, are

identical. What are the corresponding eigenvalues? « '

The autocorrelation array of a 4 x 1 zero nlean vector u is given by {0.95™-,

O=mn=<3} '

a. What is the KL transform. of u?

b. Compare the basis vectors of the KL transform with the basis vectors of the 4 x 4
unitary DFT, DCT, DST, Hadamard, Haar, and Slant transforms.

¢. Compare the performance of the various transforms by plotting the basis restriction _

error J,, versus m. .
The autocorrelation function of 4 zero mean random field is given by (5.150), where

_p=0.95. A 16 X 16 segment of this randomi field is unitarily transformed,

Chap.

a. What is the maximum energy concentrated in 16, 32, 64, and 128 transform coeffi-
cienits for each of the seven transforms, KL, cosine, sine, unitary DFT, Hadamard,
Haar, and Slant? .~ : ;
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b. Compare the performance of these transforms for this random field by ?lotting
the mean square error for sample reduction ratios of 2, 4, 8, and 16. (Hint: Use

Table 5.2.) ; . - .
8.26 (Threshold representation) Referring to Fig. 5.16, where u(n) is a Gaussian random

sequence, the quantity )
N-1 m—1
LS ) - 2~ ="S b i)
Cn=y 2 [u) = 2(IF =y 3 @) = 2 b
is a random variable with respect to m. Let m be such that}
Coi>€’, Cn=¢€ foranyfixed €>0

. ‘s minimized
stricted to be unitary transforms, then show that E[m] is minimize
ghlzlf ?&d=B d?ii r; =A™, where ®*7 is the KL transform of u(n). For details see [33].

‘ i entropy in the -
§.27 (Minimum entropy property of the KL transform) [30] Deifme an py

A-transform domain as
N—-1

H[A]= - kgo o% log. %

. where o are the variances of the transformed variables v (k). Shov.v that an:oni 21 f:x]e
unitary transforms the KL transform minimizes this entropy, that is, H[®*"] < H| ]
528 a. Write the N x N covariance matrix R defined in (2.68) as :

BZR;‘ =J(ky, k2, ks) — A

where AJ is a sparse N X N matrix with nonzero terms at the four corners. Show -

that the above relation yields
R=p2J + B2 ANT + AR

where AR A AJRAJ is also a sparse matrix, which has at Fnost four (corner) frxon-
zero terms. If @ diagonalizes J, then show tha; the variances of the transform

coefficients are given by

i gt 281
uié[«b*fmh,k=§—k+%[¢"mh.k+xz;{¢* AR®D).. PS5

Now verify the formulas )
-p)e? : k 1
a%(DCT) = B —i(—l——‘if-[l - (=1)*p" [cos2 (ﬁ ) - i&(k)] P5.28-2

Ak N¥p
where A = 1—2a cos kw/N, N ”
2 2. e+ D A
O'Zk(DST) = ‘:— +W‘:‘Eﬁx{ [1 + (“'1)" p”* l] SIHZ(—W y .
| " C R | P5.283
' 0=k=N-1

" where Ay = 1 — 2 cos(k + 1)yw/(N + 1), and | |
' g2 2(1-pYafcos@mk/N) ~2a] ps 284

(!'zk (DFT) =)\—k N}\zp;
where A =1~ 2 cos2wk/N, 0=k =N - 1.
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b. Using the formulas P5.28-2-P5.28-4 and (5.120), calculate the fraction of energy
packed in N/2 transform coefficients arranged in decreasing order by the cosine, -
sine, unitary DFT, and Hadamard transforms for .N = 4, 16, 64, 256, 1024, and
'4096 for a stationary Markov sequence whose autocorrelation matrix is given by
R={p"""},p=0095. : .

5.29 a. Foranarbitrary real stationary sequence, its autocorrelation matrix, R a {r(m —n)},
is Toeplitz. Show that A-transform coefficient variances denoted by o2 (A), can be
obtained in O(N log N) operations via the formulas

N—-1

Gi®) =1 T (V-ln)r(Ws*, F= unitary DFT
Nn-—N-O-l

oLDST) = 7(0) + 5 [211 (k) +b (k) cot (31(%%12)]

a(k) +jb(ic) & 2:‘,1 [ () + r(=n)] exp[%g]

where 0=k =N — 1. Find a similar expression for the DCT. ;
b. In two dimensions, for stationary random fields, (5.36) implies we have to evaluate

o%i(A) =2 2T T alk, ma*(k, m")r(m —m',n - n")a(l, n)a* in)
Show that 6., (A) can be evaluated in O (N? log N) operations, when A is the FFT,
DST, or DCT. ’ : :

5.30  Compare the maximum energy packed in k SVD transform coefficients for k = 1,2,0f

the 2 x 4 image
_(1-2 5 6
v= (3 4.7 8) _
with that packed by the cosine, unitary DFT, and Hadamard transforms. .
§.31 (Proof of SVD representation) Define é,, such that Udn=0form=r+1,... Mso\ i
that the set ¢, 1=m <M is complete and orthonormal. Substituting for ¢, from - o

(5.191) in (5.188), obtain the following result: ) : S
r . M i
2 V>T;¢M¢L=U[2 ¢m¢£}=u[2 ¢m¢£.J=U ?
me=1 mem me :
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6.1 INTRODUCTION

In stochastic representations an image is considered to be a sample function of an
array of random variables called a random field (see Section 2.10). This characteri-
zation of an ensemble of images is useful in developing image processing techniques
that are valid for an entire class and not just for an individual image.

Covariance Models

In many applications such as image restoration and data compression it is often
sufficient to characterize an ensemble of images by its mean and covariance func-
tions. Often one starts with a stationary random field representation where the -
mean is held constant and the covariance function is represented by the separable or
the nonseparable exponential models defined in Section 2.10, The separable covar- |
iance model of (2.84) is very convenient for analysis of image processing algorithms,
and it also yields computationally attractive algorithms (for example, algorithms
that can be implemented line by line and then column by column). On the other

" hand, the nonseparable covariance function of (2.85) is a better model [21] but is

not as convenient for analysis. . . ]
Covariance models have been found useful in transform image coding, where

the covariance function is used to determine the variances of the, transform coeffi-

cients. Autocorrelation models with spatially varying mean and variance but spa-

" tially invariant correlation have been found useful in adaptive block-by-block pro-

cessing techniques in image coding and restoration problems.
Linear System Models

An alternative to representing random fields by mean and covariance functions is to
characterize them as the outputs of linear systems whose inputs are random fields
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Stuchastic models used in image processing

Covariance models One-dimensional (1:D) models Two-dihensiénal {2-D) models

- AR and ARMA . » Causal

- State variable ) « Sernicausal

- Noncausal minimum - Noncausal
veriance

- Separable exponential
+ Nonseparable exponential

Figure 6.1 Stochastic models used in image processing.

with known or desired statistical properties (for example, white noise inputs). Such
linear systems are represented by difference equations and are often useful in
developing computationally efficient image processing algorithms. Also, adaptive
algorithms based on updating the difference ‘equation parameters are easier to
implement than those. based on updating covariance functions. The problem of
finding a linear stochastic difference equation model that realizes the covariances of
an ensemble is known as the spectral factorization problem. .

Figure 6.1 summarizes the stochastic models that have been used in image
processing {1]. Applications of stochastic image models are in image data compres-
sion, image restoration, texture synthesis and analysis, two-dimensional power
spectrum estimation, edge extraction from noisy images, image reconstruction from
noisy projections, and in several other situations. ' .

6.2 ONE-DIMENSIONAL (1-D) CAUSAL MODELS

A simple way of characterizing an image is to consider it a 1-D signal that appears at

I the output of a raster scanner, t
or inter-column dependencies ar

modeling such signals. .
Let u(n) be a real, stationary random sequence with zero mean and

covariance r(n). If u(n) is considered as the output of a stable, linear s
system H(z) whose input is a stationary zero mean random sequence g(n), then its

SDF is given by

S(z)=H(2)S(2)H(z™"), =l —p<o=mw
where S.(z) is the SDF of e(n). If H (z) must also be causal while remaining stable,
then it must have a one-sided Laurent series ~

'H(z)=,i;h(n)zf: R 6.2)

¢ ignored then 1-D linear systems are useful for

P and all its poles must lie inside the unit circle [2].

Autoregressive (AR) Models

. A zero mean random sequence u(n) is called an autoregressive (AR) process of
; order p (Figure 6.2) when it can be generated as the output of the system
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hat is, a sequence of rows or columns. If the interrow .

hift invariant

©6.1)

eln) * () . u(n)
. + M
uln}
. 4l eln) .
T =alk)z™*
k=1
{a) AR sequence realization. (b} Prediction-error filte
: ) . - r.
Figure 6.2 pth-order AR model.
p
cu(n)= 2 a(k)u(n — k) + e(n), Vn (6.3a)

Ele(m)]=0, E{emP=8% Ele(um)]=0, m<n (6.3b)

r)vixt;r:tse(r}l?hi a sttationary zehro mean input sequence that is independent of past

. 15 system uses the most recent p out i

: puts and the current input to

g:::;a;xel r:i(;ll;wel}:j tl}e next output. Autoregressive models are of special srzgnifi-
T and image processing because the ' i

properties, discussed next. Y fossess soveral important

Proparties of AR Models

The quantity
& (n) éé:la(k)u(n -k | , A(6.4)

;sntll;eo :c:;tel;')x;zsiomean squalxre ;I):redictor of u(n) based on all its past but depends
us p samples. For Gaussian sequences this means a pth r AR

L -ord
sequence is a Markov-p process [see eq. (2.66b)]. Thus (6.3a) can belv,vritternzl;AR

u(n) =1 (n) + e(n) 6.5)

which ; . ,
estimatseayls tht; Sampk? a?t n is the sum of its minimum variance, causal, prediction
Do polflsthi: predzctzton error e(n), which is also called the innovations sequence
property an AR model is sometime :

i . s called a causal mini
variance representation (MVR). The causal filter defined by s

A4,@81- 5 sz - (6.6)

n=1

K is caI . I3 3 . 3 %
led the prediction error filter. This filter generates the prediction error se-

quence &(n) frc_>m the sequence u(n).
‘The prediction error sequence is white, that is,
| El@eml=g8-m) (67

For this reason, A,(z) is also iteni i A
o s Teas Probf; Sn )6,1, so called the whitening filter for u(xn). The Rroof is

Except for possible zeros at z = 0, the transfer function and the SDF of an AR
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process are all-pole modéls. This follows by inspection of the transfer function

1
H(z)= (6.8)
. @ 4,(2) ] .
. The SDF of an AR model is given by .
S(z)=———p—2——7‘, z=¢"  —a<osw (6.9)
A, (DA, @)

Because 7, (n) = B?3(n) gives 5. (z) = B, this formula follows directly by applying

6.1). -
( For sequences with mean p, the AR model can be modified as

x(ﬁ) = él a(k)x(n — k) + 5(”)} (6.10a)
wy=x(m+p

where the propertiés of e(n) are same as before. This representation can also be
written as )

um=iawww—m+dm+»b—§fWﬂ ~ (6.100)

which is equivalent to assuming (6.3a) with E[s'(n)]v=p4[1'—,2ka(k)],
covle(n)e(m)] = B*3{n — m). '

Identification of AR models. Multiplying both sides 6f (6.3a) by s(r.n),‘

taking expectations and using (6.3b) and (6.7) we get
Elu(n)e(m)}= E[e(m)e(m)] = B*8(n —m),  m=n ~° (6:11)

Now, multiplying both sides of (6.3a) by 1(0) and taking expectations, we find the
AR model satisfies the relation
14
r(n)— 2 a(kyr(n —ky=p*8(n), VYn=0 (6.12)
k=1 )

where r(n) Af [u(n)u(0)] is the covariance function of u(n). This re§ult is im-
portant for identification of the AR model parameters a(k), B? from a given set of
covariances {r(n), —p =n =p}. In fact, a pth-order AR quel can _be uqxquely
determined by solving (6.12) for n =0, ..., p. In matrix notation, this is equivalent
to solving the following riormal equations:

Ra=r : ‘ (6.13a)

r(0)—a’r=p? o (6.13b)
where R is the p % p Toeplitz matrix . : .
) r@)... ‘ r(p -1y '
AT S 3 6.130)
T (1) o« =

(o =) @ r(0)
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and a2 [a)a2)...a(p)]5r 4 [r(LYF(2)...r(p)}". If R is positive definite, then
the AR model is guaranteed to be stable, that is, the solution {a (k), 1=k =p}

is such that the roots of A, (z) lie inside the unit circle. This procedure allows us to

fit a stable AR model to any sequence u(n) whose p + 1 covariances r(0), r(1),

r(2),...,r(p) are known.

Example 6.1.

The covariance function of a raster scan line of an image can be obtained by consider-
ing the covariance between two pixels on the same row. Both the 2-D models of (2.84)

~ and (2.85) reduce to a 1-D model of the form r(n) = o o™, To fit an AR model of order
2, for instance, we solve t :

Lo el l3]

which gives a(1) = p, 4(2) =0, and p*= ¢? (1 — p). The corresponding representation
for a scan line of the image, having pixel mean of p, is a first-order AR model

CxM=prr=Dte(n),  r(n)=0*(1-p)8(n)

‘u(n) =x(n)+p ' - (6.14)
withA(z) =1-pz7", S, =0*(1 - p?), and S(z) = o* (1 - p?)/[(1 = pz )1 —p2)].
Maximum entropy extension. ~ Suppose we are given a positive definite

sequence r{n) for |n| = p (that is, R is a positive definite matrix). Then it is possible

to extrapolate r(n) for [n{> p by first fitting an AR model via (6.13a) and (6.13b)
and then running the recursions of (6.12) for n > p, that is, by solving

P

r(p+ny=2al)r(p+n—k), Vn=1
. . k=1 . .
cr(=n)=r(n), Yn

This extension has the property that among all possible positive definite extensions
of {r(n)}, for |n| > p, it maximizes the entropy ‘

(6.13)

Alf |
HaL f logS(0)da (6.16)

- where S(w) is the Fourier transform of {r(»),¥n}. The AR model SDF' § (), which

can be evaluated from the knowledge of a(n) via (6.9), is also called the maximum
entropy ‘spectrum of {r(n),|n| = p}. This result gives a method. of estimating the
power spectrum of a partially observed signal. One would start with an estimate of
the p +1 covariances, {r(n),0=n <p}, calculate the AR model parameters B2,

a(k), k=1,...,p, and finally evaluate (6.9). This algorithm is also useful in certain

image restoration problems [see Section 8.14 and Problem 8.26].

Applications of AR Models in Image Processing

As seen from Example 6.1, AR models are useful in image processing for repre-
senting image scan lines.- The prediction_ property of the AR .models has been

' Recall from Section 2.11 our notation § {w) As (2),z = e
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. (0) . e, (0) . . .
| [ ]
Unitary v, (k) €, (k) v, (k) : u,
transform ; AR model .
¥ . .

A

nth column
i |

u,

Figure 6.3 Semirecursive representation of images.

of images and other signals. For example, a digitized
d by B bits/sample is completely equivalent to the
digital sequence &(n) = u (n) — @ (n), where @ (n) is the quantized value of 7 (n).
The quantity £ (1) represents the unpredictable component of u(n), and its entropy
is generally much less than that of u(n). Therefore, it can be encoded by many fewer
bits per sample than B. AR models have also been found very useful in represenia-
tion and linear predictive coding (LPC) of speech signals [7].

Another useful application of AR models is in semirecursive representation of
images. Each image column w,, 7 = 0,1,2,..., is first transformed by a unitary
matrix, and each row of the resulting image is represented by an independent AR
model. Thus if v, 2 Wu,, where ¥ is a unitary transform, then the sequence
{v,(k),n =0,1,2.. .} is represented by an AR model for each k (Figure 6.3), as

exploited in data compression
AR sequence u(n) represente

0
va(k) = D ai(k)vai(k) +ea(k),  Vmk=0,1,...,N—1
i=1

Elei(K)en (k)] = B* (K)3(n —n")3(k — k')

KL transform of the ensemble of all the image
columns so that the elements of v, are uncorrelated. In practice, the value of p = 1
or 2 is sufficient, and fast transforms such as the cosine or the sine transform are
good substitutes for the KL transform. In Section 6.9 we will see that certain,
so-called semicausal models also yield this type of representation. Such models are
useful in filtering and data compression of images [see Sections 8.12 and 11.6].

(6.17)
E[e.(%)]=0,
The optimal choice of ¥ is the

"Moving Average (MA) Representations

called a moving average (MA) process of order q.when

A random sequence u(n) is.
d random variables

it can be written as a weighted running average of uncorrelate
: 7. - o
u(n)= 2, b(k)e(n —k) (6.18)

: k=0 ' .

where &(n) is a zero mean white noise process of variance p? (Fig. 6.4). The SDF of
this MA is given by - ' :

Bylz) = u(n)

_elm g
z blkiz*
k=0

Figure 6.4 - gth-order MA model.
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S(z)=PB*B,(2)B,(z™") (6.1%a)
B,(z)= kgo b(k)z* (6.19b)

glt‘ﬁrgrt(;l:rpﬁzec?ing relations c{t is easy to deduce that the covariance sequence of a

-orc Is zero outside the interval [—g, ¢]. In i

k : 1 : ,ql. general, an

;ZKJET;C %m; 1)s zNero outside the interval [—q, g] can be generated b}y ac(c]’:l?r(l)ilc]i?;
ilter B, (z). Note that B, (z) is a i i -

A fiter & Zn 2. Tk 1at B, (z) is an FIR filter, which means MA representations

Example 6.2
Consider the first-order MA process

u() = o(r) = ee(n =1),  E[e(we(m)] = 5(m — n)

Then SR -
en By (z) =1-az™', §(2) = Y1+ «* — afz + z")]. This shows the covariance se-

quence of u(n) is 7(0) = B*(1 + &), r(x1) = —aB? r(n) =0, |n|>1
‘ Autoregressive Moving Average (ARMA) Representations

An AR model whose i i :
(Fig. 6.5) nput is an MA sequence yields a representation of the type

kgoa(k)u(n -k) =§Ob(l)e(n ) (6.20)

where e(n) is a zero mean white s ian '
1 equence of variance 2. This is called
representation of order (p, g). Its transfer function and the SDF are ;iveznt;?RMA

_B.(z) .
HO=2"5 ., (6.21)
5(x) = BB )B, ) )
A, (2)A, (7T | 6.22)

Forq =0, it is a pth-order AR and for p =0, itis a gth-order MA

) State Variable Models

A state variable representati . ;
oy B2 P ion of a random vegtor sequence y, is of the form [see

X,+1=A,X,+B,¢,

Yn:Cnx,+1]n, Vn : (6 23)

Here x,isanm x 1'v
ector whose elements x, (i),i =
e Xa / : A(i)i=1,...,m are called
process y, , which may represent the image pixel ,at tir,ne or locationt:('3 esrai;e;
- *» %n

(n) — o
€ B,{2) L 14,(2) uln)
MA mode - AR‘:‘nodel :
| . ) - Figure 6.5 -(p, q)-order ARMA model.
s R a . ' |
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ient random variables and 7, is the additive white

p X 1 vector sequence of indepenc
are of appropriate dimensions and 9, , €, satisfy

noise. The matrices A, , B,,and C,
Ele]=0, EMmm]1=Qd(z—n),  E[m]=0 (6.24)
E[w.el]=0, E[e.er]=P,8(n—n N, Vnn'

The state variable model just defined is also a vector Markov-1 process. The
ial cases of state variable models. The

ARMA models discussed earlier are spect )
application of state variable models in image restoration is discussed in Sections

8.10 and 8.11.
image Scanning Modeis .

The output s(k) of a raster scanned image becomes a nonstationary sequence even
when the image is represented by a stationary random field. This is because equal
jntervals between scanner outputs do not correspond to equal distances in their
spatial locations. [Also see Problem 6.3.] Thus the covariance function

r (e 1) B E{[s(k) — wlls(k = D) — »l} (6.25)

depends-onk, the position of the raster, as well as the displacement variable 1. Such
a covariance function can only vield a time-varying realization, which would
increase the’complexity of associated processing algorithms. A practical alternative
is to replace r; (k, I) by its average over the scanner locations [9], that is, by

N-1

0L DRACY) - 626)

Given 7, (1), we can find a suitable order AR realization using (6.12) or the results of
the following two sections. Another alternative is to determine a so-called cyclo-
stationary state variable model, which requires a periodic initialization of the states
for the scanning process. A vector scanning model, which is Markov and time
invariant, can be obtained from the cyclostationary model [10]. State variable
scanning models have also been generalized to two dimensions [11, 12]. The causal

models considered in Section 6.6 are examples of these.

6.3 ONE-DIMENSIONAL SPECTRAL FACTORIZATION

orization refers to the determination of a white noise driven linear
system such that the power spectrum density of its output matches a given SDF.
Basically, we have tofind a causal and stable fitter H{z) whose white noise input has

the spectral density K, a constant, such that

Spectral fact

S(z)=KH(@H™), z=é" 6.27)

where §{z) is the given SDF. Since, forz = e, o
S(e) 2 5() =K|H ()P (6.28)

m is equivalent to finding a causal, stable, linear

the spectral factorization proble
so equivalent 0

filter that realizes a.given magnitude frequency response. This is al
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specifying the phase of H(w), because its magnit ' ithin ¢
D e B ) ecause | gnitude can be calculated within a

Rational SDFs

S(z) is called a proper rational function if it is a rati i
ratio of
factored, as in (6.27), such that - ' 10 of polynomials that can be

B
H [t A A
(z) A,0) (6.29)
where A, (z) and B, (z) are polynomials of the form.
: ’ )4 I q
A (2)=1 —Ela(k)z-k, B,(2)= 2 b(k)z™* (6.30)
= k=0 .

For such'SDFs'it is always possible to find a causal and stable filter H (2). The
method is based on a fundamental result in algebra, which states tha£ an
polynomial P, (x) of degree n has exactly # roots, so that it can be reduced )
product of first-order polynomials, that is, sres

B =1 (aex - 8) - (6.31)

Fc?r a proper rational §(z), which is strictly positive and bounded for z = el*, the

will b.e 1o roots (poles or zeros) on the unit circle. Since S(z)=§ (zi‘) for, ev o
root inside the .unit circle there is a root outside the unit circle. Hence ,if H (z;ar'y
chosen so that it is causal and zll the roots of A, (z) lie inside the unit éircle theXS
(6.27) yvﬂl be satisfied, and we will have a causal and stable realization Moreo:Jer 3
B, (..z) is chosgn to be causal and such that its roots also lie inside the ur;it circle th;n
t'he inverse filter 1/H (z), which is A, (z)/B, (2), is also causal and stable. A filte:i that
is ca‘usal and stable and has a causal, stable inverse is called a minimum-phasé filter

Example 6.3
Let
25-(z+z7h)

:h_e Bog)ts of the_ numerator are z; = 0.25 and 2, = 4 and those of the denominator are
3 =0: and z, = 2. Note the roots occur in reciprocal pairs. Now we can write 4

K(1-0.2527%)(1 ~0.252)
(1-0.527"(1 ~0.52)

Clo_r_npariri% this with. (6.32_), we obtain K = 2. Hence a filter with H (2)=(1-025z""
(1-0.5z7h whf)se_ Input is zero mean white noise with variance of 2, will be a mini-
mum phase realization of §(z). The representation of this system will be

- u(n)=05u(n — 1) + e(n) — 0.25¢(n — 1)
Ele(n)] =0, Efe(n)e(m)] =28(n —m) . (6.33)
This is an ARMA model of order (1,1).

S@)= (6.32)

S2)=
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Remarks

It is not possible to find finite-order ARMA realizations when $(z) is not rational.
The spectral factors are irrational, that is, they have infinite Laurent series. In
practice, suitable approximations are made to obtain finite-order models. There is a
subtle difference between the terms realization and modeling that should be pointed
out here. Realization refers to an exact matching of the SDF or the covariances of
the model output to the given quantities. Modeling refers to an approximation of
the realization such that the match is close or as close as we wish.

One method of finding minimum phase realizations when $(z) is not rational
is by the Wiener-Doob spectral decomposition technique [5, 6]. This is discussed for
2-D case in Section 6.8. The method can be easily adapted to 1-D signals (see

Problem 6.6).

6.4 AR MODELS, SPECTRAL FACTORIZATION,

AND LEVINSON ALGORITHM

The theory of AR models offers an attractive method of approximating a given SDF
arbitrarily closely by a finite order AR spectrum. Specifically, (6.13a) and (6.13b)
can be solved for a sufficiently large p such that the SDF 5, () A B [A, (2)A, (2]
is as close to the given §(2),.2 = exp(jw), as we wish under some mild restrictions on
$(z) [1]. This gives the spectral factorization of $(z) as p — . If §(z) happens to
have the rational form of (6.9), then a(n) wili turn out to be zero for all n > p. An
cfficient method of solving (6.13a) and (6.13b) is given by the following algorithm.

The Levinson-Durbin Algorithm

This algorithm recursively solves the sequence of problems R,a,=Ta, r(0) —
alr,=f,n=1,2,..., where n denotes the size of the Toeplitz matrix R, =
{r(i = j), 1<i,j <n}. The r, and a, are n X 1 vectors of elements 7 (k) and a,(k),
k =1,...,n. For any Hermitan Toeplitz matrix R,, the solution at step n is given by

the recursions

(k _ an—l(k)_pna:—l(n_k);an(0)=l: 1.<.|k5n—1, n=2
a®) =, k=nnz1
Bi= o -pul) B=7O) (634)

Y I PN R )
pn+l"‘an|:r(n+1) kgla"(k)r(n-‘-lq k) s P 7(0) '

whete n=1,2,...,p. The AR model coefficients are given by a(k)=a,(k),
2= @ . One advantage of this algorithm is that (6.13a) can now be solved in O( 7Y
multiplication and addition operations, compared to O(p?) operations required by
conventional matrix inversion methods such as Gaussian elimination. Besides giv-
ing a fast algorithm for solving Toeplitz equations, the Levinson-Durbin recursions
reveal many important properties of AR models (see Problem 6.8).

is8 . "~ Image Repreéentation by Stochastic Models Chap. &
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ti‘he quantities {p,,1=n <p} are called the partial correlations, and their
negatives, —p,, are called the reflection coefficients of the pth-order AR model. The
quantity p, represents correlation between u(m) and u(m +n) if u(m +1),...
u(m + n — 1) are held fixed. It can be shown that the AR model is stable, th’at is,
the roots of A, (z) are inside the unit circle, if p,| < 1. This condition is satisfied’
when R is positive definite. S ‘

The Levinson recursions give a useful algorithm for determining a finite-order
stgble AR model whose spectrum fits a given SDF arbitrarily closely (Fig. 6.6).
Given r(0) and any one of the sequences {r(n)}, {a(n)}, {p.}, the remaining se-
quences can be determined uniquely from these recursions. This property is useful
in dch?loping the stability tests for 2-D systems. The Levinson algorithm is also
-useful in modeling 2-D random fields, where the SDFs rarely have rational factors.

~ Example 6.4

The result of AR modeling problem discussed in Example 6.1 can also be obtained by'

applying the Levinson recursions for p = 2. Thus r(0) =67, r(1) =o?p, r(2) = o?p’
and we get o :

pi=c?(1-pY,

ai(l)=pi=p

p2=1 [o2p? —po?p] =0
This gives B*=pi=p%,a(1) =a:(1) =a, (1) = p, and a(2) = a2 (2) = 0, which leads to
(6.14), Since |pi| and lp;| are less than 1, this AR model is stable. ‘

B2a, k), 0
S(w)' G- Aa) 1| evinson 83 a,14) A, () . S,lw)
recursions i 821 A, (w)f? >
prp+i

Sfop

3 : 3 . 2
Figure 6.6 AR modeling via Levinson recursions. A,(w) 4;-Y a,(k) el
. kw1
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6.5 NONCA.USAL REPRESENTATIONS .

Causal prediction, as in the case of AR models, is .motivated by the fact that a

i i i h, images
i ¢ pixels in a time sequence. As such,

1 rocess orders the image pixe . quenc mages
Scar;:ﬁt I;patial information and have no causality associated in thosetciolﬁrcz;e o
;fr'is therefore, natural to think of. prediction procis?s that docr:‘)lsal ;édictor

: ’ icto noncau

i i i sal predictors. A linear 4

ity constraints, that is, noncau ¢ pre¢
‘ ?(Ll:)aiie);)ends on the, past as well as the future values of u(n). It is of the fi

" (6.35
a(n)= 2 a(kuln —k) v(6 )
k#n ‘
i inimi i of the prediction error
determined to minimize the variance . :
WPe)re ;((]:3 fll"rlfe noncausal MVR of a random sequence u(#) is then defined a§
u{n)— . The

w(n) =1 (n) + v(n) = kZ a(R)u(n — k) +v(n) (§.36)

k+0

h (n) is the noncausal prediction error sequence. Fx.gure 6.7a sthgﬁvzs1 :lgi.
noncaus 1 MVR system representation. The sequence u{n) is the outpu oo
noncausa' h(})/se input is the noncausal prediction error sequence_:;(.n). the
causal S);bteg:iovz; of this system is 1/A (z), where A(z) = 1 - Zeoa(n)z bIS Szt:r_
:;znrszier;cal;r;al MVR prediction error filter. The filter coefficients a(n) can be

mined according to the ‘following theorem.

» 1, sta-
Theorem 6.1 (Noncausal MVR theorem).” Let u{n) be ; zeforrsr;i?;, s
tionary random sequence whose SDF is §(z). If 1/S(e’) has the Fourie ,

1 A i r+ (n)e—jmn

S(e*) s |
o =51; fﬂ Sl(eedo 1 (6.37)
then u(n) has the noncausal MVR of (6.36), where
_Zr')
a(n) - P (0)
‘ O =— 6.38
gL ER} =g (6.38)

Moreover the' covariances r, () and the SDF S, (z) of the noncausal prediction
0o >
error v(n) are given by ,. R

r(n)=—pla(n), «(0)=-1

S,(z) = B*A(2) é_ ;32[1 - n;_wa(n)z ] (6.39)

n#*0

The proof is develo;-;ed in Pfoblem.6.10.
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v(n)

1 u(n) . S(eiw) )
L Maa . g
2 1
Alz)=1- 3 aln)z ‘ T(O]
- afn) = 2Lt -
r*{0)

{a) Noncausal system répresentation, (b} Realization of p‘redictian

error filter coefficients.
Figure 6.7 Noncausal MVRs,

Remarks

1. The noncausal prediction error sequence is not-white. This follows from
(6.39). Also, since 7, ~n) =r,(n), the filter coefficient sequence a(n) is even,
thatis, a(—n) = a(n), which implies A (z7H)=A(2)

2. For the linear noncausal system of Fig. 6.7a, the output SDF is given by
S(2) =S, (2Y[A(2)A(z7Y)]. Using (6.39) and the fact that A4 (2)=A(z™, this
becomes .

__FA® _ @ o
S@)= W;—A (2) (6.40)

3. Figure 6.7b shows the algorithm for realization of noncausal MVR filter
coefficients. Eq. (6.40) and Fig. 6.7b show spectral factorization of § (z) is not
required for realizing noncausal MVRs, To obtain a finite-order model, the
Fourier series coefficients r* (n) should be truncated to a sufficient number of
terms, say, p. Alternatively, we can find the optimum pth-order minimum
variance noncausal prediction error filter. For sufficiently large p, these meth-

ods yield finite-order, stable, noncausal MVR-models while matching the
given covariances to a desired accuracy.

Noncausal MVRs of Autoregressive Sequences

The foregoing results can be used to determine the noncausal MVRs of auto-
regressive sequences. For example, a zero mean random sequence with covariance

_p”" having the AR representation of (6.14) has the SDF (see Example 6.1)

2
S(z) : [1 — (1(,2" + z—-l)] ) ]
1-p o f 3 (6.41)v
C 1+p¥ 1+p? J :
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which means )
a0) = -1, all) = a(-}) o TTO=3
The resulting noncausal MVR is ’ »
u(n)=afu(n - +uln+ D]+ v(n)
A@)=1-ofz +z7) , (6.42)
r,(n) = Y1 —a[d(n — 1) +3(n + n
S.(2)=pl—alz+z7]
quence. On the other hand, the AR representation

where v(n) is a first-order MA se ) . : ' : 1
of (6.14) is a causal MVR whose input g(n) is 3 white noise sequence. The generali-

zation of (6.42) yields the noncausal MVR of a pth-order AR sequence as

u(n)= i a(l)[u(n — k) + u(n + k)] +'v(n)

A(zj =1- Er: alk)(z ¥+ z%) (6.43)
l .

k=
S5, (2)=BA()

where v(n) is a pth-order MA with zero mean and variance £2 (see Problem 6.11).

- A Fast KL Transform [13]

The foregoing noncausal MVRs give the following interesting result.

Theorem 6.2. The KL transform of a stationary first-order AR sequence
{u(n),1=n =N} whose boundary variables u(0) and u(N +1) are known Is the
sine transform, which is a fast transform.

2) in matrix notation,

iting th ausal representation of (6.4
Proof.” Writing the nonc P o SN} and

where u and v are N X1 vectors consisting of elements
{v(n), 1 =n = N}, respectively, we get
Qu=v+b
where Qs defined in (5.102) and b contains only the two boundary values, u(0) and
u(N + 1). Specificaily,
b(1)=ou(0), b(N)=ou (N+1),
The covariance matrix of v is obtained from (6.42), as ,
RAEM={n(m -n)}=pQ (6.46)
[ i iti minimum variance requires that v(n) must be
grt;o(;zﬁ:{ér: ilz;cy), ;grr‘:ll?zn#fs rax}d Elv(mu(m]=E [v’c(ln)] = B%. This gives |
E[b’]=0, E[w’=p1 . (647)

(6.44)

b(n)=0, 2=sn=N-1 (6.45)
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Multiplying both sides of (6.44) by Q"' and defining

w201y, wAQb (6.48)
‘we obtain an orthogonal decompésition ofuas ' o
’ u=u’+u’ (6.49)

Note that u® is orthogonal to u° due to the orthogonality of v and b [see (6.47)] and
is completely determined by the boundary variables u(0) and u(N + 1). Figure 6.8
shows how this decomposition can be realized. The covariance matrix of u’ is given
by :

R, A E[u*uT] = Q= E[mv"]Q"} = B Q! (6.50)

Because B’ is a scalar, the eigenvectors of R, are the same as those of Q, which we
know to be the column vectors of the sine transform (see Section 5.11). Hence, the
KL transform of u®is a fast transform. Moreover, since u® and u’ are orthogonal, the
conditional mean of u given i(0), u(N + 1) is simply u’, that is,

s a Euu(0),u(N +1)] = E[a® + u’ju(0), u(N +1)]
=E[u’]+ E[utju(0),u(N +1)] =u’

(6.51)

Therefore,

Cov[ulu(0),u(N + 1)]= E[(a — ps)(u — ﬁ.b)r] =E v =R, (6‘.52)

Hence the KL transform of u conditioned on #(0) and u(N + 1) is the eigenmatrix
of R, that is, the sine transform. ’

In Chapter 11 we use this result for developing a (recursive) block-by-block
tranisform coding algorithm, which is more efficient than the conventional block-by-
biock KL transform coding method. Orthogonal decompositions such as (6.49) can
be obtained for higher order AR sequences also (see Problem 6.12). In general, the
KL transform of u’ is determined by the eigenvectors of a banded Toeplitz matrix.
whose eigenvectors can be approximated by an appropriate transform from the
sinusoidal family of orthogonal transforms-discussed in Chapter 5.

u(l}

ulN)

o . + .

aul(D) : ‘ \ —

=b FIR filter ub u®
Q- —

o . Figure 6.8 Noncausal orthogonal de-

aulN + 1) composition . for first-order - AR se-

- . quences,
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Optimum Interpdlation of Imagss-

The noncausal MVRs are also useful in finding the optimum interpolators for
random sequences. For example, suppose a line of an image, represented by a
first-order AR model, is subsampled so that N samples are missing between given
samples. Then the best mean square estimate of a missing sample u(n) is

@ (1) & E{u(n)ju(0),u(N + 1)], which is precisely u” (n), that is,

4=Q b (i) = Q] u(0) + ofQ L, Nu(N +1) (6.53)
When the interpixel correlation p— 1, it can be shown that & (n) is the straight-line
interpolator between u(0) and u (N + 1), thatis,

[N +1) = u(0)] o (659)

xi(n)=u(0)+N’:_l

For values of p near 1, the interpolation formula of (6.53) becomes a cubic poly- -

nomial in n/(N + 1) (Problem 6.13).

6.6 LINEAR PREDICTION IN TWO DIMENSIONS

The notion of causality does not extend naturally to two or higher dimensions.
Line-by-line processing techriques that utilize the simple 1-D algorithms do not
exploit the 2-D structure and the interline dependence. Since causality has no
intrinsic importance in two dimensions, it is natural to consider other data structures
to characterize 2-D models. There are three canonical forms, namely, causal, semi-
causal, and noncausal, that we shall’ consider here in the framework of linear
prediction. N _ ,

These three types of stochastic models have application in many image process-
ing problems. For example, causal models yield recursive algorithms in data com-
pression of images by the differential pulse code modulation (DPCM) technique and
in recursive filtering of images. ' .

Semicausal models are causal in one dimension and noncausal in the other and
lead themselves naturally to hybrid algorithms, which are recursive in one dimen-
sion and unitary transform based (nonrecursive) in the other. The unitary transform
decorrelates the data in the noncausal dimension, setting up the causal dimension
for processing by 1-D techniques. Such techniques combine the advantages of high
performance of transform-based methods and ease of implementation of 1-D

algorithms.
Noncausal models give rise to transform-based algorithms. For example, the

notion of fast KL transform discussed in Section 6.5 arises from the noncausal MVR:

of Markov sequences. Many spatial image processing operators.are noncausal—
that is, finite impulse response deblurring filters and gradient masks. The coeffi-
cients of such filters or masks, generally derived by intuitive reasoning, can be
obtained more accurately and quite rigorously by invoking noncausal prediction

concepts discussed here.
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oD e}grh;xfear pr.edlc‘:tlon models considered here can also be used effectively for
2 pectral factorization and spectral estimation. Details are consid i -
D | sidered in Section
Let u(m, n) be a stationary’ i A
X ary random field with i
LY (r . om zero mean and cov
(k,1). Let @(m, n) denote a linear prediction estimate of u (m, 1), defined :sr e

um,n)=2 X alk,u(m —k,n ~ 1) (6.55)

(k1) ¢S,
where a(k, I') are called the predi i G
. ’ cto
is called the prediction re'gior;. r coefficients and S, , a subset of the 2-D lattice,
Th i . &
namely iasjsf:lpéis =1r;cluded. i S, depend on the type of prediction considered
| : ), semicausal (x =2), or noncausal (x = 3). With a hypothet-

ical scanning mechanism that 7
nec scans sequentially from top to b e, 4
the three_ prediction regions are defined as follows oo cttom and left 10 right

Causal Prediction

A Causal p}edlcto 1sa ncn y
‘ 7 1S fu ction Of Onl the ele i he
( ) ments that arrive before 1t. Th st

Si={=1Vk} U {I=0,k=1} (6.56)
This definition of causality i e ial - .
ity usality 1vnc1udv's the special case of single-quadrant causal pre-
u(m,n)= i -
)= 2, 2,00 Dutn —kn =) (6.57)
(k1) #(0.0) .

Th. . . v

o uljallsj;:i%ise?i I.;tg:}zlé;{cydcfausal preclilctor. In signal processing literatute the term
or strongly causal i

the nonsymmetric half-plane (NSHgP3I mo;:l [r;;](.iels' (-mly’ Fd (6.55)is also called

X YN
\\\@;\%\\\\\\t\\ N

N\

&
RN
\'\\\\6\\ \\\\\\\\ I
ke y 0\\3\%#_
NN

{a} Causal )
(b} Semicausai

{e) Noncausal

Fi : . . . ’
igure 6.9 Three canomical prediction regions §, and the corresponding finite

prediction windows W,, x =1, 2, 3-
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Semicausal Prediction
A semicausal predictor is causal in one of the coord@nateg» and noncausal in the
other. For example, the semicausal prediction region that is causal in # and non-

causal in m is (Fig. 6.9b) .
S, ={I=1Yk} U {{ =0,k #0} A (6.58)

Noncausal Prediction

A noncausal predictor T(m, n) is a function of possib!y ‘all the‘var§able‘s in the

random field except u(m, n) itself. The noncausal prediction region is (Fig. 6.9¢)
§y={¥(k,1)#(0,0)} ' v (6.59)

In practice, only a finitevneighborhood, cilled a prediction window, W, C S, , can be

used in the prediction process, so that ‘

amny= o alk,Dum—-kn-1), (mn) €S, x=1,2,3 (6.60)

: Sy €W, :
Some commonly used W, are (Fig. 6.9)

Céusal: Wid{-p=k=p 1=i=q}uU{lsks=pl=0}

Semicausal: W8 {—p <k =p, 0si=g, (kD+(0,0)} ‘ (6.61a)
Noncausal: WA {—p=k=p —g=l=sgq (k)+ (0,0}

We also define

wAW, U (0,0, x=1,2,3 (6.61b)

Example 6.5 ‘ .
The following are examples of causal, semicausal, and noncausal predictors.

Causal: a(m,n)=ayu(m—1,n) +ayu(n,n —1) +ayu(m —1,n - 1) -

Semicausal: %(m,n)=ayu(m —1,n) + ;u(m +1,n) +au(m,n —1)

Noncausal:  #(m,n)=ayu(m —1,n)+au(m +1,n) +au(m,n—1)
+aqu(m, n+1) ’

Minimum Variance Prediction

Given a prediction region for forming the estimate 7 {m, n‘), the p.redfcnon cgefﬁ-
cients a(m, n) can be determined using the minimum variance criterion. This re
quires that the variance of prediction error be minimized, that is,

p? A minE[eX(m, n)], = e(m, n) 8y (m, n)- a{m, n) (6.62)
The orthogonality condition associated with this minimum variance prediction is
E[e(m, myu(m —k,n=~D]=0, (k1) €8, Y(mn) (6.63)

i .8
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' EHu(m, W= 22 a(ju(m—in —j)J_u(m ~k.n —l)}-

Using the definitions of e{m, n) and & (m, n), this yields

)W (6.64)
=p3(k, 1),

5,25, U (0,0),

(k, 1) € S,, V(m, n) -
x=12,3 (6.65)

- from whichrwe get

)= 33 al k=il =)=k 1), (1) € Sax=1,2,3  (6.66)
(

i) € W

The solution of the above simultaneous equations gives the predictor coefficients

a(i,j) and the prediction error variance @2. Using the symmetry property

r(k, 1) =r(—k, ~1), it can be deduced from (6.66) that
a(~i, 0y=a(, 0)
a(‘i’ _]) =d(i,j)

for semicausal predictors

. (6.67)
for noncausal predictors :
Stochastic Representation of Random Fields

In general, the random field u(m, ©) can be characterized as o
u(m, n)=1u(m, n) + e(m, n) (6.68)

where % (m, n) is an arbitrary prediction of u(m, n) and e(m, n) is another random
field such that (6.68) realizes the covariance properties of u(m, n). There are three
types of representations that are of interest in image processing:

1. Minimum variance representations (MVR)
2. White noise driven representations (WNDR)
3. Autoregressive moving average (ARMA) representations

For minimum variance representations, % (rm, n) is chosen to be a minimumi variance
predictor and &(m, n) is the prediction error, For white noise-driven representa-
tions (1, n) is chosen to be a white noise field. In ARMA representations, e(m, n)
is a two-dimensional moving average, that is, a random field with a truncated
covariance function:

Eie(i. je(m )] =0, Yfi-m|{>K,|j- n|>1L (6.69)
for some fixed integers K >0, L > 0. ) ’
Example 6.6 . - : » '
The covariance function ' |
Pk 1) =8(k, ) — ofd(k ~ 1,0) +8(k + 1,1) + 8(k, I = 1) + 8(k, [ + 1)]

has a ﬂnite‘region of support-and represents a moving average random field. Its
spectral density function is a (finite-order) two-dimensional polynomial given by

Suz)=1-alz+zi'+ 2+ 27, |of<i
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Finite-Order MVHAs -
* The finite order predictors of (6.60) yield MVRs of the form B :

wlm,ny= 22 alk Du(m =k n=1)+e(m, n) (6.70)

CkDEW, o .

A random field characterized by this MVR must satisf}{ (6‘63) and.(6.64). l\/Iultx-
plying both sides of (6.70) by ¢(m, n), taking expectations ard using {6.63), we

obtain

Eu(m, n)e(m, n)] = 8* (6.71)
Using the preceding results we find »
r(e, 1) & Efe(m, mye(m =k, n=D] ,
= E{e(m, n)u(m —k,n—D)—a(m—k,n- l_)]} (6.72).

(i) € Ve
With a(0, 0) A _1 and using (6.67), the covariance function of the prediction er}'or
e(m, n) is obtained as Lo .

- ﬁz[s(k, D- I3 aG ik +il +i>]

B%(k, 1) V(k, 1) for causal MVRs
’ —‘325(‘1) i a(i, 0)8(k +1i), V(k, 1) for semicausal MVRs
relk, 1) = ST
—p? i Eq: a(i,j)s(k —i)8( —j),  V(k 1) for noncausal MVRs
T ‘ 6.73)
The filter represented by the two-dimensional polynomial
(6.74)

Az, z2) A1 22 a(m, n)zf’"z{"'
L mmeW . .
is called the prediction error filter. The prediction error &(rm, n) is obtained by

'h this fi i .70) is given b
passing u (m, n) through this filter. The transfer function of (6.70) isl g y

— = {1 - 22 a(m nz™z" 6.75)

) 1
H(ZI,Z'Z) —A(zhzZ) {m,n) € W,

Taking the 2-D Z-transform of '(6.73) and using (6.74), we obtain _
causal MVRs

i Bz’
—-p? i a(m, 0)zi™ = B*A (21, %), semicausal MVRs
Sdanzy={ P2 o
Bz[i - 22 a(m, n)zi"z7 "}: B%A(zy, 222 _noncausal MVRs ,
L7 mmews v : (6.76)
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Using (6.75), (6.76) and the symmetry condition 4 (z,2,) = A (z{}, z;') for non-
_ causal MVRs, we obtain the following expressions for the SDFs:

5

, isal MVRs
A(z1, 204z, z7Y): causa s
S, (zx,zz) BZA (Zl, °°) :
Si(z1,2) = L= ————,  semicausal
(u22): Az, 2)AGL2Y) | [AGEL AT )] yyrs 6.77)
. , " ,
FAGu,z) 8 noncausal

A@AEZ) Alnzm) yyRs

Thus the SDFs of all MVRs are determined completely by their prediction error
filters A(zy,2,) and the prediction error variances B%. From (6.73), we note the
causal MVRs are also whité noise—driven models, just like the 1-D AR models. The
semicausal MVRs are driven by random fields, which are white in the causal
dimension and moving averages in the noncausal dimension. The noncausal MVRs
are driven by 2-D moving average fields. ° ‘

Remarks

1. Definition: A two-dimensional sequence x (i, n) is called causal, semicausal,
or noncausal if its region of support is contained in Sy, S,, or S5, respectively.
Based on this definition, we call a filter causal, semicausal, or noncausal if its
impulse response is causal, semicausal, ornoncausal, respectively.

2. If the prediction error filters A (z;,z,) are causal, semicausal, or noncausal,
then their inverses 1/A (21, z,) are likewise, respectively.

3. The causal models are recursive, that is, the output sample u(m, n) can be
uniquely computed recursively from the past outputs and inputs—from
{u(m, n), e(m, n) for (m, n) € S} Therefore, causal MVRs are difference
equations that can be solved as initial value problems.

The semicausal models are semirecursive, that is, they are recursive only
in one dimension. The full vector u, = {1 (1, n), Ym} can be calculated from
the past output vectors {u;,j <} and all the past and present input vectors
{g,,/ = n}. Therefore, semicausal MVRs are difference equations that have to
be solved as initial value problems in one of the dimensions and as boundary
value problems in the other dimension. '

The noncausal .models are nonrecursive because the output u(m, n)
depends on all the past and future inputs. Noncausal MVRs are boundary

v - value difference equations. '

4. The causal, semicausal, and noncausal models are related to the hyperbolic,
parabolic, and elliptic classes, respectively, of partial differential equations
(21]. ' :

5. Every finite-order causal MVR also has a finite-order noncausal minimum

. variance representation, although the converse is not true. This is because the
SDF of a causal MVR can always be expressed in the form of the SDF of a
noncausal MVR. ’
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Figure 6.10 Partition for Markovian-
ness of random fields.

1 -di ional random field is called Markov
6. (Markov random fields). A two-dimensional rand
i(f at every pixel location we can find a partition J *h(future), s (p.resent) and
J (past) of the two-dimensional lattice {m, n} (Fig. 6.1‘0) providing support
to the sets of random variables U *. 9U, and U™, respectively, such that

PUMU™,aU]= P[U*I?U]
i i *+) is independent of the past
This means, given the present (aU), the future (U*)is indep :
(Ul‘s). It cangbe shown that every Gaussian noncausal.MVR is a Markov
random field [19]. If the noncausal prediction window is [-p, p1 X [—¢, 4],

then the random field is called Markov [p X g). Using Property 5, it can be
shown that every causal MVR is also a Markov random field.

Example 6.7 5 .
For the models of Example 6.5, their prediction error filters are given by

- - -1 _-1
A@pz)=l1-—az gzt —aszi 22 (causalmodel)

. - " .
AGnz)=l-azn'—~an—azn (semicausal model)

Az, 22) =1~ @2 — @2z~ @27 —aszz ~ (noncausal model)

Let the prediction error variance be B* If these are to be MVR filters, then the

following must be true. ‘
Causal model. S, (z1,2;) = p?, which means &(m, n) is a white noise field.

This gives

2

Sulzr22) = A-azit—apzz' = @27 27 )(1 —.a: 21~ @222 — G321 22)

Semicausal model.  S.(z1,z) = l-azi' —mz]= B*A(z1,%). Because
the SDF S, (21, ;) must equal S, (z7'*, 27 '), we must have a, = @ and
B2l —azi' —mz1) X
Suz1,2) T-mzn —mzi—az Yl-az— @z —a3z2)

ausal) dimension and is white in the

Clearly £(m, n) is a moving average in the m (nonc
n (causal) dimension. :

Noncausal model.
S.(zi,z) =P —mzi' — a2~ asz7' —asz2) = B2 A(21,22)
Once again, for S, to be an SDF, we must have a; = az, a3 = a4, and

BA(z,2) - g’

Sulanz2) S A AEL L) l-mzi —en—6:2 6L

: ; . .6
210 . . Image Representation by Stochastic-Models * Chap

lm
° o
m .

Now &(in, n) is a two-dimensional moving average field. However, it is a special moving
average whose SDF is proportional to the frequency response of the prediction error
filter. This allows cancellation of the A (z1, z2) term in the numerator and the denomi-
nator of the preceding expression for S, (2, 22). ’

Example 6.8
Consider the linear system

Az, 22) U (21,22) = Flz1,22)

where A(zy,2,) is a causal, semicausal, or noncausal prediction filter discussed in

Example 6.7 and F(zi, z;) represents the Z-transform of an arbitrary input f(m, n).
For the causal model, we can write the difference equation

u(mn)—au(m—1,n)-au(mn—1) - asu(m —1,n ~ 1) =f(m, n)

This equation can be solved recursively for all m =0, n =0, for example, if the initial
values u(m, 0), u(0,n) and the input f(m, n} are given (see Fig. 6.11a). To obtain the

'

m-1

m

{a) Initial conditions for the causal system, {b) Initial and boundary conditions for the semicausal system.

in=N+1

n=1 n
0% %> n
L4 L) ® ®
m=1 N
m e
i L
) m+1 o .
m=N+1 7% M
% 7
m

{c} Boundary conditions for the noncausal system.

Figure 6.11 Terminal conditions for systems of Example 6.8.
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solution at location A, we need only the previously determined solutions at locations
B, C, and D and the input at A. Such problems are called initial-value problems.
) The semicausal system satisfies the difference equation

w(m, n) —ayu(m ~1,my—au(m+1,n)—au(mn —1)=f(rﬁ; )

Now the solution at (m,n) (see Fig.6.11b) needs the solution at a future location
‘(m +1,n). However, a unique solution for a. column vector U, = fu(l,n),...,
(N, n)]” can be obtained recursively for all n = 0 if the mx_tlal values lj(.m, 0) and the
boundary values u(0,n) and u(N + 1,n) are known and if the coefficients a1, dz, @
satisfy certain stability conditions discussed shortly. SLfch problcr.ns are ca.lled 1'mt1al-
boundary-value problems and can be solved semirecursively, that is, recursively in one
dimension and nonrecursively in the other.
For the noncausal system, we have

u(m,n) —a(m —1,n);azu(m +1,n)—as(m,n— 1)fa4u(m,n +1)=f(m, n)

which becomes a boundary-value problem because the solution at (m, 1) requires, the
solutions at (m + 1,n) and (m,n +1) (see Fig. 6.11c). . .
Note that it is possible to reindex, for example, the semicausal system equation
_as . . o
u(m, n) —-'alzu(m - 1,‘n) +Zéu(m —2,n)+a—2u(m - 1,1.1 - 1)=72-f(m -1,n)

This can seemingly be solved recursively for all m =0, n =0 as an initial-value problem
if the initial conditions (m, 0),u(0,n), u(—1,n) are known. Similarly, we could re-
index the noncausal system equation and write it as an initial-value problem. However,
this procedure is nonproductive because semicausal and ngncau§a1 systems ?a'n.become
unstable if treated as causal systems and may not yield unique solutions as initial value
problems. The stability of these models is consideréd next:

Stability of Two-Dimensional Systems

ues, care must be taken to assure the under-

In designing image processing techniq :
lying algorithms are stable. The algorithms can be viewed as 2-D systems. These

systems should be stable. Otherwise, small errors in calculations (input) can cause

large errors in the result (output). ‘ . .
The stability of a linear shift invariant system whose impulse response 15

h(m, n) requires that (see Section 2.5)
SS h(m ) < @ (6.78)

We ‘deﬁne a system to be ¢ausal, semicausal, or noncausal if the region of support
of its impulse response is contained in S;, S, Or Sy, respectively. Based on t_hls
definition, -the stability conditions for different models whose transfer function

H{z1,25) = VA (21, z2), are as follows.

Noncausal systems'
(6.79)

m=-pna=-q
(m, ) #(©0.0)

IR p 4 .
Az z)=1— S > a(mn)zimz"
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H

These are stable as nonrecursive filters if and only if
Alzuz)#0,  lzl=1, |zl=1

Semicausal systems
P

P q .
Az, z)=1- > a(m, 0)zi" - > 2 a(m, n)yzimz;"
. m==p m=—pn=1

Cm#0
These are semirecursively stable if and only if o
A (Zla ZZ) # 0" Izll =1, IZZl =1 (680)

Causal systems

4 L q )
A(ZI;ZZ)=1" 2 a(m, O)Zl—m— 2 2 a(m, n)zl‘"‘zi"'

. ) m=1 m=-pn=1
These are recursively stable if and only if
A(21,22)¢0, =1, 2; =%,
Alz1,22) # 0, IZx{ =1, |zzl =1 (6.81)

These conditions assure H to have a uniformly convergent series in the appro-
priate regions in the z;,z, hyperplane so that (6.78) is satisfied subject to the
causality conditions. Proofs are considered in Problem 6.17.

The preceding stability conditions for the causal and semicausal systems
rcqu_ire that for each w; € (—w,w), the one-dimensional prediction error filter
A (e, z,) be stable and causal, that is, all its roots should lie within the unit circle
|z;) = 1. This condition can be tested by finding, for each w,, the partial correlations
p(w,) associated with A (e/1,z,) via the Levinson recursions and verifying that
Ip(w;)| <1 for every w;. For semicausal systems it is also required that the one-
dimensional polynomial A (z;,») be stable as a noncausal prediction error filter,
that is, it should have no zeros on the unit circle. For causal systems, A4 (z,, %) should
be stable as a causal prediction error filter, that is, its zeros should be inside the unit
circle.

6.7 TWO-DIMENSIONAL SPECTRAL FACTORIZATION
. AND SPECTRAL ESTIMATION VIA PREDICTION MODELS

~Now we consider the problem of realizing the foregoing three types of representa-

tions given the spectral density function or, equivalently, the covariance function of
the image. Let H(z,, z,) represent the transfer function of a two-dimensional stable
linear system. The SDF of the output u (m, ) when forced by a stationary random
field e(im, n) is given by

© S, (..’.'1,'22) = H(zy, z)H(z:', 2798, (21, 22) . (6.82)

The problem of finding a stable system H(z,,z,) given S, (21, z2) and S, (z;, z,) is
called the two-dimensional spectral factorization problem. In general, it is not possi-
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ble to reduce a two-dimensional polynomial as a product of lower order factors.
Thus, unlike in 1-D, it may not be possible to find ‘a suitable finite-order linear
systern realization of a 2-D rational SDF. To obtain finite-order models our only
recourse is to relax the requirement of an exact match of the model SDF with
the given SDF. Asin the one-dimensional case [see (6.28)] the problem of designing
a stable filter H(zy,z,) whose magnitude of the frequency response is given is
essentially the same as spectral factorization to obtain. white noise~driven

representations.
Example 6.9

Consider the SDF o i
Snz)=1-a(z+z'+za+ Y, lel<i , (6.83)
Defining A(z2) =1 —a(z2 + 22 Y, (21, 22) can be factored as

v S(z,22) =A(z)—ofzi t+ 27y = H(zl‘a 22)H(Zl_l’7-2_})

where . (6.84)
. ‘ Alzs) + [4%(z;) — 4o
H(thz)é(l—p(:'.z)zl ) p_(%z—j’ p(Zz).é_ (Z )+ = (Z )

Note that H is not rational. In fact, rational factors satisfying (6.82) are not possible.
Therefore, a finite-order linear shift invariant realization of §(zi, z2) is not possible.

Separable Models

If the given SDF is separable, that is, 8$(z1,22) = Si(z1) 8:(z;) or, equivalently,
rik, ) =r(k)r,() and S, (z1) and S;(z,) have the one-dimensional realizations
[Hy(21), S, (z1)] and [H> (22), S.,(22)] [see (6.1)], then S(z1,2,) has the realization

H(zi,2))= Hi(z)H(z3) - .
SE (Z], Zz) = Sq (Zl)Scz (ZZ) . (685)

Example 6.10 (Realizations of the separable covariance function)
The separable covariance function of (2.84) can be factored as r, (k)=0o" o ()=
pl. Now the covariance functjon r(k) = o2p" has (1) a causal first-order AR realiza-
tion (see Example 6.1) A(z) =1 7 pz -1, 8,(z) = o?(1— p?) and (2) a noncaysal MVR
(see Section 6.5) with A(2)=1- afz +27Y), S (2)=c’B’Al2), g2 (-
(1+p%), a 2 p/(1 +9%). Applying these resuits to i (k) and r2 (1), we can obtain the
following three different realizations, where oy, i, = 1,2, ate defined by replacing p
by pi,i = 1,2 in the previous deSinitions of o and B. .

Causal MVR (C1 modell. Both ri (k) and r, (!) have causal realizations. This

gives
Az, z)=(1-pzi )1 —p2z2),
S.(z,z) =02 (1 - )1 -2
u(m,n)=p.u(m—1,n)+p2u(m,n-1) (6.86)
‘ —p‘pzu(m"-—‘l,n—1)+s(m,n)
214 . . Image Representation by Stochastic Models .- Chap- 6
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tl
e

re(k, =01~ p)(1 - p)3(k, 1)
120 o cavsetzaion. Tis veto e sevmcnscn mecioromaneor e
Alzi,)={l—a '(21 + 2z = p225Y),
S.(z1,2) =B — B[l — o (2 + 271)]
u(m, n)=ofu(m —1,n) +u(m + 1, n)] (6.87)
Hpu(mn—-1)-poafuim—1,n-1)
+u(m+1,n—1)]+e(m,n) :
réalizal::g::,agl;j::gMVR (NCT model)l. Now both 7, (k) and r»(/) have noncausal .
A(zi,22) =[1 =i (21 + 20 )1 — a2z + 237)),
o S (z1,22) =2 B B A (21, 22)
u{m, n) = a,[u(m - Ln)+u(m +1,m)]
+oafu(m n - 1)+ u(m,n +1)] (6.88)
—ooa{u(m —1,n —1)
tum+lLn—-1D+u(m-1,n+1)
+u(m+1,n+1)]+e(m,n)

;l;(l::ls example §hows that all the three canonical forms of minimum variance represehta- :
o Fs are lreahzable? for sepafabl‘e rational SDFs. For nonseparable and/or irrational
, s, only approximate realizations can be achieved, as explained next

‘Realization of Noncausal MVRs

- | .

bgéorﬁ:ss?laﬁlr-:bgfggis,l?eg epnroblle:rrtxhcl:«f determining the prediction-error filters
re diff . eral, this requires solution of (6.6 i

g — . In this limiting case for noncausal MVRs, we find [see (6(.77)6]) VP,

B B
- :
; (z,z) 4. 22, a(m, n)zi™ z;"

t : (m,m €8,

For the given SDF $(zy, 2,), suppose' 1/S (21, z,) has the Fourier series ' ! |

Su(z1,2:) =

(6.89)

20

1 ©
S(zh ZZ) —m=z 2 r+ (m) n)zl—m 22."1 ' Z = ej“’l, = ej‘“‘z (6.90)

—%p= —mn

then the quantities desired in (6.89) to match S and S, ;x‘re obtained as

1 =rt '
g2 = Y _=r'(mn) -
“rw0 A 7 (0,0) 6.91)
Sec. 6.7 - -di i 1 -

7 Two-dimensional Speciral Factorization and Spectral Estimation 215




: i 3 aus VRs con-
This is the two-diménsional version of the one-dimensional noncausal M
i in Section 6.5. o e erics:
md?r‘ﬁ seneral, this representation will be of infinite o@er L_xnles§ thg Pc(;)i;rtﬁ; e
£ 1/5(-D 72 18 ’-‘inite An approximate finite-order reahzat;onhc:i; : ?he fained by
¥ ing the F . 1 ini {f terms suc a ;
i 1 es to a finite number o ¢ ‘
R e itive for wy). By keeping the number of terms suf-

eries remains positive for every (ml., - pir : e -
;icriemly large, the SDF and the covariances of the finite-order noncausal
k4

be matched arbitrarily closely to the respective given functions {16].
Example 6.11
Consider the SDF
)= ! , O<a<% (6.92)
S, z2)= [1-afz+zi +22+ 2z Y}

series that gives p=1,a(m, n) =« for (m, n)=

-1 ini rier :
e, e and e o rwise. Hence the noncausal MVR is

*1,0),(0, 1) and a(m, n) = 0, othe
( n)=afu(m +1,m)+ulm -~ 1,ny+u(mn+1)+ulmn— 1) +.£(m, n)

u{m,
' 1, (k,1)=(0,0)
re(k, =1 (k,l)=(:l,0),(0,t1)
0, otherwise

Realization of Causal and Semicausal MIVFHs

o . . . ce-
i i Jou gl ect to w; gives a covariance
Inverse Fourier transforming S(e™, e ) with resp g

quence r;(e'), [ = integers, which is para
find an AR model realization of oriierfg; i
(SeCtXI(iZti;z;i‘Z:)nCah (“;lj%“IZ)mthnréeq b)e the }ffR model parameters where the prgdxc{;
tion error B2 (ej“’z’) >0 for every w,. Now p? (e".”l) i§ a one-dl.mensu;zlﬁLSSbDef; :rsxhocve:m
be factored by one-dimensional spectral factonzaupn techmquezs. e e by
al and semicausal MVRs can be realized when (.e_ ) is L
o the;ﬁ;ﬁ nd noncausal MVRs, respectively. To obtain ﬁ-mte-order models
Causi”lz (and )Bla(e“"l) are replaced by suitable rational appr‘o;ximanons of o.rder D, ggr
?r:s(teange Stability. of the x;iodels. is ascertained by reqmrjx:g the_:— rleﬂzectlon cct)s blé
cients associated with the rational approximations of a, (e. ) ;} —de,r I\;IV R,S qcan e
less than unity in magnitude. The SDFs reah.zed by .these finite orff' R e e
made arbitrarily close to.the given SDF by increasing p and g sufiiciently.

may be found in [16].

Realization via Orthogonality Condition

! . . . . x ) . hich
The forégoing techniques require working with infinite sets of equations, w

have to be truncated in practica
with the covariance sequence r
(k, 1) € W,CS,, thatis, .

kD= S dpg(mmre —m, 1=

(m,ny € W

for instance, via the Levinson recursion

(k, 1) and solve the subset of equations (6.66) for

n+ ok D EW  (699)

Chap.©
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metric in w,. Hence for each w,; we can |

| situations. A more practical alternative is to start

)

where the dependence of the model parameters on the window size is explicitly
-shown. These equations are such that the solution for prediction coefficients on V;’,
requires covariances r(k, I) from a larger window. Consequently, unlike the 1-D
AR models, the covariances generated by the model need not match the given
covariances used originally to solve for the model coefficients, and there can be
many different sets of covariances which yield the same MVR predictors. Also,
stability of the model is not guaranteed for a chosen order. :

In spite of the said shortcomings, the advantages of the foregoing method
are (1) only a finite number of linear equations need to be solved, and (2) by solving
these equations for increasing orders (p, g), it is possible to obtain eventually a
finite-order stable model whose covariances match the given r(k, 1) to a desired
accuracy. Moreover, there is a 2-D Toeplitz structure in (6.93) that can be exploited
to compute recursively g, , (m, n) from a, - , (m, n) or @, ,-; (m, n), and so on. This
yields an efficient computational procedure, which is similar to the Levinson-
Durbin algorithm discussed in Section 6.4. :

If the given covariances do indeed come from a finite-order MVR, then the
solution of (6.93) would automatically-yield that finite-order MVR. Finally, given
the solution of (6.93), we can determine the model SDF via (6.77). This feature
gives an attractive algorithm for estimating the SDF of a 2-D random field from a
limited number of covariances. k

Example 6,12

Consider the isotropic covariance function r(k, ) = 0.9V"*". Figure 6.12 shows the
impulse responses {—a(m, n)} of the prediction error filters for causal, semicausal, and

n n .

-0.233 -0.3887 -0.0135 -0.0006 .:--02518 .  —0.0006
© -0.3133 : ~0.2546 -02518 - © 02518
~0.4963 -0.054 -0.3887 ~0.0135 -0.0006 -0.2518 —0.0006
m -m m
? , =0,008936 % | =0.094548 #? , =0.039527
Causal . ' Semicausal . Noncausal
0 1 2 0 1 2
n n
~2 0. -0.1009 ~0.0289 ~2 | -00028 = 00268 0.0094
=1 0. -0.2160 -0.0509 -t | -oss75 -0.0388 ' 00187
] -0.3534 ~0.0516 0 -0.2578 0.0304
A1 | 04797 ~0.0229 ~0.0280 1 | -03875 -0.0388 0.0187
2 -00124 -0.0377 —00149 . 2 | 00028 00268 .  0.0094
m : m
ﬂ%, 2=0.11499 ) 83 ,=0.083297
Causal Semicausal

Figure 6.12 Prediction error filter impulse responses of different MVRs. The
. © origin (0, 0) is at the location of the boxed elements. ’
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{a) Given spectrum {b) Semicausal model spectrum

Figure 6.13 Spectral match obtained by semicausal MVR of order p=q =2.

noncausal MVRs of different orders. The difference between the given covariances
and those generated by the models has been found to decrease when the model order is
increased [16]. Figure 6.13 shows the spectral density match obtained by the semicausal

MVR of order (2,2) is quite good.

Example 6.13 (T‘vvo-Dimensional Spectral Estimation)
The spectral estimation problem is to find the SDF estimate of a random field given
either a finite humber of covariances or a finite number of samples of the random field.
As an example, suppose the 2-D covariance sequence

_ k l) cos3m(k +1)
r(k,l)—cosw(§+z + 16

on a small grid {~16=k, [ = 16}. These covariances correspond 1o two
plane waves of smali frequency separation in 10-dB noise. The two frequencies are not
resolved when the given data is padded with zeros on a 256 x 256.grid and the DFT is
taken (Fig. 6.14). The low resolution afforded by Fourier methods can be attributed to
the fact that the data are assumed to be zero outside their known extent. ’

The causal and semicausal models improve the resolution of the SDF estimate
beyond the Fourier limit by implicitly providing an extrapolation of the covariance data
outside its known extent. The metnod is to fit a suitable order model that is expected to
characterize the underlying random field accurately. To this end, we fit (p, ¢) = (2,2)
order models by solving (6.66) for (k, 1) € W, where Wy C§,, x=1,2 are subsets of
causal and semicausal prediction regions corresponding to (p, q) = (6, 12) and defined

+0.055(k, 1)

is available

in 2 similar manner as W, in (6.61b). Since W, C W/, the resuiting system of equations

hniques (see Section 8.9). Note

is overdetermined and was solved by least squares tec :
he orthogonality condition of

that by solving (6.66) for (k, I) € W, ! we are enforcing t

(6.63) over W, Ideally,

suffices. Once the model parameters are o 6.7

btained, the $DF is calculated using
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we should let W, =S, . Praciically, a reasonably large region

i £ ;
ik i ;
. . =
i 1 3
L J 4 Lo .
{a} DF}' spectrum; {b} causal MVR spectrum; {c) semicausal MVR spectrum.

Figure 6.14 - Two-dimensional spectral estimation.

with z; = exp(jw:), 22 = exp(juw.). Results given in Fig. 6.14 show ‘

the semicausal MVRs resolve the two frequencies qﬁite well. This(::p;l;zcc}?‘}l:sl :l[;g
b.een employed successfully for spectral estimation when observations of the random
field rather than its covariances are available. Details of algorithms for identifyi
model parameters from such data are given in [17]. : mine

6.8 SPECTRAL FACTORIZATION VIA THE WIENE
R-DOO
HOMOMORPHIC TRANSFORMATION °

Another approach to spectral factorization for causal and semicausal models is

it)l::r}:).uih ht}xe Wiene{-Doob homomorphic transformation method. The principle

o ;::—]ithtm is Arflsethod t‘i o r;lwag ll)h; poles and zeros of the SDF into singularities of its
m. Assume that the § is positive and conti i i

of log S is absolutely convergent. The{r)x ‘ oninuous and the FOlfrler e

oeSGz)= 5 5 cmmna, nmemze=en (699

m=—wop=—a

where the cepstrum c(m, n) is absolutely summble

22 fe(m, m)| <v (6.95)
Suppose log S is decomposed as a sum of three cov'i‘nponents ‘
‘ logS48, +ct+cC :
’ e 6.9
Then ‘ e ‘( K
S o ‘
3 A g pyp—
2S5S.H'H . (6.97)

§=—
. _ A" (21, 2)A7 (21, 2)
is'a product of three factors, where '

Séexp(S‘)' A*ééx + -A ‘ . E
E o Sexp(—C*), A Rexp(~C- +A L Al
xp(-C7), H S H 8- (6.98)

s 3 A . . . '
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(21, 2) equals A~ {z1}, zZY anC}:SE (z,,fzz)fis an

exists a stable, two-dimensional linear system with transfer func-

i}c?: }-It ﬁxe(:ht ij)re: 1/A* (21, z2) such that the SDF of the output is Sif the SDE of the

- input is S, . The causal or the semicausal models can be realized by decomposing the

cepstrum so that C* has causal or semicausal regions of support, respectlvel_y. The

specific decompositions for causal MVRs, sem1ca'usal WNDRs, and semicausal
MVRs are given next. Figure 6.15a shows the algorithms.

If the decomposition is such that A*

Causal MVRs [22]

Partition the cepstrum as
c(m, n)=c* (m,n)+c™ (m,n) +4.0m,n)

¢ (m,n)=0,(m,n) € Si;¢” 0,0)y=c"(0,0)=0,

. _ S )
where ¢! 1) =L, O D o (6.56) and (6.65), respectively.

e (m, n) = c(0,0)8(m, n). §; and §, are defined in
Hence we define

on

Ct=C*(z1,22) Ay c(m, 0)zi™ + S 3 c(m, mzimz:" (6.99a)
1

me=—wn=1

m=
~1

C-=C(z,z)2 =

= -

) -1 -
c(m, 0)zy™ + > > e(m,nyzimz" (6.99b)

m=—opn=—%

$.=8. (21,2 2¢(0,0) (6.99<)

hown that C*(zy,2;) is analytic in the region {jz;/ =1,

}. Since ¢*'is a monotonic function, A* and H * 'are also

on and, therefore, have no singularities in that region. The

Ise responses a* (m, n) and A" (m, n) will be the same
Hence A* and H* will be causal filters.

Using (6.95) it can be s
=1} U {zl=1,2: =
analytic in the same regi
region of support of their impu
as that of ¢* (m, n), that is, S; .

Semicausal WNDRs

Here we letc* (m, n) =0, (m, n) ¢ S, and define
C*(zi,z2) =} 2 c(m, 0)zi"+ > Elc(m, n)zi™zz" (6.100a)
C (2=} 2

m= -

o . 4
c(m, 0)21'”"'+ S Y c(mm)zimz" (6.1000)

m=—np=—-%

S (21, 2)=0 , (6.100c)
nalytic in the region {iz;| =1,z = 1} and
n) will be zero for {n <0, Vm}, that is,
the model is white noise

Now C* and hence A* and H* will be a
the impulse responses a* (m, n)and k7 (m, .
these filters are semln;:ausal. Also S, =1, which means
driven. . |
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e R
T ST T T T T e =
i b
Am,n) i telm, n)
’r F log gt +
1 f w,(m, n)
1
e J :
3 r{m, n) r.m, m
2O, %
Gc—'l
FoTTTTTT T T 1
Stekr, gl2) s ¢ (m, n) ct H* |4 (1, n)
> log g () . § > exp( ) F7 —+
. cim, n) i :
|t ]
wim,n) | T TTTTmTTTTTTT
7N —c* (m, n} o at{m,n)
X 5 -

Causal MVR

AN
w{m, n} {0'

w,{m, n) = 8(m)é{n)

- -04759

a -0.0029
~0.0111

-0.0070

© -0.0045
-0.0030

-0.0021

r’-"

-1

Semicausal WNDR

1=18(n), (m, neS;
0, otherwise
w(m,n)=0

Semicausal MVR
swim, n) = {1' {m, n}eS,
0, otherwise

w,{m, n)=-5(n)

{m, n)e§1

wim,n) =
otherwise (_' ) {

{a) Wienar-Doob homomorphic transform method. % is the two dimensional homomorphic transform; -
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e Semicausal MVR, §2 = 0.08324

Causal MVR; 52 =0.11438 - . ‘ .
(b) Infinite order prediction error filters obtained by Wisner-Doob factorization for

isotropic covariance model with p= 0.9, 0= 1.

Figure 6.15 Two-dimensional spectral factorization




Semicausal MVRs

For semicausal MVRs, it is necessary that S, be proportional to A~ (z1,%) [see
(6.76)]. Using this condition we obtain »

®

C*(z,z)= 2 c(m, 0)zi"+ i ic(m,n)zf"'zz_" (6.101a)

m= —m m=-ton=1

@

® -1
C(znz)= 3 clm O)z"+ 2 2 clmmzi"z"  (6.101b)

=—n m=—op=—x

$.(z1,2) =~ i c(m, 0)zi™ (6.101c)

s

' ici * is - 2| = t fs S.: i

The teg'ou of analytlcny of Ctand A" is {|21| 1,IZz| ? 1}, and tha ‘() € a:nd S

{'ZI‘ = 1 lv Z;} AISO a (m n) and h (m, n) Wl“ be Semxcausal, and SE 1S4 vahd SDF
? . b £ ) ’

Remarks and Examples

1. For noncausal models, we do not go througl} this procedure. The Fourier
series of S™! yields the desired model [see Section 6.7 z%nd (6:91)]. ‘

2. Since C* (z1,22) is analytic, the causal or se.micausa'l filters just obtained are
stable and have stable causal or semicausal inverse filters. . 5

3. A practical algorithm.for implementing this method rfqulrei numerical ap-
proximations via the DFT in thé evaluation of Sand A* or H”.

Example 6.14 - . X ) o o ) e
| e - . r
i the SDF of (6.83). Assuming 0<a <1, we obtain the lourie :
g(;l?l:e;(z, :— itttz +(zz‘ 1) + O(a?). Ignoring O(a”) terms and using the preceding

resuits, we get
Causal MVR
Ct=o(zi'+2"), S.(z,2)=0
> Atz m)=exp(-CH=1-a(zi'+2z7), S(z,2)=1
Semicausal MVR
C*=a(z;+ 21"+ azz’, S, = —01(21*'21_’)

-1
> A'(mz)=1 - almta)-az’,  SGuzm)Elidzntn )

Semicausal WNDR . _ o
C*=%(z,;|-zl“).+dz{‘, 5.=0
> A*(zx,zz)El—%(z,-f—z?‘)—qu', Se(z1,22) =1
Example 6.15

Figure 6.15b shows the results of applyin

. ove
the isotropic covariance function of Example 6.12. These models theoretxca}ly achievt
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g the Wiener-Doob factorization algorithm to .

perfect covariance match. Comparing these with Fig. 6.12 we see that the causal and
semicausal MVRs of orders (2, 2) are quite close to their infinite-order counterparts in
Figure 6.15b.

6.9 IMAGE DECOMPOSITION, FAST KL TRANSFORMS,
i AND STOCHASTIC DECOUPLING

In Section 6.5 we saw that a one-dimensional noncausal MVR yields an orthogonal
decomposition, which leads to the notion of a fast KL transform. These ideas can
be generalized to two dimensions by perturbing the boundary conditions of the
stochastic image model such that the KL transform of the resulting random field
becomes a fast transform. This is useful in developing efficient image processing
algorithms. For certain semicausal models this technique yields uncorrelated sets
of one-dimensional AR models, which can be processed independently by one-
dimensional algorithms.

Periodic Random Fields

A convenient representation for images is obtained when the image model is forced
to lie on a dnubly periodic grid, that is, a torroid (like a doughnut). In that case, the
sequences u(m, n) and e(m, n) are doubly periodic, that is,

elmn)=e(m+M,n+N) _
umn)=u(m+Mn+N) Vmn (6.102)

where (M, N) are the periods of (m, n) dimensions. For stationary random fields
the covariance matrices of u(m, n) and e(m; n) will become doubly block-circulant,
and their KL transform will be the two-dimensional unitary DFT, which is a fast

; transform. The periodic grid assumption is recommended only when the grid size is
§§ very large compared to the model order. Periodic models are useful for obtaining .
‘ asymptotic performance bounds but are quite restrictive in many image processing
applications where small (typically 16 X 16) blocks of data are processed at a time.
Properties of periodic random field models are discussed in Problem 6.21.

Example 6.16
Suppose the causal MVR of Exaniple 6.7, written as
u(m,ny=p(m —1,n) +p;u{m,n —1) + psu(m —1,n ~ 1) + e(m, n)
ro Ele(m,m]=0,  r.(m, n)=B*8(m, n) o

is defined on an N x N periodic grid. Denoting v(k; ) 'and e(k,!) as the two-
dimensional unitary DFTSs of u (m, n) and e(m, 'n), respectively, we can transform both
sides of the model equation as i

N

where we have used the fact that u(m, n) is periodic. This can be written as

V0 D)= (o1 Wi+ p: Wh ¥ s WA WA (K, 1) + e ), Wi & exp( 2 )
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v(k, })=e(k, YAk, I), where
Alk, D=1~ inﬁ—pzwx—pgw,‘ijv
Since £{, n) is a stationary zero mean sequence uncorrelated over the N X N grid,

p . 2 et o
e(k, I} is also an uncorrelated sequence with variance 87. This gives

Lo Ele(k, 1)e* (k'] _ g?
E[V(k!l)V*(k N )]= IA(k,l)|2 _IA(k:l)F

v(k, [) is an uncorrelated sequence. This means the un’itary DFT is the KL

Sk —k',I-1)

that is, 3
transform of u(m, n).

Noncausal Models and Fast KL Transforms

Example 6.17 - . . : .
The noncausal (NC2) model defined by the equation (also see Example 6.7)
. | ]
u(m,’n)—a[u(m—1,n)+u(m+1,n) )

+ulm,n—1)+u(mn+]=e(mn (6.1933?

" becomes an ARMA representation when g(m, n) is a moving average with covartance

1, (k,1)=(0,0)

ro 8B —ay,  (k,D)=(x1,0) or (©,%1) (6.103b)
s otherwise . ] ;
For an N X N image U, (6.103a) can be written as
‘ QU+UQ=¢+B;+B:
ab?
B.A10o" |, B.2alb:0:b] (6.104)
abb

where b,, b, bs, and b, are N X 1 vectors containing the bqund_ary eleme;ms of the
image (Fi,g. 6.16), Q is a symmetric, tridiagonal, Toeplitz matrix with values 3 along the

- image U
b7 - ‘ :
— + [
! i u° T v .o | M uncorrelated
by : u : by . <+ {PUtE . ... | random variables
1 ' .
bl -
Ub
Boundary
* values, B
values o

Figure 6.16 Realization of noncausal model decomposition and the concept of fast
KL transform algorithms. ¥ is the fast sine transform.
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main diagonal and —a along the two subdiagonals. This random field has the decom-
position

U=0+v°,

where U” is determined from the boundary values and the KL transform of U° is the
(fast) sine transform. Specifically, .

o’ = AT 61+ 42), A2IRQ+ QR

o_ »
w' = w—w

(6.105)

where @, «°, «°, 41 and 4, are N? X 1 vectors obtained by lexicographic ordering of
the N x N matrices U, U°, U’, By, and B;, respectively. Figure 6.16 shows a realization
of the noncausal model decomposition and the concept of the fast KL transform algo-
rithm. The appropriate boundary variables of the random field are processed first to
obtain the boundary response u”(m, n). Then the residual u°(m, n) 2 u(m, n) —
u®{(m, n) can be processed by its KL transform, which is the (fast) sine transform.
Application of this model in image data compression is discussed in Section 11.5.
Several other low-order noncausal models also yield this type of decomposition [21].

Semicausal Models and Stochastic Decoupling

‘Certain semicausal models can be decomposed into a set of uncorrelated one-
dimensional random sequences (Fig. 6.17). For example, consider the semicausai
(SC2) white noise driven representation ' ”

(6.106)

where &(im, n) is a white noise random field with r, (k, [} = B28(k, I). For an image
with N pixels per column, where u,, €,, . . . , represent N X 1 vectors, (6.106) can be
written as

u(m, n) — ofu(m — 1,1{) +u(m +1,n)]=vyu(m,n—1)+s(m, n)

n=l1 (6.107)

where Q is defined in (5.102). The N x 1 vector b, contains only two boundary

Qun =YUp-1 + bn + €,y

vall)

b VLK)
_7/“: ;

| & uncorrelated
AR processes

o
Sernicausal B vp(N) J
model
Boundary values [
b, ———— _1 .
Ce Yo '
Initial values

Figure 6.17 Semicausal model decomposition.
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terms, b, (1) = au(0,n), b, (V)= au(N +1,n),b,(m)=0,2=m =N -1, Now u,

can be decomposed as ,

w,=u) (6.108)

where \ ,
Qui=vyui_ +b, B =W (6.109)
Qul=vyul_;+&, w=0 (6.110)

i boundary values b, and the initial
Sézta;:yl’xuu.gl::x?lt‘i,;lc;?rfgsg?)ltl;:?gegse:fe Egiitli()‘;yb;hfl', the siqZ transform, and remem-
bering that ¥/ W =L, WQ¥™ =A= Diag{r(k)}, we obtain

TQWTWud = yWu) -, + Ve, Tud=0 DAVI=yva_ i+ t?,, (6.111)
where v and e, are the sine transforms of w® and &,, respectively. This reduces to a
set of equations decqupled ink,

i = =k=N
NE)VL (k) = yvia-1 (k) + e (), n=1,1=

vi(k)=0,

here
i Ele.(K)en (k)] = B*8(n —n")d(k — k' ‘ (6.1}12)

e, its transform coefficients e, (k)

i is i white noise vector sequenc .
S e elated i the % (k) are also uncorrelated in the

rrelated in the k-dimension. Therefore, v, ;
?cl:‘:iilrlr[llecgsion and (6.112) is a set of uncorrelated'z'.\R sequences. The semxcauts;;
model of (6.87) also yields this type of decomposmor})[.ZI}. Fxg}lrg 6thle7 ?;)l\:‘sdary
izatior i itions. Disregardin

realization of semicausal model decompost oundary

s of a column-by-column transformed imag
effects, (6.112) suggests that the rows ol mage

 sui i ed by AR models, as mentione

i suitable unitary transform may be represente ) ‘
?:gsciion 6.2. This is indeed a useful image represelntatxzn, ar[\ld t;;hnzlgfe:hl::s?:l
! mode ' id algorithms [1, 23, 24], X
h models lead to what are called I?ybrl i :

glngosr‘;fhms that are recursive in one dimension and unitary transform based in the

other. Applications of semicausal models have been fqund jn ixpage co(;img, r.estcs)ra-
tion, edge extraction, and high-resolution spectral estimation in two dimensions.
N H

6.10 SUMMARY

i ve i S i The one-
i dered several stochastic models for images. The
B O o atate va odels are useful for line-by-line processing of

imensional AR and state variable m : -lir
?rlnn;z::losrxllch models will be found useful in filtering and restoration problems. The

causal, semicausal, and noncausal models were introdusef(fi' asl di'ffil:n'tdzylﬁ(;ficgf
izati ’ i ions. One major difficulty in the 1 -
realizations of 2-D spectral density functions 1ajor d dentifics:
i i two-dimensional polynomial may
on of 2-D models arises due to the fact thata ‘ °
:;e reducible to a product of a finite number of lower-order polynomials. Therefore,

i .6
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two-dimensional spectral factorization algorithms generally vield infinite-order
models. We considered several methods of finding finite order approximate realiza-
tions that are stable. Applications of these stochastic models are in many image
processing problems found in the subsequent chapters.

PROBLEMS

6.1 (AR model properties) To prove (6.4) show that #(n) satisfies the orthogonality

* _condition E[(u(n) — @ (n))u{m)] = 0 for every m < n. Using this and (6.3a), prove (6.7).

6.2 An image is scanned line by line. The mean value of a pixel in a scan line is 70. The
autocorrelations for n =0, 1, 2 are 6500, 6468, and 6420, respectively.

a. Find the first- and second-order AR models for a scan line, Which is a better model?
Why? -

b. Find the first five covariances and the autocorrelations generated by the second-
order AR model and verify that the given autocorrelations are matched by the
model.

6.3 Show that the covariance matrix of a row-ordered vector obtained from an N x N array
of a stationary random field is not fully Toeplitz. Hence, a row scanned two-dimensional

- stationary random field does not yield a one-dimensional stationary random sequence.

6.4 One easy method of solving (6.28) when we are given §(w) is to let H(w) =V S(w).
For K =1 and S{w)=(1+p?) —2p cosw, show that this algorithm will not yield a
finite-order ARMA realization. Can this filter be causal or stable?

6.5 What are the necessary and sufficient conditions that an ARMA system be minimum
phase? Find if the following filters are (i) causal and stable, (ii) minimum phase.

a. H(z)=1-08z""

b. H(z)=(1-2z7")/[1.81-09(z +z7")]

e H(z)=(1-02:"1/(1-09z"" .

6.6 Following the Wiener-Doob decomposition method outlined in Section 6.8, show that a
1-D SDF $(z) can be factored to give H(z)2 exp[C* (2)], C* (z) & D)z K =
explc(0)], where {c(n),¥n} are the Fourier series coefficients of log §(w). Show that
H(z) is a minimum-phase filter. ]

6.7 Using the identity for a Hermitian Toeplitz matrix

R, | 6]
R.v1=| -
bl | r(®

where b, 4 [r(n),r(n = 1),....r(1)]", prove the Levinson recursions.
6.8 Assume that R is real and positive definite. Then a, (k) and p, will also be real. Using
the Levinson recursions, prove the following.
a. |p.]<1,¥n.
b. Given r(0) and any one of the sequences {r(n)},{d(n)}, {p.}, the remaining se-
quences can be determined uniquely from it.

6.9 For the third-order AR model

u(n)=0.1u(n ~ 1)+ 0.782u(n - 2) + 0..1u(n -3) + e(n), p*= 0.067716

find the partial correlations and determine if this system is stable, What are the first four.
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: , unity variance random
variances of this sequence? Assume.u (n) to be a'zero mean, unity.
co s
Novoot of ‘R theorem)l . First show that the orthogonality condition for

V.
. Proof of noncausal M : F r
&10 ;inirgurg-variance noncausal estimate # (n) yields

rk) = 2 al)rlk —1)=p8(k), V&
1#0 ,
i hat S(z) = YA (2)-
i to arrive at (6.38) and show t
Fourier transform to o o e bt (6'39).
I MVR of (6.43)' for pth-order AR sequences

Solve this via the
Apply this to the relation § (2) =85, (@A

6.11 Show that the parameters of the noncausa
defined by (6.3a) are given by 2 ) ”
- raka(m)aln + k) BZ‘-:'E’ : -Czé $ \a(_n)lz
a‘(k)=2———c—i———v L v st
n=0
A

where a(0) = —1. .
6.12 Show that for a stationary pth-order AR se
be written as

quence of le'ngth N, its noncausal MVR can ’

E[w] = BZH,. E[vb"]=0

i i ix with 2p subdiagonals, and
i metric banded Toeplitz matrix wi
e T vecto xtfvcsggzains 2p nonzero - terms involving the boundary. gf;:i\;\s;
th? Nlj)l -(V\C,Ciolr() 1=k =p}. Show that this yields an orthogonal decomp
{1 — k), u(d i=sk=ph

similar to (6.49). i
6.13. For a zero mean Ga
interpolator 4 () ba

(m)y = [ "

Hu=v+Dh,

» i ! timum
ussian random sequence with covariance p"l, show that the op

sed on u(0) and u(N + 1) is given by .
N=remy () + (7 = p N + DYEYTT = T

inei ( 3 — 1 and a cubic
Show that this reduces to the straight-line interpolator of (6.53) when p

polynomial interpolation formula when p=1.

‘ ( ) >
6.14 Fast KL transform for a continuous Jandam PJOC@SS) Let u(x be a zero _ﬂleaﬂ
- S(tatlonal) GaufSSla" flan nce function is (X) e:(p( T )’

ot prgCCSS WhOSz’- Cz‘)/a;llaAu(L) Show that u(x) has the
- d define ug=u(-L)u1= .
a>0. Let x ¢ L,L']‘ an
orthogonal decomposition . o
u(x)=u’ (@) +u’(x)
wb(x) = Elu(luo, 1] = ao(X)uo+ @ ()

i +
sinh a{L —x) ()= smk} a(;. Lx)
@) ="k Zal . sinh 2o

by the bpundary values uo and U i.s orth.ogonal to
£ 10 (x) is given by the harmonic sznu.;o:ds

-L=x=L

such that u, (x), which _i's“determir.led
4° (x). Moreover, the KL expansion 0

\/icoskmc k=1,35...,~-L=x=L
L .

2L’

Y. (x)=
) Ln k™ k=2,46...
I sin57s :
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6.15 Determine whether the following filters are causal, semicausal or noncausal for a
vertically scanned, left-to-right image.
a. H(zy,z) =z, +z7' + 27 z5t
b. H(zi,z2) =142+ 25" z) + 251 23!

1.
. H{z —— L
C (71,22) (2 _ zfl-—z{’)
‘ - 1
d. H(Zl,zz)_4 gy

Sketch their regions of support.
6.16_Given the prediction error filters

ALz =1-azi' ~ a2 — a2 2 - 2y 2 (causal)
Az ,22) =1=-a(z+ 21_1) - @z —ayzit (2 + 21—1) (Scmicausal)

Az z)=1-ai(zi+27") = a2 (22 + 257) -
“@z (2t ) -z (2 + 23 (noncausal)

a. Assuming the prediction error has zero mean and variance §2, find the SDF of the
prediction error sequences if these are to be minimum variance prediction-error
filters. . )

b. What initial or boundary' values are needed to solve the filter equations '
Alzi,2)U(21,22) = F(z,, 2,) over an N X N grid in each case?

6.17 The stability condition (6.78) is équivalent to the requirement that |H(z,, z,)| < =,

|z =1,|z:| = 1.

a. Show that this immediately gives the general stability condition of (6.79) for any
two-dimensional system, in particular for the noncausal systems. -

b. For a semicausal system H{(m, n) =0 for n <0, for every m. Show that this re-
striction yields the stability conditions of (6.80).

c. For a causal system we need h(m,n)=0 for n <0,¥m and h(m,n)=0 for
n =0,m <0. Show that this restriction yields the stability conditions of (6.8 1).

6.18 Assuming the prediction-error filters of Example 6.7 represent MVRs, find conditions

) on the predictor coefficients so that the assoctated MVRs are stable.

6.19 If 2 transfer function H(z; 22) = H, (21)H: (22), then show that the system is stable and
(a) causal, (b) semicausal or (¢) noncausal provided H, (z1) and H,(z,) are transfer
functions of one-dimensional stable systems that are (a) both causal, (b} one causal and
one noncausal; or (¢) both noncausal, respectively. v

6.20 Assuming the cepstrum ¢(m, n) is absolutely summable, prdve the stability conditions
for the causal and semicausal models. S )

6.21 a, Show that the KL transform of any periodic random field that is also stationary is the

two-dimensional (unitary) DFT. . .
+ b, Suppose the finite-order causal, semicausal, and noncausal MVRs given by (6.70)
' are defined on a periodic grid with period (3, N). Show that the SDF of these
random fields is given by : )

SIS Imk 2l
CS(eve)= 3 3 Sk 1)8("’"7>5(‘°z-7), o 0y

kw0 (=0

What is § (k, 1)?
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Chap. 6

Image Representation by Stochastic Models

7.1 INTRODUCTION

Image enhancement refers to accentuation, or sharpening, of image features such as
edges, boundaries, or contrast to make a graphic display more useful for display
and analysis. The enhancement process does not increase the inherent information
«content in the data. But it does increase the dynamic range of the chosen features
so that they can be detected easily. Image enhancement includes gray leve!l and
contrast manipulation, noise reduction, edge crispening and sharpening, filtering,
interpolation and magnification, pseudocoloring, and so on. The greatest difficulty
in image enhancement is quantifying the criterion for enhancement. Therefore, a
_large number of image enhancement techniques are empirical and require interac-
; tive_procedures to obtain_satisfactory results. However, image enhancement re-
s .Inains a very important topic because of its usefulness in virtually all image process-
i -ing applications. In this chapter we consider several algorithms commonly used for
enhancement of images. Figure 7.1 lists some of the common image enhancement
~ 7 techniques.

Image enhancement

LPoin; operationsj LSpatial operations‘] LTransform operatic;] v L Pseudocoloring j

* Contrast stretching * Noise smoothing
* Noise.clipping * Median filiering
* Window slicing * Unsharp masking
* Histogram.modeling -~~""* Low-pass, bandpass,
high-pass filtering
* 2ooming E '

* Linear filtering
» Root filtering .
* Homomorphic filtering

+ False coloring
* Pseudocolaring

k Figure 7.1 Image enhancement.
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gge Enhancement. Input and output gray levels are distributed
255

between [0, L]. Typically, L

TABLE 7.1 Zero-memory Filteis for tm

The slopes a, B, v determine the relative
contrast stretch. See Fig. 7.2.

Osu<a
a=su<h

5

1., Contrast stretching-

Bu —a)+v,,

au
fw)=

yu—b)+v,, b=u<L

O<su<a
a=su=h

t, this is called

b=

thresholding.
Creates digital negative of the image.

between the peaks of the histogram.

have bimodal distribution of gray .
levels. The a and b define the valley

Useful for binary or other images that
Fora

09
=1{au,

fu):

2. Noise clipping and
thresholding

‘{

f()

3. Gray scale reversal

interval [a, b] and removes the

Fully illuminates pixels lying in the
background.

asu=<h
otherwise

= L,
0’

f(w)

4. Gray-level window slicing

number of bits used to represent u
as an integer. This extracts the nth

most-significant bit.
Most-significant-bit removal.

8]
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]
-~ =
o~ -
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1 13
2 ol
B om
o
o &
x [ g
-t
-
S’ —
] 1]
~~ .~!
3
Ao
=
=]
2
5]
o
p=]
5
-
=
3]
v

<L

0=y

2u modulo (L + 1),

_ 2Int [

fw).

6. Bit removal

Least-significant-bit removal.

]

v =clogw(l +u),
L
“logi(1+L)

cA

u
2

f(w)

s

Inteansity to contrast transformation.

u=0

7. Range compression

Point operations are zero memory operations where a given gray level « €[0, L] is
mapped into a gray level v € [0, L] according to a transformation

v =Ff(u)

Table 7.1 lists several of these transformations.

(7.1

Contrast Stretching™

Low-contrast images occur often due to poor or nonuniform lighting conditions or
due to nonlinearity or small dynamic range of the imaging sensor. Figure 7.2 shows

/?ﬁgfﬁ&—il contrast stretching transformation, which can be expressed as

au, O<u<a
v={Bu—-a)+v,, a=u<b (7.2)
yu—-56)+v,, b=su<lL

The slope of the transformation is chosen greater than unity in the region of stretch.

The parameters @ and b can be obtained by examining the histogram of the
_mage. Tor example, the gray scale intervals where pixels occur most frequently
would be stretched most to improve the overall visibility of a scene. Figure 7.3
shows examples of contrast stretched images.

Clipping and Thresholding

A special case of contrast stretching where o =y =0 (Fig. 7.4) is called clipping.

This is useful for noise reduction when the input signal is known to lie in the range -

{a, b]. : .
Thresholding is a special case of clipping where a = b 4 and the output

becomes binary (Fig. 7.5). For example, a seemingly binary image, such as a printed ’

page, does not give binary output when scanned because. of sensor noise and back-

ground illumination variations. Thresholding is used to make such an image binary. -

Figure 7.6 shows examples of clipping and thresholding on images.

]
X i
Vo b B !
i
| i
[ V4 1
: ; : Figure 7.2 Contrast stretching transfor-
Ve |- o | | mation. For dark region stretch a>1,
! ! e v @ =L/3;  midregion stretch, p>1,
0 a b L -7 b=iL;brightregionstretchy>1. -
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i
o o Figure 7.7 Digital negative transforma-
0 L tion.
Digital Negative !
A negative image can be obtained by reverse scaling of the gray levels according to
the transformation (Fig. 7.7) .
“ : fy = LM—"L?? o (7.3)

.

Figure 7.8 shows the digi
useful in the display of me

!

tal negatives of different images. Digital negatives are
dical images and in producing negative prints of images.

Intensity Level Slicing (Fig. 7.9)

. . (L, asu=b - .
Without background: v=10, otherwise _ (7.4)

. . L, asusb N
With background: v = {u | otherwise 7.5)

gray level regions from
t features of an image
he result of intensity
hurricane) of

These transformations permit segmentation of certain
the rest of the image. This technique is useful when differen
are contained in different gray levels. Figure 7.10 shows t
window slicing for segmentation of low-temperature regions (clouds,
two images where high-intensity gray levels are proportional to low temperatures.

Figure 7.8 Digital negatives.
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a b
{a} Without background {b) With background
Figure 7.9 Intensity level slicing.

Bit Extraction

Suppose each image pixel is uniforml i i red 1o
image y quantized to B bits. It i i :
the ath most-significant bit and display it, Let s desred 10 extract

Tu=k 2PN 2P e k2B e bk Dt kg (7.6)

Then we want the output to be

v'=’{L, if k, =1
0, otherwise
It is easy to show that
Kn=iy—=2ip.; ' (18

Figure 7.10 Level slicing of intensity
}mndow [175} 250}. Top row: visual and',
infrared (IR images; bottom row: seg-
‘mented imag s.
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(b} last four significant bit images

(a) First four significant bit images ;

2
Figure 7.1 8-bit planes of a digital image.

w

where
in a Int[aéu_—n}, Int]x] 4 integer partofx - (7.9)

Figure 7.11 shows the first 8 most-significant bit images:of an 8.—b1tif;gn;a%hel;.;lf?hixi
transformation is useful in d;texminingibg,numbe?r_ of v1s§1al%y,. sig nt_bif o
a .. In Fig. 7.11 only the first 6 bits are v1sua11>' significant, because
bits do not convey any information about the image structure.

an_image.
remaining

Range Compressionc\\

Sometimes the ﬁ;ﬁ;amﬁ of the image data may_be very large. For example,
the dynamic range of a typical unitarily transformed image is so.‘large that 9nly a
few pixels are visible. The dynamic range can be compressed via the logarithmic

transformation
v =c logo(l +[u]) (7.10)

where ¢ is a scaling constant. Igi,_s,trgxlsf,ormation e,nhapces the small magnitude
pixels compared to those pixels with large magnitudes (Fig. 7.12).

Image Subtraction and Change Detection

In many imaging applications it i S . . * :
images yA sirr%ple but powerful method is to align the two images and subtract the:la
The difference image is then enhanced. For example, the missing components 0

circuit board can be detected by subtracting i_ts image from that of adprot;;iir;}s'
assembled board. Another application is in imaging of the blood vessels and ar

Image Enhancement - Chap.7
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S desired to compare two_complicated or busy’

{a) Original {b) log

Figure 7.12 Range 'compression‘

in a body. The blood stream is injected with a radio-opaque dye and X-ray images
are taken before and after the injection. The difference of the two images vields a

clear display of the blood-flow paths (see Fig. 9.44). Other applications of change_
detectiofy are in security monitoring systems, automated inspection of printed.

circuits, and so on. . :

7.3 HISTOGRAM MODELING

The histogram of an image represents the relative frequency of occurrence.of the
various gray levels in the image. Histogram-modeling techniques modify an image
so that its histogram has a desired shape. This is usefuliin stretching the low-contrast
levels of images with narrow histograms. Histogram modeling has been found to be
a powerful technique for image enhancement.

- Histogram Equalization

. In histogram equalization, the goal is to obtain a uniform histogram for the output

1image. Consider an image pixel value u = 0 to be a random variable with a continu-
ous probability density function.p,{») and cumulative probability distribution

E.(«) 2 P[u = 4]. Then the random variable

vé]‘,’,(u)éj:pu(a)da (7.11)

will bé‘urﬂfdrn;xly distributed over (0, 1) (Problem 7.3). To implemént this transfor-
mation on digital images, suppose the input « has L gray levels x;,i =0,1,...,

'L —1 with probabilities. p, (x;). These probabilities can be determined from the
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—_— ] T p,(x) Uniform 1 7 A
x= quantization By Gy 2 g ¥
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Figure 7.13 Histogram equalization

P, x;} transformation.

histogram of the image that gives h (x;), the number of pixels with gray level value x;.

Then
pu(xi)=z:}aLLL, i=01,...,L-1 (7.12)
2 h(x) ‘
i=0
" The output v', also assumed to have L levels, is given as follows:" /. et
“ f ,:-f,in”\ ,, Z

vA S puy o - T ... (1.13a)

“ Xi “[(L(v o )_,_,yrrﬂr ‘ ’
v A TR (L - 1)+ 05 (7.13b)

where v, is the smallest positive value of v obtained from (7.13a). Now v will be’
uniformly distributed only approximately because v is not a uniformly distributed -
variable (Problem 7.3). Figure 7.13 shows the histogram-equalization algorithm for
digital images. From (7.13a) note that v is a discrete variable that takes the value

k
Vi = gopu (x) (7.14)

. if u = x,. Equation (7.13b) simply uniformly req uantizes the set {v} to {vi}. Note
that this requantization step is necessary because the probabilities p,, (x,) and p, (vi)

are the same. Figure 7.14 shows some results of histogram equalization.
Histogram Modification

A generalization of the procedure of Fig. 7.13 is given in Fig. 7.15. The input gray
level u is first transformed nonlinearly by f(x), and the output is uniformly quan-
tized. In histogram equalization, the function

- fw)= éopu (x) E (7:15)

typically performs a compression of the input variable. Other “choices of f(u) that
have similar behavior are .

2 pinx)
C fw) == , n=23,... (7.16)
> p¥(x)
x=0
tWe assume xo=0.
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:

{b} left columns: input images; right columns:: proc-
essed images.

{a} Top row: input image, its histogram; bottom row:
processed image, its histogram;

Figure 7.14 Histogram equalization.

f(u) =log (1 +u), u 26

f@)y=u",

(7.17)
© (7.18)

u=0, n=2,3,...

These functions are similar to the companding transformations used in image -

quantization.
Histogram Specification
Suppose the random variable u =0 with probability density p, («) is to be trans-

formed to v = 0 such that it has a specified ili i i
‘ prot ability density p, («). F
true, we define a uniform random variable ) 4 YP '(0) or this t0'be

A f ‘ ,
W= u = ¢
P (x)dx =F ) (7.19)
that also satisfies the relation .
w=[ POty =E®) (1.20)
Eliminating w, we obtain ’ ‘ L '
v=F'fW) (121
: “i ) v Uniform ‘ v

quantization -

“Figure 7.1: - Histogram modiﬁéation.
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: T T wo=w, v =y,
i o~ H 1y
! min: Jw, —wz0} Figey P>

v
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Figure 7,16 Histogrém specification.

ables that take values x; and yi,

: i i ; vari
If u and v are given as discrete random e 2D o

;i =0....,L —1, with probabilities p, (x;) and Pv( y.), respectively,
be irxil;lex;lented approximately as foliows. Define

k
3 W = -1 7.22)
wl S px), WA EOP“(Y‘)’ k=0,...,L (
x;=0 ' i=

such that #, — w =0 for the smallest value of n. Then

et W e e eoren Figure 7.16 shows this algorithm.

V' =y, is the output corresponding tc u.

Example 7.1 a5 s
i =y,=0,1,2,3,pu(x)=025,i=
n xl i 3 ’ 24 R
;hz';g) = O.y Find the transformation between u an
. how this mapping is developed.

= = =0.5
0,...,3,2(y0) =0, p. (y) =P (y2) ,
di. The accompanying table shows

u pu(x) - w Wi w n v
0o 025 025 000 050 i i

1 025 050 050 050 L e
2 025 0.75 1.00 1.00 2 2 pe

3 025 1.00 1.00 100 2

-7.4 SPATIAL OPERATIONS

ues are based on spatial operations performed on

j n. . S
N e o reods of if e ls. Often, the image is convolved with a finite

local neighborhoods of input pixg
impulse response filter called spatial mask.

Spatial Averaging and Spatial Low-pass Filtering

Here each pixel is replaced by a ‘weighted average of its neighborhood 1 pixels, that is,

v(m,n)= >3 a(k, y(m —k,n -1

(k yeW

i i ively, Wis a

ut and output images, respectiveiy, '
e are P A common class of spatial
A COMMOB e e

(1.23)

here y{m, n) and v (m, n) ar : :
:ﬁtabb}: f:hésen window, and a(k, I) are the filter weights.

averaging filters has all equal weights, giving

24
v(m n)=-—1-—22y(m-k,n-—l) ‘ (7.24)
f. Nw(k.l)ew . ) et
where a(k, I) =‘1/Nw and N, is the number of pixels in the window W. Ano» ‘
spatial averaging filter used often is given by |
' | image Enhancement . Chap- 7
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|
|
I

e L 0 1
Fol2lt =R P I e
TN o 111 l ol 1] 1]
! % 9l % 11 0 % o

{¢) 5-point weighted
averaging

{a) 2 X 2 window {b) 3 X 3 window

. Figure 7.17 Spatial averaging masks a(k, ).
v0m,m) =3[y (m, n) + 1y (m ~ 1,7) + y(m + 1,m) (.25
+y(mn =1y +y(m,n + 1)}

that is, each pixel is replaced by its average with the average of its nearest four
pixels. Figure 7.17 shows some spatial averaging masks.

Spatial averaging is used for noise smoothing, low-pass filtering, and sub-
sampling of images. Suppose the observed image is given as

[y, ) = 1e(m, n) +n(m, m) | (7.26)

where m(m, n) is white noise with zero mean and variance o?. Then the spatial
average of (7.24) yields ‘ :

v(m, n)=Niw(§)2Wu(m — ko n = 1)+ 7 (m, n) /J%.zn

where M (m, n) is the spatial average of n(m, n). It is a simple matter to show that

M (m, n) has zero mean and variance 72 = 0% /N, . that is, the noise power is reduced.
by a factor equal to the number of pixels in the window W. If the noiseless image
u(m, n) is constant over the window W, then spatial averaging results in an im-
provement in the output signal-to-noise ratio by a factor of N,. In practice the size
of the window W is limited due to the fact that u(m, n) is not really constant, so that
spatial averaging introduces a distortion in the form of blurring. Figure 7.18 shows

examples of spatial averaging of an image containing Gaussian noise.

Directional Smoothing

To protect the edges from blurring while smoothing, a directional averaging filter
can be useful. Spatial averages v(m, » : 0) are calculated in several directions (see

Fig. 7.19) as

v, :0) =Nin(k§§ey(m ~kn-D) (7.28)
and a direction 6* is found such that |y (m, n) — v(m, n :6*)| is minimum. Then
v{m, n)=v(m,n:96*) . (7.29)
gives the desired result. Figure 7.20 shows an example of this method.
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i

S e R ke b

il

{b} noisy

el | L
(a) Original

{d) 7 % 7 filter

{c) 3 x 3 filter

Figure 7.18 Spatial averaging filters for smoothing images containing Gaussian

noise.

Median Filtering ’ .

‘the median of the pixels contained in a window

i " Here the input pixel is replaced by
around the pixel, that is,

v(m, n) = median{y (m — k, n — D,k e W} (7.30)

where W is a suitably chosen window. The algorithm for med

¢. Generally the window size is chosen so that N, is odd: If

picking the middle valu
) s in the middle-

¥ - b€
N, is even, then the median is taken as the average of the two value
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e mwwmwmwwwmmw

g r ian filtering requires -
/’\ arranging the pixel values in the window in increasing or decreasing order and

» k Figure 7.19 Directional smoothing filter.

Typical windows are 3 X3, 5x 5, 7X7, or the fi i i i

: ) ) , N e five-point window
spatial averaging in Fig. 7.17c. i ' considered for
Example 7.2 \

Let{y(m)}=1{2,3,8,4,2} and W = [~1,0, 1]. The median filter output is given by

A
v(0) 22 (boundary value), v(1)=median {2,3,8} =3
v(2)=median {3,8,4}=4,  v(3)=median {8,4,2}=4 o
v(4)=2 (boundary value) 8

Z;/enc[:: {1v ((;ni} ;}{2,%,4, 4i 2}. If W contains én even number of pixels—for example
o W=[-1,0,1,2}—then v(0) =2, v(1) = 3, v(2) = median {2,3,8,4} = (3 + 4)2 = 3.5, "
and 50 on, gives (v (m)} = {2, 3,3.5,3.5,2}. @3.8420192=35,

The median filter has the folloviing properties:

1. It is a nonlinear filter. Thus for two sequences x(m) and y (m)

median{x (m) + y (m)} # median{x (m)} + median{y (m)}

{a) & x 5 spatial smoothing {b) directional smoothing

Figure 7.20.
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2. Itis usefL‘ﬂ for removing isolated lines or Eigqlgwhi@gcservinE%zlafg;%i%%;;
" tions. Figure 7.21 shows that the median fi forms very well on ima
ti i hows that the median filter per y we: ma .
e b B ot but performs poorly when the noise Is Gaussian.

ntaining binary noise orm : ! ' .
‘I::ci)gure 7.22 compares median filtering with spatial averaging for images

containing binary noise. o . i
3. Its performance is poor when the number of noise pixels in thé wi

greater than or half the number of pixels in the window.

‘ = i arch requires
i ’ fan i +1)/2 largest value (N, = odd), its searc
i tlhe+r?;\3/dxin2)'ls+ﬂ-l-e‘ (-J:l ?Nwl 12 i 3(N;—1)/8 comparisons. This nfl;mbii
E:](\;/;a—ls ;0 forw3 % 3 windows and 224 for 5 5 windows. Using a more etiicie

P i .
o S ke E -
oA [P - N =

redian filtered
(a) Image with binary noise {b) 3 x 3 medi

G

S —

S
2
i
¥
%

RN

{c) image with Gaussian noist_a‘
Figure 7.21 Median filtering.

(d) 3 x 3 median filtered. )
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i
o HIRISEEHE .

Figure 7.22 Spatial averaging versus
median filtering. T4

c|d

(a) Original
(b) with binary noise

(c) five nearest neighbors spatial average
(d) 3 X 3 median filtered

search technique, the number of comparisons can be reduced to approximately
iN, log, N, [5]. For moving window medians, the operation count can be reduced
further. For example, if k pixels are deleted and & new pixels are added to a window,
then the new median can be found in no more than k(N, +1) comparisons. A
practical two-dimensional median filter is the, Separable median filter, which is
obtained by successive one-dimensional median filtering of rows and columns.

Cther Smoothin.g Technigues

An alternative to median filtering for removing binary or isolated noise is to find the
spatial average according to (7.24) and replace the pixel at m, n by this average
whenever the noise is large, that is, the quantity |v(m, n) — y (m, n)| is greater than
some prescribed threshold. For additive Gaussian noise, more sophisticated

. smoothing algorithms are possible. These algorithms utilize the statistical proper-

ties of the image and the noise fields. /Adaptive algorithms that adjust the filter
response according to local variations in the statistical properties of the data are also
possible. In many cases the noise is multiplicative. Noise-smoothing algorithms for
such images can also be designed. These and other algorithms are considered in

... Chapter 8.

Unsharp Masking and Crispening

The unsharp masking technique is used commonly in the printing industry for
crispening the edges. A signal proportional to the unsharp, or low-pass filtered,
- version of the image is?ubtractemthéliﬁage. This is equivalent to adding the -
_gradient, or a high-pass signal, to the image (see Fig. 7.23). In general the unsharp
masking operation can be represented by ) :

:V(ln, I’l) = u(m, n) -+ )\g(nz’ n) ‘g . ' (731)

where A >0 and g (m, n)"is a defined gradient at (m, n). A'commonly used
gradient function is the discrete Laplacian
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m Signal

Low-pass
'
!
@ M-@ High-pass
I\
N\
A" 4
(1) + M3)

Figure 7.23 Unsharp masking opera-

) tions.
g(m, n) B u(m, n)—i{u(m —1,n) +u(m,n—1) : (7.32)

+u(m+1,0)+u(mn-1)]

Figure 7.24 shows an example of unsharp masking using the Laplacian
operator.
Spatial Low-pass, High-pass, and Band-pass Filtering
Earlier it was mentioned that a spatial averaging operation is a low-pass filter
(Fig. 7.25a). If hyp (m, n) denotes a FIR low-pass filter, then a FIR high-pass filter,
hyp (m, n), can be defined as’ ' T
hp (m, 1) = 8(m, 1) = hep(m, m) (7.33)
Such a filter can be implemented by simply subtracting the low-pass filter output
from its input (Fig. 7.25b). Typically, the low-pass filter would perform a relatively

long-term spatial average (for example, on a 5x 5,7 x 7, or larger window).
A spatial band-pass filter can be characterized as (Fig. 7.25c})

gy 1y = i (m, m) = By (m, ) (7.34)

where k., (m, n) and hy,(m, n) dendte the FIRS of low-pass filters. Typically, Az,
and h,, would represent short-term and long-term averages, respectively.

¥
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s
Fm Unsharp masking. Original (left), enhanced (right).

e

a— - R =

ulm, n) '
Veplm, n) B b Vup(m, 1)
—

uim, n
) | Spatial

averaging

(a). Spatial low-pass filter b} Spatiat high-pass filter

LPF :
T Ay dm,n) ,‘

LPF
hy,lm,n)

utm, n) + vep{m, n)

{c) Spa’gial band-pass filter

Figure 7.25 Spatial filt. .

Low-pass filters are useful for noise iz i i gh-p
o . s smoothi: ;3 and interpolation. High-pass
f}rltefrsI are useful in extracting edges and in sharpenii 3 images. Band-pass filters are
ﬁ:szn; tohfe eqhargemen; %fs e¢dges and other high-p ss image characteristics in the
, noise. Figure 7. igl - ' i band-pas
presen g . shows examples of higl -pass, low-pass and band-pass
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Figure 7.26 Spatial filtering examples. ) )
T:)g;) row: original, high-pass, low-pass and band-pass filtered images.

Bottom row: original and high-pass filtered images.
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inverse Contrast Ratio Mapping and Statistical Scaling

The ability of our visual system to detect an object in a uqiforrr} background
depends on its size (resolution) and the contrast ratia, , which is Bdefmed as.

(7.35)

where . is the average luminance of the objectand g is the standard deviation of the

luminance of the object plus its surround. Now consider the inverse contrast ratio
transformation

p(m, n)
o(m, n) .
where p(m, n) and o(m, n) are the local mean and standard deviation of u(m, n)
measured over a window W and are given by

vim, n)= (7.36)

o U amn)=— I3 uim—kn—1) (1.372)
R . Ny o yew ,
o letm, n)=[i 23 [um =k n —1)=plm, n)F} (7.370)

Nw (k1yeW
This transformation generates an image where the weak gthat is, 1ow-contrast)
edges are enhanced. A special case of this is the transformation -

v(m, n) =i—g—:—:ﬁ—% (7.38)
Chap. 7

. “Image Enhancement
252 Imag
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e Te— . i

Figure 7.27 Inverse contrast ratio mapping of images. Faint cdges in the originals
have been enhanced. For example, note the bricks on the patio and suspension
cables on the bridge.

which scales each pixel by its standard deviation to generate an image whose pixels
have unity variance. This mapping is also called statistical scaling [13]. Figure 7.27
shows examples of inverse contrast ratio mapping. )

Magnification and Interpolation (Zooming)

Often it is desired to zoom on a given region of an image. This requires taking an
image and displaying it as a larger image. S o
Replication. Replication is a zero-order hold where each pixel along ascan
line is repeated once and then each scan line is repeated. This is equivalent to taking
an M X N image and interlacing it by rows and columns of zeros to obtain a

2M X 2N matrix and convolving the result with an array H, defined as _

11
H=[} {] (7.39)
This gives
vimmy=uk 1), k% Int[%],, l= Int[%], mn=0,1,2,... (7.40)’4;)
"Figure 7.28 shows examples of interpolation by replication. ' Y ,}

o

Linear Interpolation. Linear interpolation is a first order hold where a
straight line is first fitted in between pixels along a row. Then pixels along each

- column are interpolated along a straight line. For example, for a 2 x 2 magnifica-

tion, linear interpolation along rows gives

vi(m, 2n) = u(m, n), ‘
‘ O=m=M-1,0sn=N-1|
vi(m, 20 + 1) =1{u(m, n) + u(m, n + 1)),
O=m=M-1,0=n=N-1

(7.41)
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3 2 Zero o 0o 00 00 .Convolve ___‘,_1 b : z 2
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(b)
Figure 7.28 Zooming by replication from 128 X 128 to 256 % 256 and 512 x 512 images.
Linear interpolation of the preceding along columns gives the first result as

v(2m, n) = v (m, n)

v@m +1,n)y=3[wn(m n)+vi(m+1, )], (7.42)
0=m=M-1,0sN=2N-1
Here it is assumed that the input image is zero outside [0, M — 1] % [0, N — 1]. The

above result can also be obtained by convolving the 2M x 2N zero interlaced image

i arra ) e RO
with the y . ' A B /' L ? e .
F 3 { kt AR PR " ?
S Y (1.43)
:K‘\\\ H= % ' % (
\\"\ oo 111
oo a2 4
\ ©
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(b)
Figure 7.29 Zooming by linear interpolation from 128 x 128 to 256 X 256 and

512 x 512 images.

whose origin (m = 0, = 0) is at the center of the array, that is, the boxed element.
Figure 7.29 contains examples of linear interpolation. In'most of the imiage process-
ing applications, linear interpolation. performs quite satisfactorily. Higher-order.
(say, p) interpolation is possible by padding each row and each column of the input
image by p rows and p columns of zeros, respectively, and convolving it p times with

H (Fig. 7.30). For example p = 3 vields a_cubic spline interpolation in between the

pixels. ' ’

uim, n) | Interlacing by } l vim, n) .
se———3t p rows and Convolve H H = H
columns of zeros I e
- " 2 .- p
Figure 7.30 pth order interpolation.
~ P order Inferpolation.
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2.5 TRANSFORM OPERATIONS - /g

e

?.

s

In the transform operation enhancemgnt techniques, zero-memory y operations are
a transformed image followed by the inverse transformation, as

performed on
31. We start with the transformed image V ={v(k, )} as

shown in Fig. 7.

V= AUAT (7.44)
where U = {u(m, n)} is the input image. Then the inverse transform of
vk, 1) =f(v (k1)) (7.45) -
gives the enhanced image as , ,
U =AVI[AT]? : (7.46)

Generalized Linear Filtering
In generalized linear filtering, the zero-memory transform domain operation is a
pixel-by-pixel multiplication

vik, =gk DHvk) (7.47)

where g(k, 1) is called a zonal mask. Fi

band-pass and high-pass filters for the DET and other orthogonal transforms.

ulrm, ) Unitary Wk, 1) | Point v ik, 1) | inverse u'{m, n)
——>{  transform - operations transform e
AUAT ) ATV [AT)

Figure 7.31 Image enhancement by transform filtering.

-~ X

{a) DFT zonal masks

Figure 7.32 Examples of zonal masks g(k, I) for low-pass filtering (LPF), band- ~
pass filtering (BPF), and high-pass (HPF) filtering in (complex) DFT and (real)
orthogonal transform domains. The function g(k, [) is zero outside the region of
support shownkfor the particular filter. ’
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gure 7.32 shows zonal masks for low-pass,
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v

Figure.7.33 Generalized linear filtering using DCT, and Hadamard transform and

DFT. In each case[ ;

b

[+

d

(d) high-pass filtered.

(a) original; (b) low-pass filtered; (c) band-pass filtered;

257




b

A x Vimagesis defined as .
K+ 0 o, =N v
y(k, 1) = c"p{( = } G=k [=7 (7.48)
B g(NF k, N —1), otherwise ,

when A in (7 ‘44) is the DFT. For other orthogonal transforms discussed in
. apm———
Chapter 5,
Cahlb) =N-1 (7.49)
gk, I)=¢exp Tt 0=k l=

asis filter that restores images blu.r:ed by atmospheric.
a that can be modeled by Gauss:afx PSFS'. ;
some examples of generalized linear filtering.

P_,C wa [t

This is a high-frequency emph
turbulence or other phenomen
) Figures 7.33 and 7.34 show

' ?\ Root Filtering

The transform coefficients v (k, [) can be written as
N vk D= v (k, Dle*®D
e magnitude component of v (k, 1) is taken, whx.le

(7.50)

In root filtering, the o-root of th 1ag
retaining the phase component, to yield

v (k, 1) =k DPe™®D,  0=a=l ‘
ude of v(k, {) is relatively smaller at higher

(7.51)

For common images, since the magnit

Ly “ ’ ,"

; iz ..\.,\.‘j‘-‘a‘\\\\? TN . e
; //ﬂ/%/// i }“““&\\\\\\\\\\\\\\\\W/ﬁ::ﬂ\:}\:}\\\\\ Lowpass filtering for noise smoothing
Originals {a) Original
i {nverse Gaussian filtering alb (b} naisy
€14} (c)DCT fitter

(d) Hadamard transform filter.

Figure 7.34 Examples of transform based linear filtering. v

Chap- 7

image Enhancement

258

s B

v

Rl LREN

{c)a=0.5;

iy e
Rl aimid et

{a) Original;

{b} a = 0 {phase oniy});
Figure 7.35 Root filtering
spatial frequencies, the effect of a-rooting is to enhance higher spatial frgquenciés

(low amplitudes) relative to lower spatial frequencies (high amplitudes). Figure 7.35
shows the effect of these filters. (Also see Fig. 8.19.)

’ Generalized %ggtrgﬂ) and Homomorphic Filtering

If the magnituae term in (7.51) is replaced by the logarithm of |v(k, /)| and we
define

s(k, 1) & loglv (k, Dlle™™, |y (k, )] >0 (7.52)
then the inverse transform of s(k, I), denoted by c(m, n), is called the generalized

cepstrum of the image (Fig. 7.36). In practice a positi i dto |v(k, 1)|

to prevent the logarithm from going to negative infinity. The image c(m, n) is also

3
T T T T e e e e e ———— e e ]
! I
image | t Cepstrum
u{m, n) Il vik, 1) s{k, 1) t elm,n)
, AUAT llog [ vik, )] gittk.D) A-1§(AT)™ —*———I
[ i
| [
e e 3
(a} Generalized cepstrum and the generalized homomorphic transform JC .
clm, n) sk, 1) vik, 1) ulm, n)
ACAT exp(|s|)}elokd —= AT'S[AT] -} ——

. £

. ‘ (b} Inverse omomorphic transform, 3¢ ™' O

PR 0»(/ . ‘r"wf. a7 9. e s .

Yo 2200 Dt [l AL (dwa/tié@/ Y by

' Zonal -1
: x mask | x /\ \/\/\
N I
{c) Generalized homomorphic linear filtering . A N e
Figure 7.36 = Generalized cepstrum and homomorphic filtering.
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Log-Ratios ’ ﬂ\»‘!’y
13 ' )
; : Y
Taking the logarithm on both sides of (7.53), we get ,[”(;5’3/75{
i ‘ S |
{ Li; A log R, ; = logu;{m, n) —logu;(m, n) (7.54)
Thf: log-ratio L; i gives a better display when the dynamié range of R, ; is very largé,
% which can occur if the spectral features at a spatial location are quite different.
: Principal Components
? , VY, Aol
‘ : For each (m, n) define the I X 1 vector / I -
; - f,”_‘_.j,:"[,( a2y Jw(mon) ST
- : : fe - &) ' uy (m, :
; B o Cacs - gt = L2 = RO oyt )l (759
| : ‘ L - £, o ) ARG ARG AY
& i : . &= L, z u;(m, n) g / -
| N N e

eneralized cepstra § A
g The I x I K transform of u(m, n), denoted by @, is determined from the auto-

cepstrum of the building image

(a)-original b ; : .
(o) OFT z : / correlz'mon ma_tnx of the ensemble of vectors {u;(m, n),i =1,...,1 }. The rows of
{©) DCT / ®, which are.exgenvectors of the autocorrelation matrix, are arranged in decreasing
(d) Hadamard transform / order of their associated eigenvalues. Then for any I, =1, the images v; (in, n)
Figure 7.37 Generalized cepstra: [,' i=1,...,I;obtained from the KL transformed vector '
. . . | . N
called the generalized homomorphic transform, &, of the image ”t .((’)’:{S”g'nr%}ﬁ: | v(m, n) = @u(m, n) (7.56)
ed ic linear filter performs zero-memory operati = | i inci i i
“geng:gqlgz_ed h0m0m9rp1nc fh?lojvred 5 ifverse 7 ceanstorm, as shown in Fig. 7.36. '\ are the first /, principal components of the multispectral images.
“-transform of the image fo y e e morphic. {ra . ation. Figure 7.38 contains examplés of multispectral 1mage enhancement.

ey g = e i

Examples of cepstra are given in Fig.. 7.37.
reduces the dynamic range of the image in the tr

“the cepstral domain.

\S =Y. )
\& 7.6 MULTISPECTRAL IMAGE ENHANCEMENT

anstorm domain and increases it in

In multispectral imaging there is a sequence of [ images U{ (m,n),i = 1,.2, R A
where the number I is typically between 2 and 12. It is desired to corque thege
images to generate a single or a few display images that arer’rePrE’SWe{ltat}\jgofjhE"
features. There are three common methods of énhancing such images. ) 7 :
g ‘ . At mnislieni -
N . » ¥ B E ( (;
™ Intensity Ratios / 9": ! -
LY -
Define the ratios b //;’\ . E
i(m, n S v
R, (m, AR Ty (7.53) ) ;
iy u; (m, n) , e 7 P
where u; (m,rn) represents the intensity and is assumed to be posit%ve. This methgd :  Originals (top), visual Log Ratios Principal Compounds
gives I* — I combinations for the ratios, the few most suitable of which are chosen Z ; " band: (bottom), 1.R.
.. . e : Il . . .
visual inspection. Sometimes the ratios are defined with .respect to the averageé . . Figure 7.38 Multispectral image enhancement. The clouds and land have been
image (UI) Zi. + u; (m, n) to reduce the number of combinations. separated.
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2.7 FALSE COLOR AND PSEUDOCOLOR [

1.7

Since we can distinguish many more colors than gray levels, the p;arcgp;ual d)?];:lils

l ‘ i i i nformati ‘
i / flectively increased by coding compiex 1 T
range of a display can be e _ ; _ e oo
impli lor image into another
lor. False color implies mapping a coloI v

;(;ovide a more striking color contrast (which may not be natural) to attract the

attentjon of the viewer, . ' - ) .

: Pseudocolor refers to mapping a set gf images i (m{ n),i i, tr, eIS l:ft(:he

color image. Usually the mapping is. determined such that different featu es of the

data set can be distinguished by different colors. Thus a large data.se ca

presented comprehensively to the viewer.

vi{m, n)
v,{m, n) | Color. G N
Input Feature 2 coordinate Display
> extraction vz{m, n} |transtormationj B8
Images . L
u;{m, n)

Figure 7.39  Pseudocolor image enhancement.

Figure 7.39 shows the general procedure for determiging pseu:'oct:‘({lor
mappings. The given input images are mapped into thr'ee‘ fzat\}re (;;?agzz ,u \(ajvo :(:) loarrz .
i lor primaries. Suppose it 1s desired to p or
then mapped into the three co e
i the gray levels onto a suitably
monochrome image. Then we have to map / it e
h i ] ' is to keep the saturation (§*) constan
rve in the color space. One way 1s to ‘ ]
flllle gray level valugs into brightness (W*) and the local spatial averages of gray
levels into hue (6%). . '
" Other methods are possible, including a pseudoranglom mapping of glrlay le\eést.
into R. G, B coordinates, as is done in some image display sysltemfs. T ue:j g(c)(r)l;or
imi f this text is an example of pse
alley image shown on the cover page 0 of psel
?nagey enhagncement. Different densities of the comet surface (which is ice) were
Ditferent densit
ed into different colors. . )
malJpFor imz{ge data sets where the number of images is gre'ater than or equa} ta(;
three. the data set can be reduced to three ratios, three log-ratios, or three princip
’ i i itable colors.
mponents, which are then mapped mtq sui : .
* pIn gen;ral, the pseudocolor mappings are nonumque, a_nd exten‘swle 1.ntera
active trials may be required to determine an acceptable mapping for displaying
given set of data, .

7.8 COLOR IMAGE ENHANCEMENT

In addition to the requirerﬁents of monochrome image enhancement, _golgr 1?&?1%%
enhancement may require improvement of color balance gff;:pl()lr ionlirasttn:) :1y o
i i becomes a more difficult task not 0 :
image. Enhancement of color images C y e
causge of the added dimension of the data but also due to the added compiexity

- : at-
color perception. A practical approach to developing color image enhanceme

- » ' Image Enhancement Chap.7
262 ‘ | . »
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7.9 SUMMARY

7.1 {(Enhancement of a low-

Chap.7

7y Monochrome . 7 R’
. , image enhancement o >
R : .
Input _G__ | Coordinate A Monochrome T2 . Inverse G’ Dicol
image 5 conversion image enhancement . c"s‘;"od'"att? isplay
ransformation
. B | I tio
] T3 »1 Monochrome 3 8’
image enhancement

Figure 7.40 Color image enhancement.

algorithms is shown in Fig. 7.40. The input color coordinates of each pixel are

_independently transformed into another set of color coordinates, where the image _

in each coordinate is_enhanced by its own (monochrome) image enhancement
- algorithm, which could be chosen suitably from the foregoing set of algorithms. The
enhanced image coordinates T3, T;, T; are inverse transformed to R° ,G', B for
display. Since each image plane T (m, n), k =1,2,3, is enhanced independently,
-care has to be taken so that the enhanced coordinates T} are within the color gamut
of the R-G-B system. The choice of color coordinate system T; , k = 1,2, 3, in which
enhancement algorithms are implemented may be problem-dependent.
Z=el P
A A

n )
b =l b

: P . &G (o
In this chapter we have presented several image enhancement techniques /

gccom-

. panied by examples. Image enhancement techniques can be improved if the en-

hancement criterion can be stated precisely. Often such criteria are. application-
dependent, and the final enhancement algorithm can only be obtained by trial and
error. Modern digital image display systems offer a variety of control function
switches, which allow the user to enhance interactively an image for display.

PROBLEMS

contrast image) Take a 25¢ coin; scan and digitize it to obtain
a 512 ¢ 512 image. '

a. Enhance it by a suitable contrast stretchin
histogram equalization.

. b, Performunsharp masking and spatial high-pass operations and contrast stretch the
" results. Compare their performance as edge enharnicement operators.

g transformation and compare it with

7.2 Using (7.6) and (?.9), prove the formula (7.8) for extracting the nth bit of a pixel.
7.3 a. Show that the random variable v defined vi

a (7.11) satisfies the condition

Problv = ] = Problu < F ' ()] = F(F™ (#)) = o, where 0< & <1, This means v _

is uniformly distributed over ©,1).

Problems
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b. O the other hand, show that the digital transformation of (7.12) gives p.(vi) =
. It a s 5

: g o« is given by (7.14). ‘ |
: .pfi(;‘,i -);.n“»t‘li:ilr;u:n }nr (a) a(n M % M median ﬁ!'ter, and (b) gn_M'x l.sepilr‘;bfr
s 1?‘-:{;.‘;:1‘ ti‘ltclz that minimizes the nurber of operations required f7or filtering !
;‘mbag‘es, where N > M. Compare the operation counts for M = ;,5,' . e in the pres
7.5% (Adaptive unsharp masking) A powerful.metl?od pf S:ha;pe?lﬁi V:,?:)agmgorithm e
. ence of low levels of noise (such as film grain noise) is via the fo g ‘

The high-pass filter
-1 -2 -1
5w|-2 12 -2
-1 -2 -1 -
which can be used for unsharp masking, ‘can be written as 1—1;, times the sum of the
following eight directional masks (Fls ):
000 100 0-20 001 000 000 000 000

- 010 020 010
- 010 020 010 022
3(2)8 000 000 000 000 001. 020 -100

each of these masks and the outputs that exceed a

i image is filtered by : ; ' :
51};25;13?2:2 simmed and mixed with the input image (see Fig. P7.5). Perform this

i i ' king.
i are with nonadaptive unsharp mas
algorithm on a scanned photograph and comp

AZ vy + Enhanced

v, h
2 6: vy i>n image

Image Directional - | Threshold n
mask Hy :

~

Figure P7.5 Adaptive unsharp masking.

iltering usi T the limitattons of the noise-smoothing line,.ar filters is
e g::ik?:i% Frzgie%llisfgspglzz lolis zero phase. This meansf the gh;se dl:r?}l;:r?:; ::zi;?’
v ori e effect of phase;
POise rem'ain lfmagflesi;endc: y;;ﬁ:e:;gggt)hlr)r;s.s:;:;eatyefaging ang tran§f<?rm Processing
o the cl)xr 1 of the’enhanced image is the same as that of the .ongm.al image (s.ee
SQCh}t’gaét)thI;i}:pf;; i (m, n), & (m, n) and u(m, n) and compare results at different noi:
f:\%e.ls. .If,. instead of preserving 6(k, [), suppos? we p{esgr:e Dlgj;} oo; ;:ealsgz:)thm
U(m, n) a [IDFT{exp j8(k, H}] that have the largest magnitudes.

for enhancing the noisy image now. . .

ot D}
DFT »| Measure phase
J ¢ ulm, n)
uim, n) | ¥k, 1} T
ulm, n} Noise smoothing ~| DFT h ()— IDFT —-2
Noise im, m) ‘ ,
' : Figure P7.6 Filtering using phase. .
hap. 7
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7.7 Take a 512 x 512 image containing noise. Design low-pass, band-pass, and high-pass

zonal masks in different transform domains such that their passbands contain equal

.energy. Map the three filtered images into R, G, B color components at each pixel and
display the resultant pseudocolor image.

7.8 Scan and digitize a low-contrast image (such as fingerprings or coin). Develop a
technique based on contrast ratio mapping to bring out the faint edges in such images.
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Image Filtering
and
Resforct’rion

S

8.1 INTRODUCTION

Any image acquired by optical, electro-aptical or electronic means is likely to be
degraded by the sensinig environment. The degradations may be in the form of
sensor noise, blur due to camera misfocus, relative object-camera motion, random
atmospheric turbulence, and so on. Image re+ioration is concerned with filtering the
observed image to minimize the effect of degradations (Fig. 8.1). The effectiveness
of image resioration filters depends on the extent and the accuracy of the knowl-
edge of the degradation process as well as on the filter design criterion. A frequently
used criterion is the mean square error. Although, as a global measure of visual
fidelity, its validity is questionable (see Chapter 3) it is a reasonable local measure
and is mathematically tractable. Other criteria such as weighted mean square and
maximum entropy are also used, although less frequently. '

Image restoration differs from image enhanzement in that the latter is
concerned more with accentuation or extraction of image features rather than
restoration of degradations. Image restoration problems can be quantified pre-
cisely, whereas enhancement cfiteria are difficult to represent mathematically.
Consequently, restoration techniques often depend only cn the class or ensemble

N

u(x, y) Imaging AtoD  {vimn) Digial 1 b0

system conversion filter conversion

Dispy or .
recor

Figure 8.1 Digital image restoration system.
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{maga restoration

Other methods

» Speckle noise reduction

Linear filtering

Restoration madels

i ifter
ion models » |nverse/pseudoinverse filt L v emtroDY
s fOFmZ(‘ corder = Wiener tilter M ion
» Detector and re « FIR filter ] « Bayesian methods .
e i del » Generalized Wiener filter ) o ato transformation
» Sampled observation madels » §pline interpolation/smoothing Coord e corrootion
' I3 Lzast squares and SVD, methods . Biind deconvolution
» Recursive {Katman) filter + Extrapolation and
» Semirecursive filter cuper-resolution

ation.
Figzure 8.2 Image restora

niques are much more

cement tech r _
e n techniques that are

ies of a data 3 o
Pmpert&z;:ndent Figure 8.2 summarizes several restor
image .

discussed in this chapter.

set, whereas ima,

da
L . 4t stem, a detector, an
. iots image formation sy e "
S system consists of an : & : television came
A typ‘;cal 1Erg)argler:xgarr}x,ple, an electro-optical system spc}ilo ?cfelt:; e device, which is
recordet. ' 4 an imageonap .
. . tem that focuses : v an ordinary camera
contains an optical sys dine of the image. Similarly; a ry cam
ission or recording ot - hotosensitive film.
scanped for transm n image that is detected and recorded onap
uses a lens to form a ms (Fig. 8.3) can be expressed as

A general model for such syst?ms o
B T 1LLC R R
o= ([ hie 'dy' 8.2)
wiy)= || heoysxydue y DAy (
=11 ' (8.3)
e y) = L Ow( Y)m (5 ) + 12 (57
j”:; L:inea;‘r ‘ Poir;t ]
__ﬂ_’_u(x,'y 3 nonlinearity
;\{s;e‘ynxy)
j! nixy) malxy) |
! o figure 8.3 Image observation modfel.
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where u(x; y) represents the object (also called the original image), and v{x, y) is
the observed:image. The image formation process can often be modeled by the
linear system of (8.2), where A (x, y;x',y") isits impulse response. For space invari-
ant systems, we can write - ) :

h(X,Y§x',y')=h(x*x',y_yf;O,O)éh(x_‘xr,y_y,) ‘ (8'4)

The funciions f(-) and g (-) are generally nonlinear and represent the characteristics
of the detector/recording mechanisms. The term n(x, ¥) represents the additive
noise, which has an image-dependent random component f[ g(w)]n; and an image-.
independent random component ;. )

Image Formation Models .

Table 8.1 lists impulse response models for several spétially invariant systems.
Diffraction-limited coherent systems have the effect of being ideal low-pass filters.
For an incoherent system, this means band-limitedness and a frequency response
obtained by convolving the coherent transfer function (CTF) with itself (Fig. 8.4).
Degradations due to phase distortion in the CTF are called aberrations and manifest
themselves as distortions in the pass-band of the incoherent optical transfer function
(OTF). For example, a severely out-of-focus lens with rectangular aperture causes
an aberration in the OTF, as shown'in Fig. 8.4. ’

Motion blur occurs when there is relative motion between the object and the
camera during exposure. Atmospheric turbulence is due to random variations in the
refractive index of the medium between the object and the imaging system. Such
degradations occur in the imaging of astronomical objects: Image’ blutring also
occurs in image acquisition by scanners in which thé image pixels are integrated
over the scanning aperture. Examples of this can be found in image acquisition by
radar, beam-forming arrays, and conventional image display systems using tele-

TABLE 8.1 Examples of Spatially Invariant Models .

Impulse response Frequency response
Type of system h(x,y) H(t,8)
Diffraction limited, coherent ab sinc(ax) sinc(by) t(é; &
(with rectangular aperture) retle
Diffraction limited, incoherent sinc’(ax) sinc*(by) w8 &
(with rectangular aperture) . Sy
Horizontal motion 1 -1 e
ntal motio : o Tect <aio - i)a(y) € 7" sinc(§; ap)
Atmospheric turbulence exp{—ma*(x?*+yH} 1 exp [ —m(& + é)}
) 7P
Rectang‘xilarws‘c.anxﬂlinfg aperture rect(i ' %) oB sinc(aks) sinc(BE)
1 1
CCD interactions >> @B —kA,y —14) D e RraGE+aD
ko= 1 ke =1
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Figure 8.4 Degradations due to diffraction limitedness and lens sberration.

iston rasters in the case of CCD arrays‘ used for image acquisition, local inter-

vi . : |

i / ;acent array elements blur the image..

aCthﬂ;i‘g):’;:%e;l :}?cj)?\?s the PS%S of some of these degradation ;lalhen}?m%);f%re 1atrax
. i is the infinitesimally thin D1

i imaging system, the impulse response 18 t t :

lfd?l?:l'cil)nrtla}g\:l%ngy an infinite passband. Hence, the extent of blur 1r§tr?du;:§2 bg,s:

v tem can be judged by the shape and width of t_he PSE. Alternanv?}é,1 ) of s

;):nd of the frequency response can be used to judge thesgxtentd oM T;sz or the

resolution of the system. Figures 2.2 and 2.5 show the PSFs an

imi i les
atmospheric turbulence and diffraction-limited systems. Figure 8.6 shows examp

of blurred images. i
hix, ¥}
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Figure 8.6 Examples of blurred images . (a) Small exponential PSF blur;

Example 8.1
An object u(x, y) being imaged moves uniformly in the x-direction at a velocity ». If

the exposure time is 7, the observed image can be written as

1 T 1 ag
'v(x,y)=?,_];.u(x —‘0t,y)dt=:0-l; u(x —a,y)da

-1 (& - l) ey~
w0 rect w2 3Ru(x ~a,y —B)dadp
where o & ot, ag 4 oT. This shiows the system is shift invariant and its PSF is given by
1 ( x 1) '
1 (x,y) = — rect| = — =
h(x,y) ” rec w3 3(y)
(See Fig. 8.5a.) ‘

Example 8.2 (A Spatially Varying Blur)

A forward looking radar (FLR) mounted on a platform at altitude A sends radio
frequency (RF) pulses and scans around the vertical axis, resulting in a doughnut-
shaped coverage of the ground (see Fig. 8.7a). At any scan position, the area illu-
minated can be considered to be bounded by an elliptical contour, which is the radar
antenna half-power gain pattern. The received signa at any scan position is the sum of
the returns from all points in a resolution cell, that is, the region illuminated at distance
r during the pulse interval. Therefore,

b0 () rh() ‘ ‘
v )= f, W (r+35, & +6)sdsd - ®.5)

$o (D211 (n

where ¢ (7) is the angular width of the efliptical contour from its major axis, /; (r) and
L (r) correspond to the inner and outer ground intercepts of radar pulse width around
_the point at radial distance r, and u, (r, ¢) and v, (r, $) are the functions u(x,y) and
v(x, y), respectively, expressed in polar coordinates. Figure 8.7c shows the effect of
scanning by a forward-looking radar. Note that the PSF zssociated with (8.5) is not
shift invariant. (show!) : '
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Figure 8.8 Typical response of a photo-
graphic film.

Detecior and Recorder Models

The response of image detectors and recorders is generally nonlinear. For example,
the response of photographic films, image scanners, and display devices can be
written as )

g =aw? ' - (8.6)

‘where o and B are device-dependent constants and w is the input variable. For
photographic films, however, a more useful form of the model is (Fig. 8.8)

d=vylogyw —d, 8.7

where vy is called the gamma of the film. Here w.represents the incident light
intensity and d is called the optical density. A film is called positive if it has negative
Y. For y= —1, one obtains a linear model between w and the reflected or trans-
mitted light intensity, which is proportional to g 4102, For photoelectronic de-
vices, w represents the incident light intensity, and the output & is the scanning
beam current. The quantity 8 is generally positive and around 0.75.

Noise Models

The general noise model of (8.3) is applicable in many situations. For example, in
photoelectronic systems the noise in the electron beam current is often modeled as

1 )= Ve, y) m(x y) +m: (x, y) (8.8)

. where g is obtained from (8.6) and m,; and 7, are zero-mean, mutually independent,

Gaussian white noise fields. The signal-dependent term arises because the detection
and recording processes involve random electron emission {or silver-grain deposi-
tion in the case of films) having a Poisson distribution with a mean value of g. This
distribution is approximated by the Gaussian distribution as a limiting case. Since
the mean and variance of a Poisson distribution are equal, the signal-dependent
term has'a standard deviation Vg if it is assumed that h has unity variance. The
other term, ., represents wideband thermal noise, which can be modeled as Gaus-
sian white noise.
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In the case of films, there is no thermal noise and the noise model is
(% y) = VeE y)mxy) - (89
where g now equals d, the optical density given by 8.7). A more-accurate model for
film grain noise takes the form ’ ‘ .
n(x, y) = e(g (6 y)) m % ¥) (8.10)

where ¢ is a normalization constant depending on the average film grain area and &

lies in the interval  to 3. . o
The presence of the signal-dependent term in the noise model makes restora-

tion algorithms particularly difficult. Often, in the function f{g(w)], w is replaced
by its spatial average p., giving
0 y) =g (alm (6, y) T m G y) : (8.11)

which makes m(x, ) a Gaussian white noise random field, If the detector is oper-
ating in its linear region, we obtain, for photqelectronic devices, a linear observa-

tion model of the form
V(x, ¥) = wE ) + Viam (6 y) + m(x ) (8.12)

where we have set o = 1 in (8.6) without loss of generality. For photographic films
- (with y = —1), we obtain ' ] :

v(x, y) = —logow +am(xy) ~dy (8.13)

- where a is obtained by absorbing the various quantities in the noise model of (8.10).
The constant d, has the effect of scaling w by a constant and can be ignored, giving

v(x, y) = —logw +am(x, y) (8.14)

where v (x, y) represents the observed optical density. The light intensity associated
with v is given by

i(x,y) =107
= w(x, y)107 &)
=w(x, )n(x,y) : (8.15)
where n A 10~ now appears as muktiplicative noise having a log-normal distribu-

tion.

called speckle noise. For low-resolution objects, it is multiplicative and occurs
whenever the surface roughness of the object being imaged is of the order of the
wavelength of the incident radiation. It ismodeled as

V= uEsEN ) | (8.16)

where s(x, y), the speckle noise intensity, is a white noise random field with ex-
ponential distribution, that is, : .
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A different type of noise that occurs in the coherent imaging of objects is -

e o o b

Lo (8), e=0
Ps(§)={czexp<02>’ £=0 (8.17)

0, otherwise

Digital processjng of images with speckle is discussed in section 8.13.
Sampled Image Observation Models

With uniform sampling the observation model of (8.1)-(8.3
_ ) 1)-(8. b
discrete approximation of the form E1-69 e reduced to 2

v(m, n) = g[w(m, m)] +m(m, ), V(m, n) 818
w(m, n)=k;=_wh(m,n;k, Duk, 1) (8.19)
n(m, n) = flgOwlm, W)} (m, 1) + f(mym)  (8.20)

where v’'(m, n) and n"(m, n) are discrete white noise fi i

\ 3 , elds, h(m, n;k, 1) is the
impulse response of the sampled system, and u(m, n), v{(m, n) are the :werage
values of u(x, y) and v(x, y) over a pixel area in the sampling grid (Problem 8.3).

( 9 INVERSE AND WIENER FILTERING

Inverse Filter

;nverse filtering is the process of recovering the input of a system’ from its output
or example, in the absence. of noise the:inverse filter would be a system that
recovers u(m, n) from the observations v (im, 1) (Fig. 8.9). This means we must have

g'x)=g7(x), or glg()]=x ‘ (8.21)
Rmunk,)=h""(m n;k,1) ' (8.22)
that is, ‘
1 A L roge. __>.
k%}gmh (m,n,k,l)ﬁ(k kD =8(m —k,n—1) (8.23)
. Inverse filters are useful for precorrecting an iﬁpu’t signal in anticipation of the

degradations caused by the s i i i
: ¢ ystem, such as correcting the nonlinearity of a displa;
l?esxgn of physically realizable inverse filters is difficult because tl}lley are (l:fte);

utm, n) wim, n) vim, n)

him, n; k, 1) =1 gl ) w{m, n}

ey bl Alim, n; 6, D)

Y.
«

System ’ . inverse filter

Figure 8.9 Inverse filter.
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unstable. For example, for spatially invariant systems (8.23) can be written as

SS hi(m—k' n =1k, ') =8(m,n),  V(m,n) (8.24)
kI =—= . .
Fourier tradsforming both sides, we obtain H' (w,, wy)H (wy, @n) = 1, which gives
1 L .
I R m—— et
H (0, 0) =1 o) (8.25)

that is, the inverse filter frequency response is the reciprocal of the frequency
response of the given system. However, H ! (w;, o) will not exist if H(wy, w;) has

any zeros.

Pseudoinverse Fiiter

The pseudoinverse filter is a stabilized version of the jnverse filter. For a linear shift
invariant system with frequency response H(wi, w,), the pseudoinverse filter is
defined as ' ‘ ] :
_ 2— m=o
H™ (v, W) = H{w;, )
0, H=0
Here, H™ (w,, wy) is also called the generalized inverse of H(w,, w,), in analogy
with the definition of the generalized invérse of matrices. In practice, H~ (w1, ) 18
set to zero whenever |H| is less than a suitably chosen positive quantity e.

(8.26)

Example 8.3
Figure 8.10 shows a blurred image simulated digitally as the output of a noiseless linear
system. Thgrefore, W (@i, wz) = H (w1, @2)U(wn, wz). The inverse filtered image is ob-
tained as U (w1 wz) 2 W (e, w2)/H (@1, w2). In the presence of additive noise, the in-
verse filter output can be'written as :

o
RS

N N o
+o=U+— .
% H (8.27)
where N{w,,w,) is the noise term. Even if N is small, N/H can assume large values
resulting in amplification of noise in the filtered image. This is shown in Fig. 8.10c,
where the small amount of noise introduced by computer round-off errors has been -
. amplified by the.invesse filter. Pscudoinverse filtering reduces this effect (Fig. 8.10d).
The Wiener Filter ~
The main limitation of inverse and pseudoinverse filtering is that these filters
remain very sensitive to noise. Wiener filtering is a method of restoring images in
the presence of blur as well as noise. o “
Let u (i, n) and v(m, n) be arbitrary, zero mean, random sequences. Itis
desired to obtain an estimate, i (m, n), of u(m, n) from v(m, n) such that the mean
square error

[

oi=E{u(m,n)—a(mn)} (8.28).
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' Figure 8.10 Inverse and pseudo-inverse filtered images.
.1s minimized. The best estimate 4 (m, n)is k
: R nown to be the condition f
u(m, n) given {v (m, n), for every (m, n)}, that is, # mean of
afm, n)=Elu(m, n)lv(k,1), Y(k1)] (8.29)

l])iquauon' (§.29), §imple as it looks, is quite difficult to solve in genetal. This is
.ecause 1t is nonlinear, and the conditional probability density Dupy» Tequired for

solving (8.29) is difficult to calculate. Th (
Imear s o aeult - Therefore, one generally settles for the best

o ftr(m, n) =k;=§eg(m,n;Ak, Dk, 1) (8.30)

where the filter impuise response k1) mi C ’
' g(m, n; k, 1) is determined such that the me
square error of (8.28) is minimized. It is well known that if u{m, n) and v(me :)1 :zirel
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jointly Gaussian sequences, then the solution of (8.29) is linear. Minimization of
(8.28) requires that the orthogonality condition 4 o
E[{u(rh, n) —d(m,mv(m’,n )] =0, - Vimn, n),(m', n')
be satisfied. Using the definition of cross-correlation ‘
r.s (m, nyk, 1) 2 Ela(m, m)b(k, 1)) (8.32)
i .30), th
for two arbitrary random sequences a_(m, n) and bk, 1), and given (8.30), the
orthogonality condition yields the equation ]

(8.31)

sz g(m, n;k, Dro. (k Lm',n)=r,(mn;m',n") (8.33)

k== ' -
Equations (8.30) and (8.33) are called the Wiener fi!ter equgnons. .I‘f thcf_t:;uttse
coci}rlelation fu}lction of the observed image v (m, n) and .ltS crgss:corre(l)z;:xon »L\é 1(m s
object u(m, n) are known, then (8.33) can be solved in principie. Otten, )

a"d v{m, n) can be assunled to be Ollltly Statlonary SO that
td ]

ra{mnym',n’)=ru(m—m',n —n')
for (a, b) = (u ), (1, v), (v, v), and so on. This simplifies g (m, n; k, I) to a spatially
invari’ant filter, denoted by g(m — k, n = 1), and (8.33) reduces to ,

' S5 g — ky 1= s, 1) = 1y (m, 1) (8.35)
ki=—= )
Taking Fourier transforms of both sides, and solving fqr G (wy, wy), we get

G(O.)l, (Dz) = Suv (wl,‘wz)S;‘ ((1)1, (.02) (8A36)

and S,, are the Fourier transforms of g, r,, and r,, respectively.

where G &, d the filter equations

Equation (8.36) gives the Wiener filter frequency response an
become

it (m, n)= Emz gm—k,n —-:l)v(k, 15} 7 (8.37)

k1=
| U (o, o) = G (w1, w)V (01, o) (8138)

where U and V are the Fourier transforms of an'd v res'sp.ective'ly. S;:ptp{ose the
v(m, n) is modeled by a linear observation system with additive noise, that is,

v(m, n) = S hm =k, n — Dk, 1)+ n(m, ) (8.39)

ki=—= .

" where n(m, n) is a stationary noise sequence uncorrelated with u{m, n) and which
’ ‘ .

has the power spectral density Sq. Then
Sw (mla (1)2) = lH(wh "‘)Z)IZ Suu ((D] 3y (-02) + Sﬂ'n ((1)1, ")2)

; (8.40)
Suv (@h (1)2) = H* (‘1)11 wZ)Suu (mh 0)2)
This gives
This g H* (@1, ©2)S. (©1, ©3) )
¢ ((")" (’)2) - iH((hh (”2)‘2 Suu (wla (1)2) + S‘““ (0)‘, 0)2)
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which is also called the Fourier-Wiener filter. This filter is completely determined
by the power spectra of the object and the noise and the frequency response of the
imaging system. The mean square error can also be written as

1 ’
o= Ff [ (0100 doydo, . (8.42)
wiierc S,, the power spectrum density of the error, is
S, (@1, 0) A1 - GHISu+|GP5,, . -~ (8.42b)

* With G given by (8.41), this gives

S S

S, = —Dudm__
[HP S+ S

(8.42¢)

Remarks

In general, the Wiener filter is not separable even if the PSF and the various
covariance functions are. This means that two-dimensional Wiener filtering is not
equivalent to row-by-row followed by column-by-column one-dimensional Wiener
filtering.

Neither of the error fields, e(m, n)=u(m, n)—i(m, n), and &(m, n) 4
v(m, n) — k{m, n) ® ii(m, n), is white even if the observation noise n(m, n) is white.

Wiener Filter for Nonzero Mean images. The foregoing development
requires that the observation model of (8.39) be zero mean. There is no loss of
generality in this because if u (mm, n) and n(m, n) are not zero mean, then from (8.39)

W (1, n) = h(m,‘n) ® pu(m, n) + ., (m, n), . a Eix]  (8.43).
which gives the zero mean model
V(m, n)=h(m, n)®i(m, n)+%(m, n) ' (8.44)

where ¥ A X — . In practice, p, can be estimated as the sample mean of the
observed image and the Wiener filter may be implemented on ¥ (m, ). On the other
hand, if p, and iy are known, then the Wiener filter becomes

U=G(V-M)+M,

S, . (8.45)
=GV 4o g
O S 50 CMy :

where M (w;, »,) 4 {u(m, n)} is the Fourier transform of the mean. Note that the
above filter atlows spatially varying means for u(m ) and n(r, n). Only the covar-
iance functions are required to be spatially invariant. The spatially varying mean
may be estimated by local averaging of the image. in practice, this spatially varying
filter can be quite effective. If w, and W are constants, then M, and M, are Dirac
delta functions at & = £, = 0. This means that a constant is added to thé processed
image which does not affect its dynamic range and hence its display.
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Phase of the Wiener Filter. Equation (8.41) can be written as

G =|Gle® ~
lHlZ Suu + S'ﬂ"\

86 = b (01, @2) =B = —0y = By~

1G] =

} ilter (in the
i ilter i he phase of the inverse fi
i he Wiener filter is equal to the phase ‘ e (in the
oy Phaff—;:)f {I‘fxerefore, the Wiener filter or, e'quxva'lentlz, -thfox?;?:e g} are
fr?qu?nc}:)?(()gn ;8) .does not compensate for phase distortions due
criterion .28), (
observations.
' =1 and the
Wiener Smoothing Filter. In the absence of any blur, H
i | |
Wiener filter becomes

‘ S L Se (8.47)
G1H=x=m“sﬂ+1 :

. . o at t
4 defines the signal-to-noise rafio a
S 2 Sl S de nal-t . -
;‘s&;?srs called the (Tl {)‘Viener) smoot_hzng filter. 1t is a zero-p

he frequencies ‘(ml, w;). This
hase filter that depends only

Syulwy, 0}

-7 N Wy e

Inverse
filter

Wiener
filter

Smoothing )
filter

" {b) Deblurring

F:igure 8.11 Wiener filter characteristics.
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on the signal-to-noise ratio S,,. For frequencies where S, 1, G becomes nearly
equal to unity which means that all these frequency components are in the
passband. When S+<1, G =S8, ; that is, all frequency components where S, <1,
are attenuated in proportion to their signal-to-noise ratio. For images, S, is usuaily
high at lower spatial frequencies. Therefore, the noise smoothing filter is a low-pass
filter (see Fig. 8.11a). ‘ :

Relation with Inverse Filtering. In the absence of noise, we set S, = 0 and
the Wiener filter reduces to ' ' ‘
HS 1

G's““"’:[HfZS,,,, H
which is the inverse filter. On the other hand, taking the limit §,,— 0, we obtain

(8.48)

fim G={E’ H#0 _ g (8.49)

San=—0 0, H=0
which is the pseudoinverse filter. Since the blurring process is usually a low-pass
filter, thé Wiener filter acts as a high-pass filter at low levels of noise,

Interpretation of Wiener Filter Frequency Response. When both noise
and blur are present, the Wiener filter achieves a compromise between the low-pass
noise smoothing filter and the high-pass inverse filter resulting in a band-pass filter
(see Fig. 8.11b). Figure 8.12 shows Wiener filtering results for noisy blurred images.
Observe that the deblurrinig effect of the Wiener filter diminishes rapidly as the
noise level increases. ‘ '

Wiener Filter for Diffraction Limited Systems. The Wiener filter for the
continuous observation model, analogous to (8.39) '
V@ = [[ =2y —y e, y sy i, y) (8.50)
is given by v

Suu (&15 gZ)H* (gl) gZ) .
IH(gb {‘;2),2 Suu (gh §2) + S"l’l (gh §z)

For a diffraction limited system, H (&, £) will be zero outside a region, say 47, in the

G(&, &)= (8.51)

-frequency plane. From (8.51), G will also be zero outside 2. Thus, the Wierier filter

cannot resolve beyond the diffraction limit. y
Wiener Filter Digital Implementation. The impulse response of the
Wiener filter is given by’

Kl )- uﬂi’ ’ ' . - . ‘ :
slmm) = 4TT2 [f Gwy, wp) expfj(mow; + nw)}do, dw, 5 (8.52)
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Figure 8,12 Wiener filtering of noisy blurrcd images.

This integral can be computed approximately on a uniform N X N grid as
N2-1 N N .
; L snw-een, Nepy <N (853)
=— G (k, )W , m, n
gomm=gz 22 G( e 2 =™ =3 |
5 a WA ex (—j2m/N). The preceding series can
where G (k, 1) 2 G(2wk/N, 2xliN), p(—j2m: :
be calcula(ted via the two-dimensional FFT from which we can approximate g(m,n)
by g (m, n) over the N X N grid defined above. Outside this grid g(m, n) is assumed

to be zero. Sometimes the region of support of g(m, n) is much smaller than the .

N X N grid. Then the convolution of g(m, n) with v(ir.z, n) could be ’imPlemen;eg
directly in the spatial domain. Modern image processing systems provide sucthis
facility in hardware allowing high-speed implementation. Figure 8.13a shows

algorithm. '
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Slon @) [ g BTN E glm, n), 1g(m, n)
ple over » | IDFT . K
™ WX N grid NXN Truncate
Input image . + Bestored image
i, n) Convolution | 4{m, n)
gim, n)
{a) Direct convolution method
N N N
L vim,n}| 0 .
- N N Wik D N ULk, 1)
Mivim,n) 0 0

wm,nl N Zero DFT )

X 1 padding > NXN >
Input N .
image .

Wim, ) N Gk D)

windowing '

Glwy, wy)
s  Sample over
N XN grid
) M
M| atm, n)
- N XN IDFT
and select

{b) DFT method

Figure 8.13 Digital implementatiéns of the Wiener filter.

Alternatively, the Wiener filter can be implemented in the DFT domain as
shown in Fig. 8.13b. Now the frequency response is sampled as G (k, ) and is
multiplied by the DFT of the zero-padded, windowed observations. An appropriate
region of the inverse DFT then gives the restored image. This is simply an imple-
mentation of the convolution of g (m, n) with windowed v (m, 1) via the DFT. The
windowing operation is useful when an infinite sequence is replaced by a finite
sequence in convolution of two sequences. Two-dimensional windows are often
taken to be separable product of one-dimensional windows as ‘

w(m, n) = w; (m)w,(n) (8.54)
where wy (m) and w, (r) are one-dimensional windows (se€ Tause 8.2). For images of
size 256 X 256 or larger, the rectangular window has been found to be appropriate.
For smaller size images, other windows are more useful. If the image size is large
and the filter g(m, n) can be approximated by a small size array, then their con-

volution can be realized by filtering the image in small, overlapping blocks and
summing the outputs of the block filters [9]. '
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TABLE 8.2 One-Dimensional Windows win)for0=n=M -1

w(n)=v1, S 0=sn=M-1

Rectangular
‘ 27_ 1 O0=n= Mz— 1
_?Tﬂi&lar) win) = - 7‘%1’_1 M; 1, <M-1
Hanning : w(ﬁ)A=v%|:V1—-cos<A;“_" )],O<n =M-1
Hamming w(n)=0.54—0.46 cos(Aiw_"J,OSn‘sM —~1
Blackman w(n)=0.42 05 cos(%) +0.08 cos<“;‘:' 1), 0=nsM-1

8.4 FINITE IMPULSE RESPONSE (FIR) WIENER FILTERS

L : b requires
the Wiener filter has an infinite impulse response which requir

- . IS 18
WOIk ng Wlth lafge S1Z¢ DI IS ‘IIOWeVeI, the effeCthe xeSponSC Of these fllte
mg .

i i 1d
often much smaller.than the object size. Therefore, optimum FIR filters cou

. - ity
achieve the performance of IIR filters but with lower computational complexity

Theoretically,

Fiiter Design
- An FIR Wiener filter can be implemented as a convolution of the form‘

ﬁ(m;n)'_‘ 22 g(z,])v(m —in —])

Gpew
hts that minimize the mean square €rror

(8.55)

(8.56)
i J the optimal filter weigl nimize the
VEVl[l{e;;f (111))1Z zair(efn n)}zﬁ). The associated orthogonality condition ,
, 1) : .57
Elfum, m)— it (m,mv(m —k,n =D]=0, VD EW - (8.57)

reduces to a set of (2M + 1)* simultaneous equations
o= S gl —i 1= =0, (D) €W

S GpEw i | . .
' n white noi ~ is
(8.39) and assuming m(m, n) to be zero mean white noise of variance oy, 1t

(8.58)

Using

easy to deduce that o)
7o, 1) = 1k, D @ a e, 1) + 0%, 8(k, ) (859)
S g B 8.60).

al, ) A nk, yx bk 1y= 22 k(G DG+ +1) ( ‘

ij=

i .8
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Yok D) =h(k, Dk ra (k1) = 23 h(, raG +k,j + D (8.61)
Q=
Defining the correlation function

T k;l Tuu k,[ B
] (k, 1] éi‘“—g() 0; =__.((r'z ) (8.62)

where o2 is the variance of the image, and using the fact that r, kD) =ro(—k, 1),
{8.58) reduces to

[giga(k, D+ rk ) ®alk, z)J @g(k, 1)

(8.63)
=h(k, [)®ry(k, 1), k1)ew
In matrix form this becomes a block Toeplitz system
. L 2 ‘
[;—; I+ %;, S (8.64)

where 92 is a QM +1)x 2M + 1) block Toeplitz matrix of basic dimension
(2M +1)x (2M +1) and ~, and & are (2M +1)*x 1 vectors containing the
knowns h(k, 1) ® 7, (k, I) and the unknowns g(k, 1), respectively.

Remarks

The number of unknowns in (8.58) can be reduced if the PSF h(m, n) and the
image covariance r,, (m, n) have some symmetry. For example, in the often-
encountered case where 4 (m, n) = h(jmj|, |n|) and r,, (m, n) =r.(m], In), we will
have g(m, n)=g(Im|, |n]) and (8.63) can be reduced to (M + 1)* simultaneous
equations. :

The quantities a(k, /) and 7, (, [) can also be determined as the inverse
Fourier transforms of |H (o, @) and S,,, (e;, w)H* (@1, wy), respectively.

When there is no blur (that is, H = Dy Bk, 1) =8(k, 1), 1 (K, Iy=r.(k [)and
the resulting filter is the optimum FIR smoothing filter.

The size of the FIR Wiener filter grows with the amount of blur and the

~ additive noise. Experimental results have shown that FIR Wiener filters of sizes up

to 15 X 15 can be quite satisfactory in a variety of cases with different levels of blur
and noise. In the special case of no blur, (8.63) becomes

[Z—_ZES(k,l)+fo(k, 1)J®g(k, z)=r0(k,1)’ kew - (8.65)

" From this, it is seen that as the SNR = g %02 ~> 0, the filter response gk, [}—

3(k, 1), that is; the FIR filter support goes down to one pixel. On the other hand, if
SNR =0, g(k, {) = (o Yo 2)rs (k, [). This means the filter support would effectively
be the sarhe as the region outside of which the image correlations are negligible. For

images with r, (k, /) = 0.95VF*F this region happens to be of size 32 X 32,

In general, ‘as 62 0, & (m, n) becomes the optimum FIR inverse filter. As
M— , &{m, n) would converge to the pseudoinverse filter.
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o
{a) Blurred image with no noise

—

o : :
{d) Restored by 9 x 9 optimal FIR filter

{c) Blurred image with small additive noise
Figure 8.14 FIR Wiener filtering of blurred images.

Example 8.4

Figure 8.14 shows examples of FIR Wiener ﬁltering of images blurred by the
Gaussian PSF . : . .

h(m, ny=exp{—a(m*+ s}, «>0 (8.66)
and modeled by the covariance function r(m, n) = 20.95V" " fa=0,and h(m, n)
is restricted to a finite region, say —p.=<m, n =<p, then the h(r'n, n) defined above can
be used to model aberrations in a lens with finite aperture. l?xgs. 8:15 and §.16 sho»;
examples of FIR Wiener filtering of blurred images that were intentionally misfocuse:
by the digitizing camera. ’ .
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{a) Digitized image

{c) Digitized image

(d) FIR filtered

Figure 8.15 FIR Wiener filtering of improperly digitized images.

Spatially Varying FIR Filters

The local structure and the ease of implementation of the FIR filters makes them
attractive candidates for the restoration of nonstationary images blurred by spatially
varying PSFs. A simple but effective nonstationary model for images is one that has
spatially varying mean and variance functions and shift-invariant correlations, that

E{u(m, )] = u(m, n) |
Ef{u(m, n) = w(m, ) Hu(m ~k,n 1) = p(m — k, n - DY (8.67)
=0o?(m, n)ry(k, 1) ’
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(a) Digitized image

PLAS'.(A CARBURIZING
PEAPCREE FE

. tared
(c) Digitized image () FIR filtere

Figuré 8.16 -FIR Wiener filtering of improperly digitized images.

= i i is less than or equal to W, and &,
here 7, (0, 0) = 1. If the effective width of the I?SF 18 :
‘: an g(z are) slowly varying, then the spatiaily Varying estimate can be shown to be

given by (see Problem ‘8.1Q)

i (m» n)': 22 g-mn(l'])v(m—_l) n _]) (868)
) Ghew
. 1 : ’ .
g-rn.n(i’j) ésm,n(i)]) + oM v+ 1)2 [1 - (k,zl)eEng'n(k, D (8 69)

1 . N 0 2
where g, (i, 7) is the solution of (8.64) with o?=&2(m, n). The quantity o* (m, n)

can be estimated from the observation model. The second term in (8.69) adds 2
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* constant with respect to (i, j) to the FIR filter which is equivalent to adding to the
estimate a quantity proportional to the local average of the observations.

Example 8.5

-Consider the case of noisy images with no blur. Figures 8.17 and 8.18 show noisy
images with SNR = 10 dB and their Wiener filter estimates. A spatially varying FIR
Wiener filter called Opsmask was designed using o?(m, 1) = 2 (m, n) — o %, where
o7 (m, n) was estimated as the local variarice of the pixels in the neighborkood of
(rm, n). The size of the Optmask window W has changed from region to region such that
the output SNR was nearly constant [8]. This criterion gives a unifornt visuzl quality to -
the filtered image, resulting in a more favorable appearance. The images,obtained by

B

(b} Wiener

2,

o) Cosar

{d) Optmask
Figure 8.17 Noisy image (SNR = 10 dB) and restored images.
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{a) Noisy (SNR = 10dB) - {b) Wiener

¥
F e T e 8 e | ekl

{d) Optmask

{c) ‘Cro‘sar
Figure 8.18 Noisy image (SNR = 10 dB) and restored images.

the Cosar filter are based on a spatially varying AR mosiel, which is fiiscussed in
Section 8.12. Compdrison of the.spatially adaptive FIR filter output V{nh the con-
ventional Wiener filter shows a significant improvemcn.t. The comparison appears
much more dramatic on a good quality CRT dispiay unit compared to the pictures
printed in this text. ’ ‘ .

8.5 OTHER FOURIER DOMAIN FILTERS

The Wiener filter of (8.41) motivates the use of other Fourier domain filte;s as
discussed below.

‘ 2850 . *. " _Image Filtering and Restoration . Chap.8
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Geometiic Mean Fiiter

This filter is the geometric mean of the pseudoinverse and the Wiener filters, that is,

: ol SwHY VT .
sz"(H )(m) R QSSSI (870)

For s =, this becomes

S S :
Gin= (————IHIZS s ) |HH~"* exp{—j04} (8.71)
u T D/

where 04 (v, w,) is the phase of H (w1, ®;). Unlike the Wiener filter, the power
spectral density of the output of this filter is identical to that of the object when

H #0. As 8,,— 0, this filter also becomes the pseudoinverse filter (see Problem
8.11). ’

Nonlinear Filters

These filters are of the form

0(0),,w2)=G(V, w1, W) (8.72)

where G(x, oy, @;) is a nonlinear function of x. Digital implementation of such

nonlinear filters is quite easy. A simple nonlinear filter, called the root-filter, is
defined as

U, ) a V| exp{j6.} | _ .(8.73)

Dépending on the value of « this could be a low-pass, a hfgh-pass, or a band-pass
filter. For values of a <1, it acts as a high-pass filter (Fig: 8.19) for typical images

{a) a = 0.8 . {bj & =0.6
» 'Figx_:re 8.19 Root filtering of FLR imége of Fig. 8.7c.
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(having small energy af, high spatial frequencies) bgcause thﬁ:‘ samples of I?w
amplitudes of V(w), wz) are enhanced relative to the vh:g.h-ampht‘ude‘: sampies: For
&3 1, the large-magnitude samples -are ampliﬁ‘ed relative to the’low-magnftude
ones, giving a low-pass-filter effect for typic?l images. Another useful nonlinear
filter is the complex logarithm of the observations

{log]V}exp{jt.}, [V]=e (8.74)
0, otherwise

ﬁ(wx,w2)={

where ¢ is some preselected small positive number. The sequence i (m, ) is also
called the cepstrum of v(m, n). (Also see Section 7».5:)

8.6 FILTERING USING IMAGE TRANSFORMS

Wiener Filtering

Consider the zero mean image observation model

v(m, 1) =2 2 h(m, nsi u )+ nlm ), ©.75)
o 0=m=N;—-1,0sn=N,—1
Assuming the object u'()‘n, n) is of size M;X M, the preceding equation can be

written as (see Chapter 2) -

o=HAu+tn - (8.76)
“where o and = are Ny N, X 1, & is My M, X 1 and K is a block mattix. The best
linear estimate - :

a=8o (8.77)
that minimizes the average mean square error
| 1 UORT (878)
2 - _ v .
T MZE[("’ @) (e | @)]
is obtained by the orthogonality relation
E[(e—a)eT}=0 (8.79)

This gives the Wiener filter as an M, M, X N, N; matrix

& = ElwoT{E[oo ]} = RICFRIT + oA (8.80)

where 9% and 9, are the covariance matrices of « and , respectively, which are
assumed to be uncorrelated, that is,

R=Elaa"], Rn= El[rn™), E[un™]=0 (8.81)
The resulting error is found ‘tp‘be .
' o=t TH[(1 - ST 88
O =3, K )] .
. Qhap. 8

ilteri i Restoration
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Assuming & and 9%, to be positive definite, (8.80) can be written via the ABCD
lemma for inversion of a matrix A — BCD (see Table 2.6) as

G =[HTFRIAH + R HTE! © (8.83)

For the stationary observation model where the PSF is spatially invariant, the object

is a stationary random field, and the noise is white with zero mean and variance o3,
the Wiener filter becomes

G =RILNAHARIT+ 21| =[FHTIH+or B AT (8.84)

where 9% and 97 are doubly block Toeplitz matrices. , ,
In the case of no blur, % =1, and & becomes the optimum noise smoothing
filter

C=R[R+R,) "' =[R+R NV E}! (8.85)
Remarks

If the noise power goes to zero, then the Wiener filter becomes the pseudoinverse
of ST (see Section 8.9), that is,

(I, i NiNy= My M, rank[.S7 5]
& 81m g = | = MM, _ (8.86)
w2 NRITHRFITT,  if NiN, =< MiM,, rank[FTRFA]
‘:N]Nz

The Wiener filter is not separable (that is, & # G; ® G;) even if the PSF and
the object and noise covariance functions are separable. However, the pseudo-
inverse filter &~ is separable if &2 and 97 are.

The Wiener filter for nonzero mean random variables « and » becomes

a=p,+G(0—p)=Go +[ IR A+ RN R0, ~Gp,  (887)
This form of the filter is useful only when the mean of the object and/or the noise
are spatially varying.
Generalized Wiener Filtering

The size of the filter matrix & becomes quite large even when the arrays u(m, n)
and v(m, n) are small. For example, for 16 X 16 arrays, & is'256 X 256. Moreover,
to calculate &, a matrix of size M; M, X M, M, or N; N, X N; N, has to be inverted.

.Generalized Wiener filtering gives an efficient method of approximately imple-

menting the Wiener filter using fast unitary transforms. For instance, using (8.84) in

(8.77) and defining ‘

‘ A xrw+ @ . (8.88)
wecanwrite ... : '
' o= A NAPATIAAT o]

B B

(8.89)
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where . is a unitary matrix, PAAPAT 0 B a([,%fro]A This equation sug-
gests the implementation of Fig. 8.20 and is called generallzefi chne}fﬂtcrmg. For
stationary observation models, 7 v is a convolution operation anc.i J?t.ums out to
be nearly diagonal for many unitary transforms. Therefore, approximating

& B P =~ [Diag Pl ' (8.90)
and mabping « and & back into N; X N, arrays, we get
W (k, 1) =p (k, yw (k. 1) (8.91)

where p {k, I) come from the diagonal elements of 2. Figure 8.20 shows the imple- '

mentation of generalized Wiener filtering when 4 is approximated by its diagonal.
" Now, if A is a fast transform requiring O (N, N, log N, I\{z) operations for trans-
forming an N, X N, array, the total number of oper?tlons are reduc.e;d from
O (M3 M3) to O(M; M, log M, My). For 16 X 16 arrays, this means a r.eductlon from
0(2%) to 0(2"). Among the various fast transforms,.the cosine antd sine transforms
have been found useful for generaiized Wiener filtering of 1mages.[12, 13].

The generalized Wiener filter implementation of Exg. 8.20 is exact \f/hen A
diagonalizes . However, this implementation is impractical because this diagonal-

izing transform is generally not a fast transform. For a fast transform L, the .

diagonal elements of £ may be approximated as follows '
Diag{ &} = Diag{ A H"H + o, R AT}
. = [Diag{ LK T H AT} + o W(Diagh ARATH ]
where we have approximated Diagf /G2 ' A*"} by [Diag{AFRA*"}]"". This gives

5k, 1) = 1 (8.92)
- | Pl D= G+ oAt D)
where hy(k, 1) and (X, 1) are the elements on the diagonal of AT I A*T and
A AT, respectively. Note that y(k, I) are the mean square; values of the trans-
form coefficients, that is, if « A _¢u, then §(k, 1) = E[la(k, D).

- P | 2
e Eu A A P AL AT AT
{a} Wiener filter in A transform domain
’ i
. * N . ;;
vim h)i 2D image [ WK N wik,{) 2.0 inverse | ulm. n) E
— ht=m, ~n) ™1 transform X transform '
ALk, 1) H
) H
{b) Implementation by approximation
of 5"£"by its diagonal
Figure 8.20 Generalized Wiener filtering.
A i .8
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Filtering by East Decompositions [13]

For narrow PSFs and stationary observation models, it is often possible to
decompose the filter gain matrix & as ' '

§’= §0+ ({/ab, §Uég0‘%~r, fbé,@b.%'r (893)

where &, can be diagonalized by a fast transform and 4, is sparse and of low rank.
Hence, the filter equation can be written as

i=G0=Coo+ G0 i0+ 5 (8.94)

When .@0 QJ_Z’O./{*T is diagonal for some fast unitary transform ., the com-
ponent «° can be written as

' = B F T o = A AL ANATCT 0] = A*T Poeo (8.95)

and can be implemented as an exact generalized Wiener filter. The other compo-
nent, 4", generally requires performing operations on only a few boundary values of
ST . The number of operations required for calculating 2” depends on the width
of the PSF and the image correlation model. Usually these require fewer operations
than in the direct computation of z from &. Therefore, the overall filter can be
implemented quite efficiently. If the image size is large compared to the width of the
PSF, the boundary response can be ignored. Then, & is approximately &, which
can be implemented via its diagonalizing fast transform [13],

R : 5
y’SMOUTHING SPLINES AND INTERPOLATION [15-17] h

Smoothing splines are curves used to estimate a continucas function from its sample
values available on a grid. In image processing, spline functions are useful for
magnification and noise smoothing. Typically, pixels in each horizontal scan line are
first fit by smoothing splines and then finely sampled to achieve a desired magnifica-
tion in the horizontal direction. The same procedure is then repeated along the
vertical direction. Thus the image is smoothed and interpolated by a separable
function.

Let {y;,0=i =N} be a given set of (N + 1) observations of a continuous
function f(x) sampled uniformly (this is onlya convenient assumption) such that

x,~=xo+l'h, h>0

and

yi=fx) +n(x) k .. (8.96)
where 7 (x) represents the errors (or noise) in the observation process. Smoothing
splines fit a smooth function g (x) through the available set of abservations such that
its “roughness,” measured by the energy in the second derivatives (that is,

J(d*g(x)ldx*dx), over [xy,x)] is minimized. Simultaneously, the least squares
crror at the observation points is restricted, that is, for g, 2 g{x),

N 2 .
A 8i—Yi ' F
Fa Eﬂ (—T) =S (8.97)
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For § = 0, this means an absolute fit through the observation pomlt‘s is :;Zi:;(,c
ol is > 1 sen to lie in the range
i 5 is the mean s = value of the noise.and § is chosen rang
Typically, o is the mean square : _ ; o1 ¢
' (ZEJA-'r 1) ?“ V(N + 1), which is also called the confidence interval of §. Tne minim
zation problem has two solutions:

1. When S is sufficiently large, the constraint of (8.97) is satisfied by g straight-

line {it-
gx)=a+bx, Xo=x =Xy (5.9%)
o Z(uxruxlzwy)’ a=p- b
(“’xx - “‘x) ' )
AlS
where u denotes sample average, for instance, g, = (Z x,)/(N + 1), and so on.

i=0
2. The constraint in (8.97) is tight, so only the equz.dity constralnt can_b; saéls-
. fied. The solution becomes a set of piecewise contmuous' third-order
polynomials called cubic splines, .given by :

() =a+bi(x —x)+a(x —x)+dix -x),  x=x<xg . (8.99)

The coefficients of these spline functions are obtained by solving

[P+AQlc=\v, vALTy, =cn=0
a3 ' R
a=y-2tLe
YTX (8.100)
G TG ’

d,'—'_-‘—_y

1=si=N-1,dy=dy=0
. 3h . :

b=t —he—hid, by=0 0=i=N-1
‘ 0= =N}, {y,0=i =N},

dvare (N + 1) X 1.vectors of the elements {a;, ) =
el yand (c is th)e (N — 1) x 1 vector of elements [cnl=i=N-—1]. The

respectively, — 1) tridiagonal Toeplitz and

matrices Q and L are, respectively, (N - 1) X (N
(N +1) X (N — 1) lower triangular Toeplitz, namely,

(8.101)
0 11
énd pa o L7L. VThe parafnr‘xevter' \ is such that the équality consFraint |
| F(\) QHE% =v APAv="S (8..10’.2.)‘
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where Aé[?+ MQJ™!, is satisfied. The nonlinear equation F(\)=3S is solved
iteratively—for instance, by Newton’s method—as

__.F()\k) )

Nev1 =N F'(M) 5

/

Fo) A ﬂ’[‘l;(\ﬁ =2vTAQAPAY - (8.103)
Remarks

The solution of (8.99) gives g; A g (x;)) = @, that is, a is the best least squares estimate
of y. It can be shown that a can also be considered as the Wiener filter estimate of
y based oni appropriate autocorrelation models (see Problem 8.15).

The special case S = 0 gives what are called the interpolating splines, where the
splines must pass through the given data points. ‘

Example 8.6

Suppose the given datais 1, 3, 4, 2, 1 and let h =1 and 0,=1Then N =4, 3= 0,
X = 4. For the case of straight-line fit, we get =2,y = 2.2, ay = 4.2, and p,, =6,
which gives b=-0.1, a=24, and g(x)=2.4—0.1x. The least square error
> (i~ g)* = 6.7. The confidence interval for §is [1.84,8.16]. However, if S is chosen
to be less than 6.7, say S = 5, then we have to goto the cubic splines. Now

6 ~4 1 [
PALTL= -4 6 -4, vALYy= -3
1 —4 6 1

Solution of F(A) —§ =0 gives A =0.0274 for § = 5. From (8.100) we get

2.199 0.198 0.000 0.000

2.397 0.057 -0.033 —0.005

a=|[ 2415 |, b=/ —0.194 |, c=| —0.049 1, d= 0.009
| 2.180 -0.357 -0.022 0.007

1808_] 000 [ 0000 0.000

The least squares error checks out to be 4.998 = 5.

8.8 LEAST SQUARES FILTERS [18, 19]

In the previous section we saw that the smoothing splines solve a least squares
minimization problem. Many problems in linear estimation theory can also be
reduced to least squares minimization problems. In this section we consider such
problems in the context of image restoration. ' T '

1

Constrained Least Squares Restoration

Consider the spatially invariant image observation model of (8.39). The constrained
least squares restoration filter output # (m, n), which is an estimate of u(m, n),
minimizes a quantity ' :

ST Rlg(m, ) @4 (m, n) ' (8.104)
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subject to the constraint .

v (m, n) — h(m, n)® 4 (m, n)|f < & (8.105)

where £2 =0,

la (m, m)|P A S E la(m, n)j*= Z-lr—ri .U“A (01, )P dw de, A A (s, )i (8.106)

and q(m, n)is an operator that measures th§ “roughn'ess” of i (m, {1): Fgr e'xample,
if g(m, n) is the impulse response of a high-pass filter, .then minimization qf J
implies smoothing of high frequencies or rough edges. Using the Parseval relation
this implies minimization of

T =110 (e, 0)U w,,w;)l‘lz (8.107)
subject to |
1V (1, @2) = H (w1, 02) 0 (01, w)lf = € (8.108)
The solution obtained via the Lagrange multiplier method gives
U(w1,02) = Gis (w1, )V (w0, @2) (8.109)
A (w, w7) (8.110)

G, 2 - 5
[H (w1, @) + Y|Q (@1, w2)|
The Lagrange multiplier v is determined such that U satisfies' the equality in
(8.108) subject to (8.109) and (8.110). This yields a nonlinear equation for y:
4 2
AY "—Md do,—e2=0 (8.111)
&) —-4“,2:{! (HPE+~IQ Py Wy dw;

In least squares filtering, g (rm, n) is commonly chosen as a finite difference a}?pro'xi-
mation of the Laplacian operator 8%/dx? + 8%/dy. For example, on a square grid with
spacing Ax = Ay = 1, and « =} below, one obtains o

q(m, h) A —8(m, n) + a[8(m — 1,n) + &(m + 1,n) (8.112)
' +8(m,n — 1)+ 8(m, n +1)]
which gives Q (w1, ;) = ~1 + 2a cos w; + 2a cos w,.
Remarks
For the vector image model problem, . . .
o=FHetn (8.113)
min || £&]F, lo —FHalf<¢ (8.114)
where Zis a givén- matrix, the least squares filter is obtained by solving
b=(ETL+HTH) K
VI LELT LT FT+ I o — =0 (8.115)
© Chap. 8
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In the absence of blur, one obtains the least squares smoothing filter _
i=(ET LD o (8.116)

This becomes the two-dimensional version of the smoothing spline solution if & is
obtained from the discrete Laplacian operator of (8.112). A recursive solution of
this probiem is considered in [32]. ’

Comparison of (8.110) and (8.116) with (8.41) and (8.84), respectively, shows
that the least squares filter is in the class of Wiener filters. For example, if we specify
S €y and S, = 1/|QF, then the two filters are identical. In fact, specifying g (m, n)
is equivalent to modeling the object by a random field whose power spectral density
function is 1/|Q[ (see Problem 8.17).

—\GENERALIZED INVERSE, SVD, AND ITERATIVE METHODS

\8/

The foregoing least squares and mean square restoration filters can also be realized
by direct minimization of their quadratic cost functionals. Such direct minimization
techniques are most useful when little is known about the statistical properties of
the observed image data and when the PSF is spatially variant. Consider the image
observation model

v.=Hu
where v and u are vectors of appropriate dimensions and H is a rectangular (say

M x W) PSF matrix. The unconstrained least squares estimate G minimizes the
norm '

J =|iv — Hij? (8.118)
The Pseudoinverse
A solution vector {i that minimizes (8.118) must satisfy‘
HHi = HTy (8.119)
If H" H is nonsingular, this gives ;
i=Hv, HA3A®H)"'H (8.120)

as the unique least squares solution. H- is called the p&_eudoinverse of H. This
pseudoinverse has the interesting property '
HH=I

'

(8.121)

Note, however, that HH™ # L IfHis M X N, then H™ is N X M. A necessary
condition for HH to be nonsingular is that M = N and the rank of H should be N.
If M <Nandthe rank of His M, then the pseudoinverse of H is defined as a matrix

H~, which satisfies
HH =1 (8.122)
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In this case, M~ is not unique. One solution is
o
H- =HT(HH")". (8.123)
g : . . e
In general, whenever the rank of H is r <X, (8.119) doeskm?t he?ve ea uniqu
i ue.
sol\iion A’dditional constraints on @ are then necessary to ma e.lt uniq

Minimum Norm Least Squares (MNLS) Solution
and the Generalized Inverse -

the minin aff amo ¢ solutions of (8.119) is
A vector ut that has the minimum norm 6} among all the soluti : (

called the MNLS (minimum norm least squares) solution. Thus
w* = min{jal?; €™ Hi = 2y}
N, i i ion. Using the
TH] = N, then u* = i is the least squares solut}on
oy an be shown that the transformation between v

(8.124)

Clearly, if rank | .
singular value expansion of H, it ¢

and u* is linear and unique and is given by -
’ “ut=H'v o (8.125)

: ized M x N matrix H has the
The matrix H” is called the generaiized inverse of H. If the M ,

SVD expansion [see (5.188)]

He S WL . (8.126a)
m=1 R
then, H' is an N X M matrix with an SVD expansion
H' = 2 Nt bl . (8.126b)
m=1

: A\ v T T r -
where ¢,, and ¥, are respectively, the eigenvectors of H'H and HHT correspond
m m 3

i i Jues {Am, 1 Sm =r}. . -
e tolgl;iensglrzgull;gg; it ca{n be shown H* satisfies the following relations:

1. B =HH)'H, ifr=N
2. H*=HT(HH")", ifr=M
3. HH' = (HH")T
4. H'H = (H'H)”
5. HH'H=H
6. H'HH =H
The first two relations show that H* is a pseudoinverse if r =N' or M. The

MNLS so_lution is

w3 ARty (8.127)
pX: :

SFs. The major

k s quite gen i i bitrary P
" This method is quite ‘general and is applicable to arbitrary o for latee

difficulty is computational because it requires calculation of Y
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matrices. For example, for M = N =256, H is 65,536 X 65,536. For images with
separable PSF, that is, V = H; UH,, the generalized inverse is also separable, giving
U™ =Hj VHI. : ' :

One-Step Gradient Methods

When the ultimate aim is to obtain the restored solution u”, rather than the explicit
pseudoinverse H", then iterative gradient methods are useful. One-step gradient
algorithms are of the form » SREEE

U1 =W, — 0,8,  Up=0 ' ' (8.128)
g A-H(v-Hu)=g,_, -0, H'Hg,_, (8.129)

where u, and g, are, respectively, the trial solution and the gradient of J at iteration
step n and @, is a scalar quantity. For the interval 0 < G <2/ gox (HTH), w, con-
verges to the MNLS solution u* as 7 ~» %, If ¢, is chosen to be a constant, then its
optimum value for fastest convergence is given by [22]

2

7 ™ e (HTH) + Ao (HTH)] . (8130)

For a highly ill conditioned matrix HTH, the condition number, me Mmin 1s large.

- Then o,is close to its upper bound, 2/A,, and the error at iteration n, foro, =0,

obeys 7 . '

e 2u* —u, = (1 - oH H)e, _, (8.131)
This implies that |le, || is proportional to le.~11l, that is, the convergence is linear and
can be very slow, because o is bounded from above. To improve the speed of
convergence, ¢ is optimized at each iteration, which ‘yields the steepest descent
algorithm, with

B8 Ay (8.132)

gAg

However, even this may not significantly help in speeding up the convergence when
the condition number of A is high.

Tn

~ Van Cittert Filter [4]

From (8.128) and (8.129), the solution at iteration n = i, with o, = & can be written
as :

U1 =Gy, 0<c<—~2 .

Inax

where G;is-a powet séries:

Gi=oZ (-cHHFET (8.133)
' k=0 ]
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. This is called the Van Cittert filter. Physically it represents passing the modified
observation vector oH” v through i stages of identical filters and summing their
outputs (Fig. 8.21). For a spatially invariant PSF, this requires first passing the
observed image v(m, n) through a filter whose frequency response is oH* {wy, o)
and then through i stages of identical ﬁlters each havmg the frequency response
1= (TlH((Dl, 0)2)]

One advantage of this method is that the region of support of each filter stage
is only twice (in each dimension) that of the PSF. Therefore, if the PSF is not too
broad, each filter stage can be conveniently implemented by an FIR filter. This can
be attractive for real-time pipeline implementations.

The Conjugate Gradient Method [22-24]

The conjugate gradient method is based on finding conjugate directions, which are .
vectors d; # 0, such that ' R
d’Ad;=0, i+j,0=ij=N-1 : (8.134) -
When A is positive definite, such a set of vectors exists and forms a basis in the
N-dimensional vector space. In terms of this basis, the solution can be written as
N-1

o= d - , ' (8.135)

i=0

The scalars o; and vectors d; can be calculated conveniently via the recursions
; : ” \

. up+1=u]1+andm ané—ms Oéo
nAdn—— - ‘
dn: —8» + Bn—ldn—la é"'gz_'—l do é —&o (8136)

"IT AL Ad, )
g.=—Hv+Au, =g, 1 +o,_1Ad,_y, goé—Hrv'

In this algorithm, the direction vectors d, are conjugate and a, minimizes J,
not only along the nth direction but also over the subspace generated by
dy, d,;...,d,_,. Hence, the minimum is achieved in at most N steps, and the
method is bctter than the one-step gradient method at each iteration. For image
restoration problems where N is a large number, one need not run the algorithm to
completion since large reductions in error are achieved in the first few steps. When
rank H is » < N, then it is sufficient to run the algorithm up to n=r—tlandu,—u*

a,'(’7’. n)

Ma—] oH* (0, t3) _J—--»P—ou-/(w,,w,n’ bt e

P oo e g s

Figure 8.21 Van Cittert filter.
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The major computation at-each step requires the single matrix-vector product
Ad,. All other vector operations require only N multiplications. If the PSF is narrow
compared to the image size, we can make use of the sparseness of A and all the
operations can be carried out quickly and efficiently.

~ Example 8.7
Consider the solution of

This gives

- 67]
AA“H[714

whose eigenvalues are A =10+ V65 and A, = 10— V65. Since A'is nonsingulaf,

e 4 - _
H+=A,H7=§%[_1 7][1 2 1]=%[0 21 .7] ,

7 6ll2 13 5 -8 1
This gives ”
L ' oo 2|21 [osoo]
w=Hv= [22.[ 0.628
and

v - Hu'|P=1.02857
For the one-step grédient algorithm, nve get '

o= 0'0,,. %=0.1

-8 .
o= 5 w=[0%], s-oss
After 12 iterations, we get " .
_[o.685] _[0.555 .
gn= [1.253]’ e = [0.581]’ £2=1.102
The steepest descent algorithm gives

= [0.5992
° 10.6290

The conjugate gradient algorithm converges in two steps, as expected, giving u; =u*.
Both conjugate gradient and steepest descent are much faster than the one-step
- gradient algorithm. '

and

], o b =1.02857.

: Separable Point Spread Functions

'If the tyvo-dimensional point spread function is separable, then the genéralized
inverse is also separable. Writing V = H, UHY, we can rederive the various iterative
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algorithms. For example, the matrix form of the conjugate ’gr_adient algorithmn
becomes o '
- ~(G,, D)

Unos=UnmeaDn =0 A8y
(GmAan~1A2>
= - = 8.137
D,, Gn+Bn—-an—I’ Bn ‘1 <D,,_1‘,A1Dn-1A2) ( )

G,=Guo1t o1 AL D1 Ay, Dy =Gy = H] VH,

where A, 2 HTH,, A,=HJH, and (X,Y) A S x(m,n)y(m, n'). This glgorithm
has been found useful for restoration of images blurred by spatially variant PSFs

[24].

8.10 RECURSIVE FILTERING FOR STATE VARIABLE SYSTEMS

Recursive filters realize an infinite impulse response with finite memory and are
particularly useful for spatially varying restoration problems. In this section we con-
- sider the Kalman filtering technique, which is of fundamental importance in linear

estimation theory.
Kalman Filtering [25, 26]

Consider a state variable system

'

-x,.+,=A,,x,‘+B,,'s,., n=0,1,...
2,=CyX, ‘ (8.138)
E[xX¥]=R’,  E[e.e,]=P,3(n—n’)

where x,,€,,2, are m X 1, p X1, and g X 1 vectors, respectively, all being Gaus-
sian, zero mean, random sequences. R®is the covariance matrix of the initial state
vector x,, which is assumed to be uncorrelated with &, Suppose z, is observed in the
presence of additive white Gaussian noise as
) V=2t M= Co¥yt My =01, (8.139)
E[n,my] = Qud(n —n'y
where m, and €, are uncorrelated sequences. We define s,, g., and X, as thg best
mean square estimates of the state variable x, when the observations are available
upton—1,n and N>n, respectively. Earlier, we have seen that mean square
“estimation of a sequence x(n) from observations y(n),0=n =N, gives us the
Wiener filter. In this filter the entire estimated sequence is calculated from all t.he
observations simultaneously {see (8.77)]. Kalman filtering theory gives recursive
realizations of these estimates as the observation data arrives sequentially. Thxs
reduces the computational complexity of the Wiener filter calculations, espeglally
when the state variable model is time varying. However, Kalmén filtering requires 2
stochastic model of the quantity to be estimated (that is, object) in the form of
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- (8.138), whereas Wiener filtering is totally based on the knowledge of the auto-

correlation of the observations and their cross-correlation with the object [see

(8.80)].

One-Step Predictor. The one-step predictor is defined as s,,.é_ Ex|y.,
0=n'=n -1}, which is the best mean square prediction of x, based on observa-
tions up to n — 1. It is given by the recursions

vsn+1>=Ansn‘+Gnq;1vm ) SOV=0 .
V= Yn - Cn Sn . ., (8140)
G.AAR.C,  glcRr.C+Q,

R,.1=AR.A]+BPB. - Gq,'G,, R=FR (8.141)

The sequence v, is called the innovations process. It represents the new information
obtained when the observation sample y, arrives. It can be shown [25, 26] that v, is
a zero mean white noise sequence with covariances q,,, that is,

Ev,]=0,  E,vL}1=4q,3(n-n") (8.142)

The nonlinear equation in (8.141) is called the Riccati equation, where R, represents
the covariance of the prediction error e, £ x, — s,, which is also a white sequence:

Ele]=0, Ele.er]=R,3(n —n') (8.143)

The m X g matrix G, is called the Kalman gain. Note thé}t R,, G,, and g, depend
only on the state variable model parameters and not on the data. Examining (8.140)
and Fig. 8.22 we see that the model structure of s, is recursive and is similar to the
state variable model. The predictor equation can also be written as '
Sn+l = A,,S,, + Gnq;lvn
(8.144)
¥a=Cos, + v,

which is another state variable realization of the output sequence y, from a white
sequence v, of covariances q,. This is called the innovations representation and is
useful because it is causally invertible, that is, given the system output y,, one can
find the input sequence v, according to (8.140). Such representations have applica-
tion in designing predictive coders for noisy data (see [6] of Chapter 11).

Onlinefilker. The online filter is the best estimate of the current state based
on all the observations received currently, that is,
' 7 A -
2.2 E[xly,,0=n’'=n
. ! (8.145)
2. =R, Cq;'v, +s,

This estimate simply ixpdates the predicted value s, by the new information v, with a

gain factor R, CTq;*"t6 obtain the most current estimate. From (8.140), we now see
that ‘

8,417 An - (8146)
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cﬂ
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+ pdale .
s, predictor
P Preduc(

c, L P A,

{c) Online filter
Figure 8.22 Kalman filtering.
Therefore, Kalman filtering can be thought of as having two steps (Fig. 8.22c). The

first step is to update the previous prediction by the innovations. The next step isto
predict from the latest update.

Fixed-interval smoother (Wiener filter). Suppose the observations are
available over the full interval [0 NJ]. Then, by definition,

= E[x,ly»,0=n'=N]

is the Wiener filter for x,. With x, given by (8.138), X, can be realized via the
so-called recursive backwards filter

%, =R, A, +s, ' (8.147)
A= AT A1 — GG GO n+'l+C£q;1vna Ay+1=90 (8.148)

To obtain %,, the one-step predictor equattons (8.140) are first solved recursively in
the forward direction for 7 =0,1,...,N and the results R,,s, (and possibly
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i

q.;',G,,v,) are stored. Then the prccedmg two equatxons are solved recursively
backwards fromn =Nton =0.

Remarks

The number of computations and storage requirements for the various filters
are roughly O (m*N%) + O(m*N?) + O(¢*N). If C,R,, G,, and g, have been pre-
computed and stored, then the number of online computations is O (m*N?). It is
readily seen that the Riccati equation has the largest computational complexity.
Moreover, it is true that the Riccati equation and-the {ilter gain calculations have
numerical deficiencies that can cause large computational errors. Several algo-
rithms that improve the computational accuracy of the filter gains are available and
may be found in [26--28). If we are primarily interested in the smooth estimate %,
which is usually the case in image processing, then for shift invariant (or piecewise
shift invariant) systems we can avoid the Riccati equation all together by going to
certain FFT-based algorithms [29].

Example 8.8 (Recursive restoration of blurred images)

A blurred image observed with additive white noise is given by

y(n) = E h(n, ku(n — k) +n(n) (8.149)
k=1
where y(n),n =1,2,...represents one scan line. The PSF h(n, k) is assumed to be
spatially varying here in order to demonstrate the power of recursive methods. Assume
that each scan line is represented by a gth-order AR model

u(n)= i a(kyu(n = k) +e(n), E[e(n)e(n’)]=p*8(n ~n’) (8.150)

Without loss of generality let /; + L= ¢ and define a state variable x, = [u(n +1)...
u(n +1),u(n)...u(n — L))", which yields an (; + L + 1)-order state variable system
as in (8.138) and (8.139), where

0(1)0(2) a(q) :0..
............... 0 ; 1
Al 0 1,._0 ........... P pal9)
0 BN : 0
10 )

C.AM(=t,n).. k()]

and e, é e(n + I, + 1). This formulation is now in the framework of Kalman filtering,
and the various recursive estimates can be obtained réadily. Extension of these ideas to
«wo dimensional blurs is also possible. For example, it has been shown that an image
blurred by a Gaussian PSFs representing atmospheric turbulence can be restored by a
Kalman filter associated with a diffusion equation [66].

8.11 CAUSAL MODELS AND RECURSIVE FILTERING [32-39]

In this section we consider the recursive filtering of images having causal representa-
tions. Although the method presented next is valid for all causal MVRs, we restrict
ourselves to the specxal case
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wim, n) = mulm = 1,0y +palm n—l)—-p;u(m Ln-1)- (8.151)
" pau(m + 1,n ~ 1)+ e(m, n)
Ele(m, n)] = E[e(m n)e(m —k,n — l)} = Bzﬁ(k)S(l) (8.152)

We recall that for p.;“O 03 = 01 P2, and Bz—c a—-p)1- pzz) this model is a

reahzauon of the separable covariance function of (2.84), The causalrty of (8.151)is
with respect to column by column scanmng of the image.

A Vector Recursive Filter o : "

Letus denote u, and g, as N X1 columns of their respecnve arrays Then (8 151)
can be written as’ .
Liu,=Lyu, -+ &, covle, ] P= BZI E[ug uf] Apo (8.153)

where, for convenience, the image u(m, n}-is assumed to be zero outside the length
of the column u,, and L, and L, are Toephtz matrices given by :

1 P2 Pa_ O
L= —& , L= EPS&M (8.154)
. —-p1 ) ‘ ~P3 P2
Now (8.153) can be written as a vector AR process:
, L =Lu,_ +Li'e, (8.155)
where L = L1 L,. Let the observatrons be ngen as
y(m n)= u(m, n) + n(m, n) (8.156)

where n(m, n) is a stationary white noise field with zero mean and variance o3. In
vector form, this becomes

Ya=0,F M, » ’ (8.157)
Equatlons (8.155) and (8.157) are now in the proper state variable form to yield the
Kalman fxlter equations
Sie1= Lg,l, se=0
R.(R,+o3I)” (y,.—s,,)+s

0 (8.138)
R,!+1=LR,,LT+ L7PALD™, Re=R" _
=I-R,R,+ ot DR, = 0';‘ (R,l +oiD)7IR,|
Using the fact that L= L7'L,, this gives the following recursions.
Observation update: . . . »
g(m, n)=s(m,n)+ 2 k, (m l)[y(l n) s(z m] (8.159)
Image:Filtering and Restoration
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Prediction: Lis,.i=Lyg,
> s(mn+1)= plo(m —-1,n +1)+p2g(m n) (8.160)
~psg(m —1,n) + psg(m + 1,n)

where k, (m, i) are the elements /gf K, i\ R, (R, + o3 I)™". The Riccati equation can
be implemented as L; R, .1 L] = R,, where

RALRLI+P, - R.,=[I-KJR, (8.161)
This gives the following: ’
Forward recursron
n+1 Qn?rn-fl(l ]) plrn+1(l ’])+qn(l;]) (8162)
Backward recursion: n :
7Q,,LT=R,,:>q,,(i,j)=plq,,(i,j+1)+f,,(i,j) ) (8.163)

From Kalman filtering theory we know that R, is the covariance matrix of

“e, 2u,—s,. Now we can write

vnéyn_sn =un_sn+nn=en+nn . (8164)
covle,] =R,, cov[n,] =oc}l

This means that X, defined before, is the one-dimensional Wiener filter for the
noisy vector v, and that the summation term in (8.159) represents the output of this
Wiener filter, that is, K, v, = &, where &, is the best mean square estimate of e,
given v,. This gives
“g(m,n)=s(m,n)+é(mn) (8.165)
where é (m, n) is obtained by processing the elements of the v,. In (8.159), the
estimate at the nth column is updated as y, arrives. Equation (8.160) predicts
recursively the next column from this update (Fig. 8.23). Examining the preceding

1
!
" |
REART - Column
stm, n) delay :
z! |
|
|
+ 1
+-\ glm,n) .| 20 stm,n + 1)}
_/ ! filter
+A- |
. 1
i .
1-D { simoa+ 1y =p,slm—1,n+ 1)+ pglm, n
Wiener I = psglm = 1,n) + p,glm+1,n)
fiiter | ! N :
k,{m, i} !
|
&(m,n) . il
Update . | Predict
Frgure 8.23 Two-dimensional recursive filter:
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equations, we see that the Riccati equation is computationally the most complex,
requiring O (N°) operations at each vector step, or O (N?) operations per pixel. For
practical image sizes such a large number of operations is unacceptable. The follow-
ing simplifications lead to more-practical algorithms. '

Stationary Models
For stationary models and large image sizes, R, will be nearly Toeplitz so that the
matrix operations in (8.158) can be approximated by convolutions, which can be

implemented via the FFT. This will reduce the number of operations to (O (N log N)
per column or O (log N) per pixel.

Steady-State Filter

For smooth images, R, achieves steady state qﬁite rapidly, and therefore K., in
. (8.159) may be replaced by its steady-state value K. Given K, the filter equations

need O (N) operations per pixel:

A Two-Stage Recursive Filter [35]

If the steady-state gain is used, then from the steady-state solution of the Riccati .

equation, it may be possible to find a low-order, approximate state variable model
for e(m, n), such as .

xerl=Axm+B£m (8.166)
e(m, n) =Cx,,

where the dimension of the state vector x,, is small compared to N. This means that

for each n, the covariance matrix of the sequence e(m, n),m =1,..., N, is approxi-

mately R = lim R,. The observation model for each fixed # is
v(m,ny=e(m,n)+n(m,n) (8.167)

Then, the one-dimensional forward/backward smoothing filter operating recur-
sively on v(m, n),m =1,. .., N, will give &, ., the optimum smooth estimate of x,,
at the nth column. From this we can obtain é (m, n) = CX,, ., which gives the vector
&, needed in (8.165). Therefore, the overall filter calculates é (m, n) recursively in
m, and s(m, n) recursively in »n (Fig. 8.23). The model of (8.166) may be obtained

from R via AR modeling, spectral factorization, or other techniques that have been

discussed in Chapter 6. :

. A Reduced Update Filter _

In practice, the updated value e(m, n) depends most strongly on the observations

[i.e., v(m, n)] in the vicinity of the pixel at (m, ). Therefore, the dimensionality of -
the vector recursive filter can be reduced by constraining & (m, n) to be the outputof

a one-dimensional FIR Wiener filter of the form
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A

T

I .
é(m,n)y= 2 a(k)v(m —k,n). © (8.168)
k=-p
In steady state, the coefficients (k) are obtained by solving
P

: kz a(B)fr(m ~ k) + a73(k)] = r(m),

=P

~-p=m=p (8.169)

wher'e r(m — k) are the elements of R, the Toeplitz covariance matrix of e, used
previously. Substituting (8.165) in (8.160), the reduced update recursive filter be-
comes

s(m,n+1)= p,;(m -71,n +1)~pss(m —1,n) +pys(m, n) " (8.170)
+pys(m +1,n) = p3é (m = 1,n) + p,é (m, n) + pyé (m + 1, 1)

Egh}are é (m, n) is given by (8.168). A variant of this method has been considered in
61, : :

Remarks
The recursive filters just considered are useful only when a causal stochastic model

su_ch as (8.151) is available. If we start with a given covariance model, then the FIR
Wiener Filter discussed earlier is more practical:

8.12 SEMICAUSAL MODELS AND SEMIRECURSIVE FILTERING

It was shown in Section 6.9 that certain random fields represented by semicausal
models can be decomposed into a set of uncorrelated, one-dimensional random
sequences. Such models yield semirecursive filtering algorithms, where each image
column is first unitarily transformed and each transform coefficient is then passed
through a recursive filter (Fig. 8.24). The overall filter is a combination or fast
transform andjri;cursive algorithms. We start by writing the observed image as

vim, n)= 3 3 h(k,l)u(m—k,n—l)+n&m,(;),’

k=-pil=-a; . (8171
- 1=ms=Nn=0,1,2,... |

Yai1) S R0
. . . . . [
v, ¥, (k) A ]
Vo (N) - X, (M)
- Recursive filter
o vy
- Figure 8.24 Semirecursive filtering.
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_where m(m, ) is'stationary white noise. In vector notation this becomes

] . 2oL
Y, = ZvH(i-‘n—l'i"qn—* 2 b, o . (8172)
I=-q; ’ I=fq,

where v, i, b, and v, are N X 1 vectors and b, depends only on u(—p2+1,n)...
u (0,n),u(N + 1,n), u(N +py, n), which are boundary elements of the nth column

of u(m, n). The H, are banded Toeplitz matrices.

Filter Formulation ‘
S i *T for every n, i
Let ¥ be a fast unitary transform such that ‘I’H,,.\I’ ) e
diagonal. From Chapter 5 we know that many sinusoidal transforms tend to diago-
nalize Toeplitz matrices. Therefore, defining '
Yn A Wy, X, A Yru,, ¢, a wh,, ’ v, A ¥y,

WH, ¥ = Diag[WH, ¥ AT, A Diaglv. (0] ~~ (8.173)
and mulﬁplying both sides of (8.172) by ¥, we can reduce it to a set of scalar
equations, decoupled in k, as .

92 g2 B
ya (k) = > v (k)xn—i (k) + va (k) + X k), k=1,...,N (8.174)
I=-q I=-q, :

In most situations the image background is known or can be estimated guite accu-
rately. Hence &, (k) can be assumed to be known and can be absorbed in y, (k) to
give the observation system for each row of the transformed vectors as

0= 2 w0 +u®, k=l N (8179)

=-q1

Now for each row, x, (k), is represented by an AR model

o (k) = é:l ar(k)x, - (k) + €, (k), k=1,...,N (8.176)

which togéther with (8.175) can be set up in the framework of Kalman filtering, as
shown in Example 8.8. Alternatively, each line [y.(k),n=0,1...] can be pro-
cessed by its one-dimensional Wiener filter. Tl}is method'has been found useful.m
adaptive filtering of noisy images (Fig. 8.25) using t}.le cosine transform. The en}t:;{e
image is divided into small blocks of size N x N (typically N = 16 or 32). For each k,
the spectral density S, (w, k), of the sequence [ y,;(k),t? =0,1,..., N —1], is esti-
mated by a one-dimensional spectral estimation techplque, which assumes {y.} tc
be an AR sequence [8]. Given S, (w, k) and o'}, the noise power, the sequence y, (k)
is Wiener filtered to give £, (k), where the filter frequency response is given by

A_S(@k) _S(ek) -0 (8.177)
TS (@, k) ol S(w,k) '

i i i i . is less than o2 . Figures
In practice, S, (@, k) is set to zexo if the estimated S'y (,“” k) is ) bres
8.11; and 8.18 show examples of this method, where it is called the COSAR (cosine

AR) algorithm.

G(w,k)
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Figure 8,25 COSAR algorithm for adaptive filtering using semicausal models.

8.13 DIGITAL PROCESSING OF SPECKLE IMAGES

When monochromatic radiation is scattered from a surface whose roughness is of
the order of a wavelength, interference of the waves produces a noise called speckle.
Such noise is observed in images produced by coherent radiation from the micro-
wave to visible regions of the spectrum. The presence of speckle noise in an imaging
system reduces its resolution, particularly for low-contrast images. Therefore, sup-
pression of speckle noise is an important consideration in design of coherent
imaging systems. The problem of speckle reduction is quite different from additive
noise smoothing because speckle noise is not additive. Figure 8.26b shows a
speckled test pattern image (Fig. 8.26a). ‘

Speckie Representation

In free space, speckle can be considered as an infinite sum of independent, identical
phasors with random amplitude and phase [41, 42]. This yields a representation of

. its complex amplitude as

a(x, y)=ar(x, y) + jar(x, y) ' (8.178)

where ar and a; are zero mean, independent Gaussian random variables (for each

"x, y) with variance o'%. The intensity field is simply

s=s(x,y)=la@x y)f=at+af - (8.179)

which has the exponential distribution of (8.17) with variance o2 202 and mean

" w=E[s]=c% A white noise field with these statistics is called the fully developed

speckle. _ ) , ~
For.any speckle; the contrast ratio is defined as

_ standard deviation of s
mean value of s

(8.180)
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Figure 8.26 Speckle images.

For fully developed speckle, y= 1. ' o
When an object with complex amplitude distribution g(x, y) is imaged by a

coherent linear system with impulse response K (x,y;x',¥"), the observed image
intensity can be written as :

IJK(ny;x,’ y’)g(x',y')e 60y gy ! dy’

where m(x, y) is the additive detector noise and ¢(x, y) represents th'e phase (.1is-
tortion due to scattering. If the impulse response decays rapidly ou_tsxdq a region
R (x, ), called the resolution cell, and g(x, y) is nearly constant in this region,

then [44]

2

vix,y)= +m(x,y) (8.181)

o ) =g e 9)Plate P+ 10 y)} (8182
= u(n )s(ny) + e y) ’

where : g

celi

u(x, y) é lg(x, WP, - a»(x; %) é J’L K(x,y3x',y")e O dy ! dy ! (8.183)
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The u(x, y) represents the object intensity distribution (reflectance or trans-
mittance) and s(x, y) is the speckle intensity distribution. The random field a(x, y)

is Gaussian, whose autocorrelation function has support on a region twice the size |

of R..y. Equation (8.182) shows that speckle appears as a multiplicative noise in the
coherent imaging of low-resolution objects. Note that there will be no speckie in an
ideal imaging system. A uniformly sampled speckle field with pixel spacing equal to
or greater than the width of its correlation function will be uncorrelated.

Speckle Reduction [46-47]: M-Look Method

A simple method of speckle reduction is to take several statistically independent
intensity images of the object and average them (Fig. 8.26c). Assuming the detector
noise to be low and writing the /th image as

vi(x, y) =u(x, y)si(x, y), [=1,...,N (8.184)
then the temporal average of N looks is simply
. ) L ) o
v ) 85 2 il ) = u(x v (x y) (8.185)

where §y (x, y) is the N-look average of the speckle fields. This is also the maximum
likelihood estimate of [v,(x, y),! = 1, ..., N}, which yields

2.2 o )
E[on] =22, varliy] = 52 (8.186)

This gives the contrast ratio y = 1/N for vy. Therefore, the contrast irﬁproves bya
factor of VN for N-look averaging.

Spatial Averaging of Speckle

If the available number of looks, N, is small, then it is desirable to perform some
kind of spatial filtering to reduce speckle. A standard technique used in synthetic
aperture radar systems (where speckle noise occurs) is to average the intensity
values of several adjacent pixels. The improvement in contrast ratio for spatial

‘averaging is consistent with the N-look method except that there is an accom-

panying loss of resolution.

_Homomorphic Filtering

_The multiplicative nature of speckle suggests performing a logarithmic transforma-

tion ou (8.185), giving

login(x, y)=logu(x,y) +logén(x,y) = - (8.187)

Defiuing wy a logvy,z A logu, and my A logsy, we gét the additive noise observa-
tion model : . ’

Cwle =z ) Fwny) - (8.188)
where my (¥, y) is stationary white noise. '
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Figure 8.27 Homomorphic filtering of speckle.

For N =2, ny can be modeled reasonably well by a Gaussian random field

[45], whose spectral density function is given by
2

T
) N=1
6

S, (&, &) =0%= ) (8.189)
N N=2

%, y) can be easily estimated from wy(x, y) using Wiengr filtering tech-
iz‘:ez.(ﬂgg gives the ove);all filter algorithm of Fig. 8.27, which is also called th_e
homomorphic filter. Experimental . studies have ‘shown.thaF the homomorphic
Wiener filter performs quite well compared to linear fxltcrlgg or other' homo-
morphic linear filters [46]. Figure 8.27 shows the performance of an adaptive FIR

Wiener filter used in the homomorphic mode.

§.14 MAXIMUM ENTROPY RESTORATION

The inputs, outpuis, aﬁd the PSFs of incoherent imaging systems (the usual case)

are nonnegative. The least squares or mean square criteria based restoration algo-

E rithms do not yield images with nonnegative pixel values. A restoration method

based on the maximum entropy criterion gives nonnegative 'solution's. S.i.nce_‘ entropy
is a measure of uncertainty, the general argument behxr}d this criterion s t}lathlt
assumes the least about the solution and gives it the maximum freedom within the

limits imposed by constraints.
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Distribution-Entropy Restoration

For an imagé observed as
‘ o=Fw (8.190)

where S is the PSF matrix, and » and o are the object and observation arrays
mapped into vectors, a maximum entropy restoration problem is to maximize

E@) B =3 . (n) logu (n) (8.191)

subject to the constraint !
' Ho ~ Fulp = o ~ (8.192)

where o3>0 is a specified quantity. Because « (n) is nonnegative and can be
normalized to give ¥, » (n) = 1, it can be treated as a probability distribution whose
entropy is & (). Using the usual Lagrangian method of optimization, the solution
« is given by the implicit equation ’

‘ 2/=exg{-_l—)\‘%'r(0— 700 )} (8.193)

where exp{x}'denotes a vector of elements explx(k)],k =0,1,...,1is a vector of
all-1s and \ is a scalar Lagrange multiplier such that & satisfies the, constraint of
(8.192). Interestingly, a Taylor series expansion of the exponent, truncated to the
first two terms, yields the constrained least squares solution )

o @=(F"H+\) AT o - (8.194)

'

Note that the solution of (8.193) is guaranteed to be nonnegative. Experimental
results show that this method gives sharper restorations than the least squares filters
when the image contains'a small number of point objects (such as in astronomy
images) [48]. : o

A stronger restoration result is obtained by maximizing the entropy defined by

. (8.191) subject to the constraints

#(n)=0, n=0,... N—-1
N-1 (8.195)
Huw=0v or Zé(m,j)m(j)=u(m), cm=0,...,M—-1}"
. i=0 . ' '

 Now the solution is given by

zl(n)=%exp[uz—ll(l,n))\(l)J, n=0,...,N-1  (5.19)
!=D. . R .

where M(!) are Lagrange multipliers (also called dual variables) that maximize the

.- functional

o ‘ N-1 M-1 =
HSEDAOEDR O © L (8.197)
: n=0 Tr=g - g :
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The above problem is now unconstrained in A(rn) and can be solved by invoking
several different algorithms from optimization theory. One example is a coordinate
ascent algorithm, where constraints are enforced one by one in cyclic iterations,
giving [49] '

o (m)

;i (n) = I,‘—l(n) +4 (m, n) log [N«l

> 4 (m, k)1 (k)} (8.198)
k=0

2, (n) = expl; (m)}

where m =j moduloM, k =1,...,Nandj=0,1,.... At the jth iteration, .z;(n)
is updated for all #n and a uxed m. After m=M, fhe xterdtlons coniinue cychcally,
updating the constraints. Convergence to the true solution is often slow but is
assured as j — o, for 0 = 4 (m, n) = 1. Since the PSF is nonnegative, this condition is

easily satisfied by scaling the observations appropriately.

Log-Entropy Restoration

~ There is another maximum entropy restoration problem, which maximizes

&= Ng_i log « (n) (8.199)

subject to the constraints of (8.195). The solution now is obtained by solving the
nonlinear equations .

i) = ge——— | (8.200)
2 A
=0
where A({) maximizes

1

J=- Z log[ S 4 (m, n)A(m) J £ S )

m=0

(8.201)

Once agaln an iterative gradient or any other sultable method may be chosen to
maximize (8.201). A coordinate ascent method similar to (8 198) yields the iterative

solution [50]

a;(n)
1+ o;4 {m, n)z;(n)
where o;is determined such that the denominator term is positive and the constraint

Zis ()= , m=j moduloM, n=0,1,...,N—1 [(8.202)

Nil £ (1, 1) 01 (1) = o (m) (8.203)

is satisfied at each lteratlon Thls means we must solve for the positive raot of the
nonlinear equation
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oot AR

£ {m, n)e;(n)
ofl + oy 4 (m, nya; ()]
As before, the convergence, although slow, is assured as j — c. For 4 (m, n) >0,

which is true for PSFs, this algorithm guarantees a positive estimate at any iteration
step. The speed of convergence can be improved by going to the gradient algorithm

flaph E —o(m)=0 (8.204)

1]
)\,'.yl (m) = X/ (m) + ;g (m), j = 0, 1, e (8205)
N-1 .
g(m)=o(m)— go 4 (m,n)zi(n) (8.206)
1 (8.207)

wj{n) o1
|5 4 mwm)|

where Ao(m) are chosen so that zo(n) is positive and o;isa posmve root of the

equation
flo) 8 le G;(R)[A; (k) + o, G; (k)] ' =0 (8.208)

whgre -
Gk & Mz—l 4 (m g (m), A K) = Mil 4 (m, kN (m) - (8.209)

The search for @ can be restricted to the interval [0, max{G (kYA (k)}]

This maximum entropy problem appears often i in the theory of spectral esti-
mation (see Problem 8.26b). The foregoing algorithms are valid in multidimensions
if » (n) and » () are sequences obtained by suitable ordering of eléments of the
multidimensional arrays u(4, j, .. .)and v(i, j, ...), respectively.

—

s.1r}‘~ BAYESIAN METHODS

N

~e”
In many imaging situations—for instance, image recordmg by film—the observation
model is nonlinear of the form

=f(Ww)+n . (8.210)
* where f(x) is a nonlinear function of x. The a posteriori conditional densny given by

' Bayes’ rule .
=Pl () . @21

(/40
PE="0w
is useful in finding different types of estimates of the random vector « from the
observation vector . The minimum mean square estimate (MMSE) of « is the
mean of this density. The maximum a posteriori (MAY) and the maximum likeli-
hood (ML) estimates are the modes of p («|e) and p («|=), respectively. When the
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observation mode! is nonlinear, it is difficult to obtain the marginal der}sity‘ ;{(u)
even when « and m are Gaussian. (In the linear case p {e|v) is easily oblained since
it is Gaussian if « and q are). However, the MAP and ML estimates do not require
p(e) and are therefore easier to obtain. _ e

Under the assumption of Gaussian statistics for « and w, with covariances &,

and &, , respectively, the ML and MAP estimates can be shown to be the solution
of the following equations:

ML estimate, aa: AT DR o — f(Hlm)] =0 (8.212)
where . v -
& A Diag [‘9—{9(;—) ‘ } (8.213)

. and & are the elements of the vector @ Ao, L - |

MAP estimate, I’I\/MAPZ &’MAP =M, + ‘%"W@‘%;l[u ‘f(ﬁ&MAP)] B (8‘214)

where p,; is the mean of » and & is defined in (8.213) buF now Q.%' @MAP -
Since these equations are nonlinear, an alternative Is to maximize the appro-
priate log densities. For example, a gradient algorithm for Zuap 18

o= iy AT B T o~ (i)} = Ry —wy . (8:215)
where o; >0, and &, is evaluated at e, A g7, .
Remarks

If the function f(x) is linear, say f(x) = x, and G, =21, then &y, reduces to the
least squares solution E :

A T = Ao _ O (8.216)
and the MAP estimate reduces to the Wiener filter output for zero mean noise [see
(8.87),

ampr = TG (0 — 1) (8.217)

where & = (R + AT R IO) AT o
In practice, p,. may be estimated as a local average of o and p, = (w.),
where " is the generalized inverse of S .

{ 316 COORDINATE TRANSFORMATION
_ AND GEOMETRIC CORRECTION

In many situations a geometric transformation of th; image goordinates is -req‘uirec’i.
" An example is in the remoté sensing of images via satellites, where .the éarth’s
rotation relative to the scanning geometry of the sensor generates an image on a
distorted raster [55]. The problem then is to estimate a function f (x',y")given af
discrete locationsof (¥, y), where x’ = h; (x,y),y' = by (%, y) describe the geometric
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transformation between the two coordinate systems. Common examples of geo-
metric transformations are translation, scaling, rotation, skew, and reflection, all of
which can be represented by the affine transformation

Rl RS
= + 8.218
v [y ] [c dliy . B ( )
In principle, the image function in (x',y') coordinates can be obtained from its
values on the (x;,y;) grid by an appropriate interpolation method followed by

resampling on the desired grid. Some commonly used algorithms for interpolation
at a point Q (Fig. 8.28) from samples at P, , P, Py, and F; are as follows,

1. Nearest neighbor:

_ F(Q)=F(P), k:min{d}=d, : (8.219)
that is, P, is the nearest neighbor of 0.
2. Linear interpolation:

i F(P)d,

F(Q)=7— (8.220)
; o1k
3. Bilinear interpolation:

_ F(Qy/ds + F(Qy)lds  F(Q\)ds + F(Q»)ds
FO== e+ T At d . 82

where . :

\ _ F(P)di+ F(R)di _F(R)d3 + F(P)d;

F(Q) P T F(Qy) = L+ di . (8.221b)

These methods are Jocal and require minimal computation. However, these
methods would be inappropriate if there was significant noise in the data.

Smoothing splines or global interpolation methods, which use all the available
data, would then be more suitable. '

For many imaging systems the PSF is spatially varying in Cartesian coordi-
nates but becomes spatially invariant in a different coordinate system, for example,
in systems with spherical aberrations, coma, astigmatism, and the like [56, 57].

" These and certain other distortions (such as that due to rotational motion) may be

€

Py
, Q. 3 —
Py % : - \
— . d

. ///’RF\ ‘\ds 3 \“

" 1 ‘dz \ 4 ‘\

. R \ ] \
Vody b, 1

] : Poidg 4 !

Figure 8.28 Interpolation at Q.
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Figure 8.29 Spatially variant filtering by coordinate transformation.

corrected by the coordinate transformation method shown in Fig. 8.29. Th_e input
image is transformed from (x, y) to (€, ), coordinates where it is possible to filter by
a spatially invariant system. The filter output is then inverse transformed to obtain

the estimate in the original coordinates. '
For example, the image of an object f(r, 8) obtained by an axially symmetric

imaging system with coma aberration is

g(r, 6) = fo ” fo " aroh (ﬁo 0= 0)f(r O diodly ~ (8.222)

where n =1 and (r, ) are the polar coordinates. The PSF is spatially varying in -

(%, ). In (r, 8) it is shift invariant in 8 but spatially variant in r. Under the loga-
rithmic transformations .
&=nlnr (8.223)

. the ratio r/r} becomes a function of the displacement £ — & and (8.222) can be
written as a convolution integral: :

s€0 e 0= [TAE-50-0itodud,  6.29

E=Inr,

where
F 2%g/n
F(£,00) B f(ew™, B5)a(et™) S

(£ &, 0~ 00) A (et %, 0 — Oy),

Spatially invariant filters can now be designed to restore F(&-8,) from g(§&,0).
Generalizations of this idea to other types of blurred images may be found in [56,
57]. , .

] The comet Halley shown on the front cover page of this text was reconstructed
from data gathered by NASA’s Pioneer Venus Orbiter in 1986. The observed data
was severely distorted with several samples missing due to-the activity of solar
flares. The restored image was obtained by proper coordinate transformation,

bilinear interpolation, and pseudocoloring.

: 8.17! BLIND DECONVOLUTION [58, 59]

Image restoration when the PSF is unknown is a difficult nonlinear restoration
problem. For spatially invariant imaging systems, the power spectral density of the
observed image obeys (8.40), which gives

JoglH[* = log(Sy = S,) — l0g Sea * (8.225)
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If the additive noise is small, we can estimate
1 & 13
ToglH| === 2 (log|Vif? = loglUi) == 3 [log|Vil — loglUd] ~ (8.226)
. 2M 2y M, ]

where V,and Uy, k =1, ..., M are obtained by dividing images v (mm;, n) and u(m, n)
inic M blocks and then Fourier transforming them. Therefore, identification of H
requires power spectrum éstimation of the object and the observations. Restoration
methods that are based on unknown H are called tlind deconvolution methods.
Note that this method gives only the magnitude of H. In many imaging situations
the phase of H is zero or unimportant, such as when H represents average atmos-
pheric turbulence, camera misfocus (or lens aberration), or uniform motion (linear
phase or delay). In such cases it is sufficient to estimate the MTF, which can then be
used in the Wiener filter equation. Techniques that also identify the phase are
possible in special situations, but, in general, phase estimation is a difficult task.

_'8.18) EXTRAPOLATION OF BANDLIMITED SIGNALS

Extrapolation means extending a signal outside a known interval. Extrapolation in
the spatial coordinates could improve the spectral resolution of an image, whereas
frequency domain extrapolation could improve the spatial resolution. Such prob-
lems arise in power spectrum-estimation, resolution of closely spaced objects in
radio-astronomy, radar target detection and geophysical exploration, and the like.

Analytic Continuation

A bandlimited signal f(x) can be determined completely from the knowledge of it -

over an arbitrary finite interval {—«, a]. This follows from the fact that a band-
limited function is an analytic function because its Taylor series

flx+ =1 + 3 44T ©27)

is convergent for all x and A. By letting x € [~a,a] and x + A > «, (8.227) can be

used to extrapolate f(x) anywhere outside the interval [~a, ].

Super-resolution

The foregoing ideas can also be applied to a space-limited function (i.e., f(x) = 0 for
[x] > o) whose Fourier transform is given over a finite frequency band. This means,
theoretically, that a finite object imaged by a diffraction limited system can be
perfectly resolved by extrapolation in the Fourier domain. Extrapolation of the
spectrum of an object beyond the diffraction limit of the imaging system is called
super-resolution. E )
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Extrapolation via Prolate Spheroidal Wave Functions (PSWF‘S) {60}

The high-order derivatives in (8.227) are extremely sensitive'to noise and truncation
errors. This makes the analytic continuation method impractical for signal extrapo-
lation. An alternative is to evaluate f(x) by the series expansion

=

f=3 a¢. () Vx ‘ (8.228)
n=0 .
et fwe s (8229)

where ¢, (x) aré called the prolate spheroidal wave functions (PSWFs). These func-
tions are bandlimited, orthonormal over [~a,a], and complete in the class of
bandlimited functions. Moreover, in thé interval —a =x = «, $; (x) are complete

and orthogonal, with {b,, $») = N, 8(n — m), where A, >0 is the norm (b, I*. Using.

this property in (8.228), a, can be obtained from the knowledge of f(x) over [~a, o]
via (8.229). Given a, in (8.228), f(x) can be extrapolated for all values of x.

In practice, we would truncate the above series.to a finite but sufficient
number of terms. In the presence of noise, the extrapolation error increases rapidly
with the number of terms in the series (Problem 8.28). Also, the numerical
computation of the PSWFs themselves is a difficult task, which is marred by its own
truncation and round-off errors. Because of these difficulties, the preceding
extrapolation ‘algorithm also is quite impractical. However, the PSWFs remain
fundamentally important for analysis of bandlimited signals.

Extrapolation by Error Energy Reduction [61, 62]

An interesting and more practical extrapolation algorithm is based on a principle of
successive energy reduction (Fig. 8.30). First the given function g (x) 2 g (x) = fx),
x € [—a,a], is low-pass filtered by truncating its Fourier transform to zero outside
the interval (—&, &). This reduces the error energy in f; (x) because the signal is
known to be bandlimited. To prove this, we use the Parseval formula to obtain

[ 1700 -gcoras = [ F© - Gu@Pas= [ IF@ - R(orae

o[ iG@rde> [T F@ - E@PdE= | If0 Ak (6230
161> & ~& —

Now fi (x) is bandlimited but does not match the observations over [—a,a]. The
error energy is reduced once again if f; (x) is substituted by f(x) over —a=x =a.
Letting J denote this space-limiting operation, we obtain

8 () £, — S () + go0) BN Y <))

and

[[1re-fiwras=[ 1@ -feFa+ [ If0-a@re
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Figure 8.30 - Extrapolation by successive energy reduction,
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x| >a

Now g, (x), not being bandlimited anymore, is Jow-pass filtered, and the preceding,

procedure is repeated. This gives the iterative algorithm
L) =Bgr(®), g0 =g(x)4 Jf(x)} (8.233)
8 (x) =g (x) + (I~ ), (x), n=1,2.} .

where .7 is the identity operator and & is the bahdlimiting operator. In the limit as

n— o, both f,,. (x) and g, (x) converge to f(x) in the mean square sense [62]. It can be
shown that this algorithm is a spécial case of a gradient algorithm associated with a

- least squares minimization problem [65]. This algorithm is also called the method of

altern‘{zting Drojections because the iterates are projected alternately in the space of
.bandlxmlted and space-limited functions. Such algorithms are useful for solving .
image restoration problems that include a certain class of constraints [S3, 63, 64].
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Extrapolation of Sampled Signals [65]

For a smali perturbation,

Fxy=f(x) +en(x), e#0 (8.234)

where m(x) is not bandlimited, the desired analyticity of f(x) is lost. Then it is
possible to find a large number of functions that approximate f(x) very closely
on the observation interval [—a, ] but differ greatly outside this interval. This
situation is inevitable when one tries to implement the extrapolation algorithms

digitaily. Typicaily, the observed bandlimited function is oversampled, so it can be -

estimated quite accurately by interpolating the finite number of samples over
{—a, ). However, the interpolated signal cannot be bandlimited. Recognizing this
difficulty, we consider extrapolation of sampled bandlimited signals. This approach
leads to more-practical extrapolation algorithms.

Definitions. A sequence y(n) is called bandlimited if its Fourier transform
Y{(w), -7 = w < =, satisfies the condition

Y(0) =0, (8.235)

This implies that y (n) comes from a bandlimited signal that has been oversampled
with respect to its Nyquist rate. Analogous to ¢ and J, the bandlimiting and
space-limiting operators, denoted by L and S, respectively, are now % x % and
(2M + 1) x o matrix operators defined as

o <|o|=w

_ = sin(m —n)w, Y(w), |o|<wo;
[Ly], = Em—“(m ) y{(n) > F{[Lyld = { o <|o]=m (8.236)
[SYl.=y(m), -M=m=M (8.237)

By definition, then, L is symmetric and idempotent, ‘that is, LT=L and’ =L
(repeated ideal low-pass filtering produces the same result).

The Extrapolation Problem. Let.v(m) be a bandlimited sequence. We are
given a set of space-limited noise-free observations

~-M=m=M (8.238)

z(m)=y(m),
Given z (m), extrapolate y (m) outside the interval [-M, M].

Minimum Norm Least Sduares (MNLS) Extrapolation »

Let z denote the (2M + 1) X 1 vector of observations and let y denote the infinite
vector of { y(r),Vn}. then z= Sy. Since y {n) is a bandlimited sequence, Ly =y, and
~ we can write

z=SLy=Ay, AAsL (8.239)

This can be viewed as an underdetermined image restoration problem, where A
represents a {2M + 1) X = PSF matrix. A unique solution that is bandlimited and
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reproduces the (noiseless) signal over the interval [—M, M ]is the MNLS solution. It
is given explicitly as

y* 8 ATAAT] 2= LTST[SLL7ST} 'z
. . 8.240
=LST[SLS" ]z A LSTL 'z (8:240)

where L is a M + x (ZM + 1), positive definite, Toeplitz matrix with elements
{sinw; (m — n)/'tr(m —n), =M <m, n < M). The matrix
A* A ATIAAT] = LSTL ! (8.241)

is the pseudoinverse of A and is called the pseudomverse extrapolation filter. The
extrapolation algorithm requires first obtaining x 2 L. ! z and then low-pass filtering
the sequence {x(m), —M =m = M} to obtain the extrapolation as

N _ M sinw; (m —j) .
yim= 2 S L)

This means the MNLS extrapolator is a time-varying FIR filter {L.7],,;  followed by
a zero padder (S7) and an ideal low-pass filter (L) (Fig. 8.31).

Im|>M (8.242)

Iterative Algorithms

Although L is positive definite, it becomes increasingly ill-conditioned as M in-,
creases. In such instances, iterative algorithms that give a stabilized inverse of L are

aseful [65]. An example is the conjugate gradient algorithm obtained by substi-
tutmg A=L and go= —z into (8.136). Atn=2M +1,1et 22 74 u,. Then y, 2 A LS"z
converges to.y*, Whenever L is ill-conditioned, the algorithm is terminated when g,
becomes small for n <2M + 1. Compared to the energy reduction algorithm, the

iterations here are performed on finite-size vectors, and only a finite number of

iterations are reqmred for convergence.
Discrete Prolate Spheroidal Sequences (DPSS)

Similar to the PSWF expansion in the continuous case, it is possible to obtain the
MNLS extrapolatxon via the expansion
2M+1

y*(m)= kE ak¢k(m),_ " Vm

=1

(8.243)

‘ FIR ~ .
z(m) fiter x{m) /)‘(\ wPF | ¥ (mL ERFRTEN S
R T 1 -
Co-M oM ' i
Zero . ’ -
‘ padding {S87)- Figure 8.31 MNLS extrapolation.
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where the s'eqtience of vectors & A {bx (m), Wm}is called discrete prolate spheroidal
sequence (DPSS). It is obtained from the éigenvalues X, and eigenvectors d5 of L as

1 : )
¢k‘=7‘>\_kLlST\§JAk.,V‘ k=1,...,2M +1 . (8.244)
Like the PSWFs, the DPSS & (m) are bandlimited (that is, Ly = &), complete,
and orthogonal in the interval —~M =m =< M. They are complete and orthonormal
in the infinite interval. Using these properties, we can obtain S = VA, and
simplify (8.243) to give the algorithm

K .
AT & S

z = kgl )\k d’k ’ Oy ¢k z . (8245)

y* Aypsry ‘ ‘

In practice, the series summation is carried up to some K =2M + 1, where the
neglected terms correspond to the smallest values of Ag.

Mean Square Extrapolation ,
In the presence of additive independent noise, the observation equation becomes
z=Ay+mn=SLy+n : - (8.246)
The best linear mean square extrapolator is theﬁ given by the Wiener filter
' " §=RST[SRST+R,] ™z o (8.247)

where R, and R, are the autocorrelation matrices of y and m, respectively. If the
autocorrelation of y is unknown, it is convenient to assume R, = o 2L (that is, power
spectrum of y is bandlimited and constant). Then, assuming the noise to be white
with R, =o2I, we obtain | - ; ‘ ’ o

o,2 -1 - X R 0;2
9=LST[SLST+;—§I} z=LST[L+(—T—'2'I] z - (8.248)

If 63— 0, then §— y*, the MNLS extrapolation. A recursive Kalman filter imple-
mentation of (8.248) is also possible [65]. :

Example 8.9

Figure 8.32a shows the signal y (m) =sin (0.0792wm) + sin (0.068%m ), which is given
for ~8 = m = 8 (Fig. 8.32b) and is assumed to have a bandwidth of less than w; = 0.17.
Figures 8.32c and 8.32d show the extrapolations obtained via the iterative energy
reduction and conjugate gradient algorithms. As expected, the latter algorithm has
superior convergence. When the observations contain noise (13'dB below the signal
power), these algorithms tend to be unstable (Fig. 8.32¢), but the mean square extrapo-

 lation filter (Fig. 8.32f) improves the result. Comparison of Figures 8.32d and 8.32f
shows that the extrapolated region can be severely limited due to noise.

Generalization to Two Dimensions
The foregoing extrapolation algorithms. can be easily generalized to two {or

higher) dimensions when the bandlimited and space-limited regions are rectangles

L N i Tl -t Rt b At
Hopd PURTSUIT p

s .

S

Actual signal

2l . ;
. .-100 -50 .0 . 50, 100

@

Extrapolated signal
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‘ (e}
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reduction algorithm

5 F Extrapolated signal
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Figure 8.32 Comparison of extrapolation algorithms.
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for the unknowns u from the observations v. Some special types of restoration
problems include extrapolation of bandlimited signals and image reconstruction
from projections. The latter class of problems will be studied in chapter 10.

Among the nonlinear techniques, we have considered homomorphic filtering
for speckle reduction, maximum entropy restoration, ML and MAP estimation for

(or hyper-rectangles). Consider a two-dimensional sequence y(m, n), which is
known over a finite observation window [—M, M] x [-M, M] and bandlimited in
[~ @) X [—w,w]. Let z(m, n)=y(m,n), =M <m,n =M. Then, using the
operators L and S, we can write

Z =SLYLS” . 4 .
S (8 249) . nonlinear imaging models, and a blind deconvolution method for restoration with
where Z is a QM + 1) X (2M + 1) matrix contammg the z(m, n) Defmmg z and ‘ : unknown blur.
& as the row-ordered mappings of Z and Y, s8s ® S, and_Z’ L&®L, we get .
2=sylty  (tBup) (8.250) ,
PROBLEMS

Slmllar to L, the two-dimensional low-pass filter matrix _ is symmetrxc and idem- - Cor

_potent. All the foregoing one-dimensional algorithms can be recast in terms of J :
(Coherent image formation) - According to Fresnel theory of diffraction, the complex

and ¢, from which the following two-dimensional versions follow. 8.1
. ' ~ amplitude field of an object u(x’, y '), illuminated by a uniform monochromatic source
MNLS extrapolation: . . ‘ ‘ . of light at wavelength \ at a distance z, is given by '
Y* = LS7[L! ZL“]SL} . ‘ _
(8.251) " , .
— At +T . : i :
=A"ZE _ v =a [ utwy) oS 6 -x -y} aray |
Conjugate Gradient Algorithm. Same as (8.137) with A, = A, A7 and Gy Az . ‘ - ‘ ' ' ' :
Then Y, 2 L§”U, SL convergesto Y* atn =2M + 1. : where ¢; is a complex quantity with || = 1, k = 2n/\. Show that if z is much greater o
‘ - than the size of the object, then v(x, y) is a coherent image whose intensity is propor- :
Mean Square Extrapolation Filter. - Assume &, = crzf, R,=c(A®D.. . tional to the magnitude squared of the Fourier transform of the object. This is also

called the Fraunhofer diffraction pattern of the object.

[(L@ L + (]® I)] ! ‘ _ o 8.2 (Optical filtering) " An object u(x, y) illuminated by coherent light of wavelength A
(8.252) and imaged by a lens can be modeled by the spatially invariant system shown in Fig.

=[(LS7)®(LS’)]}/ '>¥ =LsT25L . P8.2, where , : } fod

Now the matrix to be inverted is 2M + 1) X 2M + 1) block Toeplitz with basic i
dimension (2M + 1) X (2M + 1). The DPSS &, of (8.244) can be useful for this e .
inversion. The two-dimensional DPSS are given by the Kronecker product ¢, ® ¢.

he(x,y) = mexp{]—(x +y2)} k=0,1,2

I(x,y) = h ({c, e (x, ¥),

plx,y)isa square aperture of width a;, and d, is the focal length of the lens. Find the

8.19 SUMMARY incoherent impulse response of this system when 1/d, + 1/d, = 1/d, and show how this
. . . . . . . 'method may be used to filter an image optically. (Hint: Recall that the incoherent
In this chapter we have considered linear and nonlinear image restoration tech- """ impulse response is the squared magnitude of the coherent impulse response.) '

" niques. Among the linear restoration filters, we have considered the Wiener filter
and have shown that other filters such as the pseudoinverse, constrained least
squares, and smoothing splmes also belong to the class of Wiener filters. For linear
observation models, if the PSF is not very broad, then the FIR Wiener filter is quite
efficient and can be adapted to haudle spatially varying PSFs.- Otherwise, non-
recursive implementations via the FFT (or other fast transforms) should be suitable.
Iterative methods are most useful for the more general spatially varying filters.
Recursive filters and semirecursive filters offer alternate realizations of the Wiener
filter as well as other local estimators. ‘

We saw that a large number of image restoration problems can be reduced to o =] PR P
solving (approximately) a linear system of equations’ ‘ : ' Lo L e
Hu=v . . . } : ) iyt FigweP82

Object {mage
plane Lens Exit plane i

o T et
vix, y) r .

ho {x, ) hy(x, y)
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8.3

8.4
8.5

In the observation mode] of Equations (8.1)-(8.3), sUppose‘thc image v{x,y) is

- sampled by a uniform square grid with spacing 4, such that

sl ‘ |
v{m, n) =B—2ff v(imA-+x,nA+yydedy
o :

If u(m, n), w(m, n), n'(m, n) and w"(m, n) are defined similarly and u(x, y), vix, y)
and w (x, y) are approximated as piecewise constant functions over this grid, show that
(8.1)~(8.3) can be approximated by (8.18)—~(8.20) where

A
h(m,n;k,l):%ﬂ’ff h(mA+x,nA+y;kA+x’,lA+y’)dxdydx'dy’
0 .

and m'(m, n) and 0"(m, n) are white noise discrete random fields.

Show that the inverse filter of a spatially invariant system will also be spatially invariant.
A digital image stored in a computer is to be recorded on a photographic film using a
flying spot scanner. The effect of spot size of the scanner and the film nonlinearity is
equivalent to first passing the image through the model of Fig. P8.5 and then recording
it on a perfect recording system. Find the inverse filter that should be inserted before

" recordirig the image to compensate for (a) scanner spot size, assuming y= —1, and

(b) film nonlinearity, ignoring the effect of spot size.

Recording systém model

{nput image
. ioputimage e e - “
«ulm, n) > ,r : t
\ l S |
: ' . 1[ . w v |Perfect :
S A{m, N} w7 recording |
: system :
I 1
Inverse t I
fiiter e e e e e e —— J

8.6
8.7 .

8.8
8.9

8.10

him,n)=8lm,n)+ 3 (8(m= 1,0} +8(m+1,n) +8(m,n~1)+8(mn+1]

Figure P8.5

Prove the first two statem.ents made under Remarks in' Section 8.3.
A motion blurred image (see Example 8.1) is observed in the presence of additive

" white noise. What is the Wiener filter equation if the covariance function of u(x, y) is

r(x, y) = o® exp{—0.05[x| — .05]y }? Assume the mean of the object is known. Give an

-algorithm for digital implementation of this filter.

Show exactly how (8.53) may be implemented using the FFT.

Starting from (8. 57) show all the steps whxch lead to the FIR Wiener filter equatxon
(8.64).

(Spatially varying FIR ﬁlters) In order to derive the formulas . 68) (8.69) for the
spatially varying FIR filter, note that the random field

4 (m, n) é wm ) " R R m, :2’; ::gm )

is stationary. Assume that p(m, n) and o(m, n) are constant over a region Wo=
{~2M =i, j = 2M}, which contains the region of support of & (m, r). Using this, writ¢ a

spatially invariant observation model with stationary covariances over Wo. Using the

imaae Filtering and Restoration  CFsd &

ks

8.11

8.12*
8.13

8.14

results of Section 8.4, assuming == 4 (m, n) = 1 and using the fact & (m, r) should be
unbiased, prove (8.68) and (8.69) under the assumption

—m,j—n)

) = s, 1) = e, = s B v
Show that the erner filter ‘does not restore the power spectral density of the object,
whereas the geometric mean filter does whien s = 1. (Hint: Sz; =G|’ S.. for any filter
G). Compare the mean square errors of the two fxiters
Take a low-contrast image and root filter it to enhance its high spatial frequencies.
a. If & is an arbitrary filter in (8.77) show that the average mean square error is given
by . : -

ol= 1M TR+ & (HRAT+ R)ET— 26 TR
MM
b. If & is the Wiener filter, then show the minimum value of & is given by (8.82).
(Sinelcosine transform-based Wiener filtering) Consider the white noise—driven
model for N X N images .
u(m, n).=cfu(m -1, n)-l-u(m +1, n)+u(m n—=1)+u(m, n+ 1]

+e(m, n), o] <}, 0=mn=N-1

Se(z1,22) = B*

where u(-1, n) =u(0, n), u(N n)=u(N -1, n), u(m ~1)=u(m,; 0), u(m, N)=

u(m, N —1).

a. Show that the cosine transform is the KL transform of u(m, n), which yields the
generalized Wiener filter gain for the noise smoothing problem as

i

B ' '
X Ok I=N-1
B% + 021 — 2a(cos k/N + cos Im/N)|? !

kD=

b, If u(—1,0) =u(N, n) = u(m, —1) —u(m, N) =0, show that the sine transform is

8.15

8.16

the KL transform and find the generalized filter gain.
a. Show that the spline coefficient vector a can be obtained directly:

.’ -1
a= (I +%LQ“LT> v

which is a Wiener filter if the noise in (8.96) is assumed to be white with zero mean
and variance o and if the autocorrelation matrix of y is AJLQ™'L”]"".

b. The interpolating splines can be obtained by setting § = 0 or, equivalently, letting
A—> o in (8.100). For the data of Example 8.6 find these splines.

Prove that (8.110) and (8.111) give the solution of the constrained least squares

- restoration problem stated in the text.

8.17

i u(m, n) is observed via (8 39) with S, =

‘Chan. B

Suppose the object u(m, n) is modeled as the output of a linear system driven by a zero
mean unit variance white noise random field e(m, n), namely,

q(m, n) »u(m, n) =&(m, n)

v, show that its Wiener filter is identical to
the least squares filter of (8.110). Write down the filter equation when g (m, n) is given
by (8.112) and show that the object model is a white noise—driven noncausal model.
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8.18
8.19

8.20

8.21

8.22

8.23

8.24

8.25

8.26
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Show that (8.115) is the solution of the least squares problem defined in (8.114).

If the sequences u(m, n), h(m, n), g(m, n) are periodic over an N x N grid with DFTs
Uk, ), H{k; 1), Q(k, 1), ..., then show the impuise response of the constrained least
squares filter is given by.the inverse DFT of

A H* (k1)
Gl D= i1 DF + vIQ e DF

where v is obtained by solving

12—2 s Q& DIV D _ &2

N T HGE DE+ QKR DI
Show that &~ defined in (8.86) is the pseudoinverse of ST and is nonunique when
N; Nz = M, Mz. R .
Show that for separable PSFs, for which the observation equation can be written
as » = (H; ® Ho)w, (8.136) yields the two-dimensional conjugate gradient algorithm
of (8.137). :
Write the Kalman filtering equations for a first-order AR sequence (), which is
observed as .

0<ki=N-1

y(")=u(n)+%[ﬁ(" =D +un+1)]+nn)

(K-step interpolator) In many noise smoothing applications it is of interest to obtain -

the estimate which lags the observations by K steps, that is, % x = E[X.[¥w,
O0=n'=n +K). Give a recursive algorithm for obtaining this estimate. In image
processing applications, often ‘the one-step interpolator performs quite close to the
optimum smoother. Show that it is given by

N _ _ r -
Xp, 1= R ATCT ., g ivnes + R, Clq.'[v. — G:Cn+‘1qnl4—lvn+l] + S,

In the semicausal model of (6.106) assume u(0, N), u(N + 1,n) are known (that is,
image background is given) and the observation model of (8.171) has no blur, that is,

h(k, 1) = 8(k, I). Give the complete semirecursive filtering algorithm and identify the '

fast transform used. : o )
Show that there is no speckle in images obtained by an ideal imaging system. Show
that, for a practical imaging system, the speckle size measured by its correlation
distance can be used to estimate the resolution (that is, Re.n) of the imaging system.

a. Show that (8.193) is the solution of min[& (&) + Ao = Ful® - a¥}]
b. (Maximum entropy spectrum estimation) A special case of log-entropy restora-
tion is the problem of maximizing

e[ ogSwyde ~
. 27 -m .
where S(w) is observed as
=] S@erdo n=0,%l..,%
2 )=
The maximization is performed with regard to the missing observations, that is,
{r(n),Jn}> p}. This problem is equivalent to extrapolating the partial sequence of

autocorrelations {r(n),|n] =p} out to infinity such that the entropy & is maximized
and §(w) = 3_ _,r(n)e " is the SDF associated with r(n). Show that the max-
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imum entropy solution requires that S(z) Ag (w) = 1/[2’: ——p M)z "] z=el",
that is, the Fourier series of 1/S (w) must be truncated to +p terms. Noting that §(z)
can be factored BYA, (2)A,(z ), A, (2) 21 =37 a(k)z™* show that B and
a(k),k=1,...,p'are obtained by solving the AR model equations (6.135) and
(6.13b). What is the resulting spectral density function? For an alternate direct
algorithm see [68]. -

8.27 Using the Gaussian assumptions for « and v prove the formulas for the ML and MAP
estimates given by (8.212) and (8.214).

8.28 Suppose the bandlimited signal f(x) is observed as f (x) = f(x) + n(x),}x| <, where
n(x) is white noise with E[n(x)n(x')] =g%8(x —x'). If f (x) is extrapolated by the
truncated PSWF series f{(x) =S 'd.¢.(x), for every x, then show that the
minimum integral mean square error is f E (f&) - F ()P de = S wlaf+

0% SNTU(1A,) whete No= A=Ay = -+ ZA.ZNays ... and a, is given by (8.229).

n=0
This means the error due to noise increases with the number of terms in the PSWF
expansion. . ‘

8.29 a. If the bandlimited function f(x) is sampled at Nyquist rate (1/A) to yield
y(m) = f(mA), —M =m < M, what is the MNLS extrapolation of y (m)?
b. Show that the MNLS extrapolation of a bandlimited sequence.is bandlimited and
consistent with the given observations.
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Section 8.9.
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‘Image Analysis
and Computer Vision

9.1 INTRODUCTION

The ultimate aim in a large number of image processing applications (Table 9.1) is
to extract important features from image data, from which a descriptionz interpreta-
tion, or understanding of the scene can be provided by the machxge (Fig. Q.l). qu
example, a vision system may distinguish parts on an assembly line and list their
features, such as size and number of holes. More sophisticated vision systems are

TABLE 9.1 Computer Vision Applications’

: . Conclusion
A l Data analysis T from analysis .
Input | R
image . Feature . Feature Classification

Preprocessing extraction Segmentation extraction and description
Image analysis system i
Image understanding system - .
V v ¥

!

Symbolic 3 Interpretation

> representation v | and description

Figure 9.1 A corhputer vision system

able to interpret the results of analyses and describe the various objects and their
relationships in the scene. In this sense image analysis is quite different from other
image processing operations, such as restoration, enhancement, and coding, where
the output is another image. Image analysis basically involves the study of feature
extraction, segmentation, and classification techniques (Fig. 9.2).

In computer vision systems such as the one shown in Fig. 9.1, the input image
is first nreprocessed, which may involve restoration, enhancement, or just proper
representation of the data, Then certain features are extracted for segmentation of
the image into its components—for example, separation of different objects by

extracting their boundaries. The segmented image is fed into a classifier or an image

understanding system. Image classification maps different regions or segments into
one of several objects, each identified by a label. For example, in sorting nuts and
bolts, all objects identified as square shapes with a hole may be classified as nuts and
those with elongated shapes, as bolts. Image understanding systems determine the
relationships between different objects in a scene in order to provide its description.
For example, an image understanding system should be able to send the report:

\._ Applications Problems 7% ;
& 1 Mail sorting, label reading, supermarket-product billing, Character recognition " The field of view contains a dirt road surrounded by grass. i .
bank-check processing, text reading ! ) . i 5

2 Tumor detection, measurement of size and shape of internal - Medical image analysis Such a system should be able to classify different textures such as sand, grass, or o

organs, chromosome analysis, blood cell count ) corn using prior knowledge and then be able to use predefined rules to generate a !

3 Parts identification on assembly lines, defect and fault Industrial automation description. . ;
inspection - . Image analysis technigues i

4 Recognition and interpretation of objects in a scene, motion l@_pbohcs P ;

control and execution through visual feedback N | ’

5 Map making from photographs, synthests of weather maps ® Cartography ! I l L o

6 Finger-print matching and analysis of automated security Forensics l Feature extraction ] L Segmentation —I ’ Classification l %— .

systems . . * Spatial features * Template matching = Clustering > é/.fbb&/‘w"" :

Radar imaging « Transform features « Thresholding * Statistical ) i B

Target detection and identification, guidance of helicopters and

aircraft in landing, guidance of remotely piloted vehicles
(RPV), missiles and satellites from visual cues

8 Multispectral image analysis, weather prediction, classification
and monitoring of urban, agricultural, and marine

Remote sensing

environments from satellite images S

* Edges and boundaries Do Boundary detection

» Shape features
+ Moments.

« Texture .

Sec. 9.1 Introduction

» Clustering
« Quad-trees
* Texture matching

Figure 9.2 -

# Decision trees
+ Similarity measures
« Min, spanning trees

i
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\& 8.2 SPATIAL FEATURE EXTRACTION

e

Spatial features of an object may be characterized by its gray levels, their joint
probability distributions, spatial distribution, and the like. :

Amplitude Features

The simplest and perhaps the most useful features of an object are the amplitudes of
its physical properties, such as reflectivity, transmissivity, tristimulus values (color),
or multispectral response. For example, in medical X-ray images, the gray-level
amplitude répresents the absorption characteristics of the body masses and enables
discrimination of bones from tissue or healthy tissue from diseased tissue. In infra-
red (IR) images amplitude represents temperature, which facilitates the segmenta-
tion of clouds from terrain (see Fig 7.10). In radar images, amplitude represents the
radar cross section, which determines the size of the object being imaged. Ampli-
tude features can be extracted easily by intensity window slicing or by the more
general point transformations discussed in Chapter 7. ‘

74 .
Histogram Features — ﬁﬁfm‘,c e «U-"/ gk Bl atf
Histogram features are based on the histogram of a region of the image. Let u be a

random variable representing a gray level in a given region of the image. Define

number of pixels with gray level x '

total number of pixels in the region’ : 0.1)
. x=0,...,L -1

Common features of p, (x) are its moments, entropy, and so on, which are defined

next. a

Pu(x) 4 Problu =x]=

- : L-1 :
J ‘ Moments: . m;= E[u]]= 2 x‘p.(x), i=1,2,... (9.2)
. x=0
' L-1 ‘ .
Absolute moments: 7= E[jul]= 2 |[x{p.(x) 9.3)
x=0

Central moments:  w; = E{[u — Eu)]}= L‘S;l (x —my)p. () (9.4)

L-1
Absolute central moments: ;= E[u — E@)]]= 2 |x — mf p. (x) 9.5)
IR - x=Q :
LGRS L9
LTS Entropy: H = E[-log,p.]
g e (9.6)

7 L-1 -
- 4 T ey == ;
e i 5= Eo Pu(x) logapu(x)  bits
Some of the common histogram features are dispersion = j.,, mean = m;,
variance = .y, mean square value or average energy = my, skewness = w3, kurtosis =
ws— 3. Other useful features are the median and the mode. A narrow histogram

15¢ . : e
L% jndicates a low contrast region. Variance can be used to measure local activity in the

* amplitudes. Histogram features are also useful for shape analysis of objects from
their projections (see Section 9.7).
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Often these features are measured over a small moving window W. Some of
the histogram features can be measured without explicitly determining the

histogram; for example,

(e, 1) ;ﬁl;(gzw [u(m —k,n =1} | 9.7)
w (&, 1) =N1;(§gw [uOn =k n =1y = m, (&, DY (9.8)

wherei =1,2,... and N, is the number pixels in the window W. Figure .3 shows
the spatial distribution of different histogram features measured over a 3 X3
moving window. The standard deviation emphasizes the strong edges in the image
and dispersion feature extracts the fine edge structure. The mean, median, and
mode extract low spatial-frequency features.

" Second-order joint probabilities have also been found useful in applications
such as feature extraction of textures (see Section 9.11). A second-order joint

probability is defined as

Da (%1, %2) épul_,.z(xl,xz)éProb[ul=x1,u2=x2], x5, %=0,...,L~1 ©9)

number of pairs of pixels u; =X, 1 = X3
~ {otal number of such pairs of pixels in the region

Floysmmman™

Figure 9.3 Spatial distribution of histogram features measured over a 3% 3 mov-
ing window. In each case, top to bottom and left to right, original image, mean,
median, mode, standard deviation, and dispersion.
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where u; and-u, are the two pixels in the image region specified by some relation. 4
For example, u, could be specified as a pixel at distance r and angle 8 from u;. The . ; & & 12
L x L array { p, (%1, %)} is also called the concurrence matrix. - ¥
Example 9.1 : ' . = 3 3
For a 2-bit, 4 X 4 image region given as .
0102 %
: , pol3 211
2101 ) ‘
13120 1
we have p. (0) =3, p.(1) =2, pu(2) =4, and p.(3) = 4. The second-order histogram for ,
u; = u(m, n),uz=u(m + 1,n + 1} is the 4 X 4 concurrence matrix
—Xs
: #1110 , - o ,
02 10
1100 (a) Slits and apertures ) i
0100 P! {b) Rectangular and circular shapes
9.3 TRANSFORM FEATURES 1

Image transforms provide the frequency domain information in the data. Transform
features are extracted by zonal-filtering the image in the selected transform space
(Fig. 9.4). The zonal filter, also called the feature mask, is simply a slit or an aper-
ture. Figure 9.5 shows different masks and Fourier transform features of different
shapes. Generally, the high-frequency features can be used for edge and boundary
detection, and angular slits can be used for detection of orientation. For example,
an image containing several parallel lines with orientation & will exhibit strong
energy along a line at angle w/2+ 0 passing through the origin of its two-
dimensional Fourier transform. This follows from the properties of the Fourier
transform (also see the projection theorem, Section 10.4). A combination of an
angular slit with a bandlimited low-pass, band-pass or high-pass filter can be used
for discriminating periodic or quasiperiodic textures. Other transforms, such as
Haar and Hadamard, are also potentially useful for feature extraction. However, ‘ {c) Triangular and vertical shapes (d) 45° orientation and the letter J .
systematic studies remain to be done to determine their applications. Chapters 5 : . . - . '
and 7 contain examples of image transforms and their processed outputs. Figure 9.5 Fourier domain features.
Transform-feature extraction techniques are also important when the source

k‘ ST i

data originates in the transform coordinates. For example, in optical and optical- 3 9.4 EDGE DETECTION

digital (hybrid) image analysis applications, the data can be acquired directly in the | , ‘ ‘ T

Fourier domain for real-time feature extraction in the focal plane. , . A problem of fundamental importance in image analysis is edge detection. Edges
’ characterize object boundaries and are therefore useful fo i ol

wlem, ) Wk 1) Sk, 1) S ) . . e - SAbi c ¢ 1 T segmentation, registra-

i,:g;; n ::r(;:‘vsvf,.g:,m ) :,a\,:sr::rm : ..\,n,'and identification of objects in scenes. Edge points can be thouglit of as pixel

‘ . 5 loc.atlo.ns qf abrqpt gray-level change. For example, it is reasonable to define edge

Mask ) ' ] . pom_ts in bma'ry images as black pixels with at least one white nearest neighbor, that
, Jatk,n) ‘ . ‘ is, pixel locations (m, 1) such that u(m,n) =0and g(m, n) =1, where v
Figure 9.4 Transform feature extraction, - ) - glm,n) 4 [u{m, ") B u(m * Lm].OR.[u(m, n) @ u(m, n = 1)] (9.10) o
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Figure 9.6 Gradient of f(x,y) along r
x  direction.

where (@ denotes the logical exclusive-OR operation. For a continuous image
f{x, y) its derivative assumes a local maximum in the direction of the edge. There-
fore, one edge detection technique is to measure the gradient of f along  in a
direction 6 (Fig.-9.6), that is,

o _of ax o &

5 "ax ar oy or =f,cosf+f, sind : 9.11)

The maximum value of 3f/3r is obtained when (8/30)(3f/6r) = 0. This gives

~fesinb; +f, cos6;=0 > 9g=tan'1<§"> (9.12a)
(g_]:>m= VERHTS O (9amw)

where 0, is the-direction of the edge. Based on these concepts, two types of edge
detection operators have been introduced [6-11], gradient operators and compass
operators. For digital images these operators, also called masks, represent finite-
difference approximations of either the orthogonal gradients f,, , or the directional
gradient 8f/or. Let H denote a p X p mask and define, for an arbitrary image U,
their inner product at location (m, n) as the correlation

(U, By B S S (G, jYui +m, j + ) =u(m, WOR(~m, —n)  (9.13)

Gradient Operators

These are represented by a pair of masks Hy, H,, which measure the gradient of the
. image u(m, n) in two erthogonal directions (Fig. 9.7). Defining the bidirectional
.. gradients g; (m, 1) 2 (U, Hi ) nr &2 (m n) 4, Ha ), the gradient vector magmtude
~_and direction are given by

g(m, n)= \/g1 (m, n) + &3 (m, n) S 014

| 182 (m, n) ' '
8, (m; n) = tan 122l .. (9.15)
((mn) S ) !
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gs{m, n)

g= /gf +-g§ Magnitude 1 ! Edge
[¢]

glm, n) map

t

" }—» Direction Threshold
8,{m, n}

hpl—m, —n) 6, =tan"(g,/g;)

Figure 9.7 - Edge detection via gradient operators.

Often the magnitude gradient' is calculated as

g(mn) Al (m, n)| + |g2 (m, m)] ' (9.16)

rather than as in (9.14). This calculation is easier to perform and is preferred
especially when implemented in digital hardware.

Table 9.2 lists some of the common gradient operators. The Prewitt, Sobel,
and isotropic operators compute horizontal and vertica] differences of local sums.
This reduces the effect of noise in the data. Note these operators have the desirable
property of yielding zeros for uniform regions.

The pixel location (s, n) is declared an edge location if g (m, #) exceeds some
threshold z The locations of edge points constitute an edge map €(m, n), which is
defined as

I (mn) €l
&(m, ")‘{0, otherwise ©-17)
where )
LA{0n, n);g(m, n)>1} (9.18)

" The edge map gives the necessary data for tracing the object boundaries in an

image. Typically, ¢ may be selected using the cumulative histogram of g(m, n) so

TABLE 9.2 Some Common Gradient Operators.
Boxed element indicates the location of the origin

H1 : . Hz
Roberts [9] T @ 1 0]
i |1-1 0 [_O -1j
Smoothed (Prewitt [6]) - [-101 -1 -1 —1
' : ~1[0]1 o [0] o
(-1 0 1 1 1 1
Sobel [7] S CJ-1 01 -1 =2 -1}
: -2[0] 2| 10 [o] oJ
, i—1 0 1 1 2 1
Isotropic w—es=* ‘ ) -1 0 1 -1 -2 -1
| | V2 [o] vi o [0 o
-1 0 1 1 V2 1
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{a) Sobel {b) Kirsch

Bt

{c} Stochastic5x 5 . - {d) Laplacian
Figure 9.8 Edge detection examples. In each case, gradient images (left), edge
maps (right).
that 5 to 10% of pixels with largest gradients are declared as edges. Figu}'e 9.8a
shows the gradients and edge maps using the Sobel operator on two different
images.

Compass Operators

Compass operators mez'lsure’gradients in a selected number of directions (Fig. 9.9).
Table 9.3 shows four different compass gradients for north-going edges. An ant1;
clockwise circular shift of the eight boundary elements of these masks.gives a 45

 rotation of the gradient direction. For example, the eight compass gradients corre-
sponding to the third operator of Table 9.3 are
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ulm, n) (o, =) gctmonl T 11 Gradient g(m, n)’ 0'__1-‘|-t—-—---- Edge map
[E— | ~-m, = P — _—
e i "y " Threshold

Figure 9.9 Edge detection via compass operators.

11197 11 0K 1 0-1 « 0-1-1 v
0 0 0N 1 0 ~1(NW) 1 0-1(W) 1 0-1(SW)
-1 -1 -1 0-1-1 1 0-1 110
-1-1-=1]" -1-1 0N | -1 0 1 = 01 1 7
0 0 0( -1 0 1(SE) -1 0 1(E -1 0 1(NE)
1111 01 1 -1 0 1 -1-1 0

"Let g (rﬁ, n) denote the compass gradient in the direction 6, =w/2 + kn/4,
k =0,...,7. The gradient at location (m, n) is defined as

g(m, n) & max{lgi (m, n)} (9.19)

which can be thresholded to obtain the edge map as before. Figure 9.8b shows the
results for the Kirsch operator. Note that only four of the preceding eight compass
gradients are linearly independent. Therefore, it is possible to define four 3 X 3
arrays that are mutually orthogonal and span the space of these compass gradients.
These arrays are called orthogonal gradients and can be used in place of the compass-
gradients [12]. Compass gradients with higher angular resolution can be designed by
increasing the size of the mask. -

TABLE 9.3 Compass Gradients {(North). Each Clockwise Circular Shift of
Elements about the Center Rotates the Gradient Direction by 45°

1 1 1] 1 1 1
|t 1 f 3 | 0 [o] o

1 -1 -1] d R e

5 5 5 5] 12 1
2) |3 @ =3[ (Kirsch) | 0 @ 0
-3 -3 -3] . -1 -2 -1

Laplace Operators and Zero Crossings

The foregoing methods of estimating the gradients work best when the gray-level
transition is quite abrupt, like a step. function. As the transition region gets wider
(Fig. 9.10), it is more advantageous to apply the second-order derivatives. One -
trequently encountered operator is the Laplacian operator, defined as
I

Vf

e vehir IR - (9.20)
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f(x)

df
dx

crossing

{a) First and second derivatives for edge detection

: , Figure 9.10 Edge detection via zero-
(b} An image and its zero-crossings. o crossings.

Table 9.4 gives three different discrete approximations of this operator. Figure 9.8d
shows the edge extraction ability of the Laplace mask (2). Because of the second-
order derivatives, this gradient operator is more sensitive to noise than those pre-
viously defined. Also, the thresholded magnitude of V2f produces double edges.
For these reasons, together with its inability to detect the edge direction, the
Laplacian as such is not a good edge detection operator. A better utilization of the
Laplacian is to use its zero-crossings to detect the edge locations (Fig. 9.10). A
generalized Laplacian operator, which approximates the Laplacian of Gaussian
functions, is a powerful zero-crossing detector [13]. It is defined as

h(m, )¢ {1 - @5—2"—2)] eXp<—' -”%) 9.21)

where ¢ controls the width of the Gaussian kernel and ¢ normalizes the sum of the
elements of a given size mask to unity. Zero-crossings of a given image convg)lve_d
with 4 (m, n) give its edge locations."On a two-dimensional grid, a zero-crossing 15
said to occur whereveY there is a zero-crossing in at least one direction.
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TABLE 9.4 Discrete Laplace Operators

0 -1 o] -1 -1 -1 1 -2 1]
p |-1 [4] -1 2 |-1 [8] -1 3) (-2 [4]-2
0 -1 0 -1 T -1} - 1 -2 1

The h(m, n) is the sampled impulse response of an analog band-pass filter
whose frequency response is proportional to (£3 + £3) exp[—20? (€3 +o%)]. There-
fore, the zero-crossings detector is equivalent to a low-pass fiiter having a Gaussian
impulse response followed by a Laplace operator. The low-pass filter serves to
attenuate the noise sensitivity of the Laplacian. The parameter o controls the
amplitude response of the filter output but does not affect the location of the
zero-crossings.

Directional information of the edges can be obtained by searching the zero-
crossings of the second-order derivative along r for each direction 6. From (9.11),
we obtain
Pf o o, ?

2

—l = X Yo = — 29 +
o or cosf +— " sind axzcos(-) 2

Zero-crossings are searched as 6 is varied [14].

aZf . 82 )
2L 2
3% 3y sin@ cos 6 + P sin (9:22)

Stochastic Gradients [16]

The foregoing gradient masks perform poorly in the presence of noise. Averaging,
low-pass filtering, or least squares edge fitting [15] techniques can yield some
reduction of the detrimental effects of noise. A better alternative is to design edge
extraction masks, which take into account the presence of noise in a controlled
manner. Consider an edge model whose transition region is 1 pixel wide (Fig. 9.11).

']f T ke
uim, n) } : : :
T ! ; | | i
i ! '1 ! !
| I | i |
| M ¥ kl | ! 1 | |
' | i i 1 1 | | i
i \ ! i 1 | | [ 1 n
i i ! l i 1 | i 1 —
1 1 [ 1 | 1 ! i !
i 1 | | I 1 | f I
i ! 1 1 L ] { i I
x X |ix x| O [x x]|x x n
X X |Ix X! O |x xllx x i
X xIx &5 O K4 x|l x x m
X X ||x x| O |x x||x X
. Xe X %O Ix x| x %
H'l

Figure 9.11 Edge model with transition region one pixel wide.
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To detect the presence of an edge at location P, calculate the horizontal gradient,
for instance,.as : )

e g (m ) B p(m, n — 1) — iy (m, n +1) e
g E 3 g 5 § g Here i;(m, n) and 4, (m, n) are the optimum forward axlld. backvyard estimatesl of
b u(m, n) based on the noisy observations given over some finite regions W of the left-
B MmNt S sogono and right half-planes, respectively. Thus 4,(m, n) and &, (m, n) are semicausal esti- -
S5F88 32584878 q= mates (see Chapter 6). For observations v (m, 1) containing additive white noise, we
42 TTTTT TTTTITT can find the best linear mean square semicausal FIR estimate of the form
:‘E' o 0 0
E 585 Z¥e8% B3EfeBiQ dym,m)& I3 alk,y(m—kn =D, W=[(kI)xlkl=p 0si=q]  (9:24)
» |5 'L FTTTT OTTTUTTT e ew
& & oEo E] . o@o oo The filter weights a(k, [) can be determined following Section 8.4 with the
P lg o _ e ecElee modification that W is a semicausal window. [See (8.65) and (8.69)]. The backward
= S8R 282l § RS semicausal estimate employs the same filter weights, but backward. Using the
B C7° SdSAids SocAoso definitions in (9.23), the stochastic gradient operator H; is obtained as shown in
£ 500808 20X aI0S Table 9.5. The operator H; would be the 90° counterclockwise rotation of H;, which,
2. fdn¥agd II8E8IS due to its symmetry properties, would simply be H]. These masks have been
ga’- ‘ eeesee esceoces normaiized so that the coefficient a (0, 0) in (9.24) is unity. Note that for high SNR
g ggeges the filter weights decay rapidly. Figure 9.8c shows the gradients and edge maps.
< SSsSsS3S3S obtained by applying the 5 X 5 stochastic masks designed for SNR = 9 but applied to
2 noiseless images. Figure 9.12 compares the edges detected from noisy images by the
z cegngse o Sobel and the stochastic gradient masks.
o BBEES 3 I
5 TTTTTTT ‘
- Performance of Edge Detection Operators
£ 99R9S gagpoEag _
5 S2RIZE Zoc2scse Edge detection operators can be compared in a number of different ways. First, the
o I O B image gradients may be compared visually, since the eye itself performs some sort of
it 588 8558 gzLsme edge detection. Figure 9.13 displays different gradients for noiseless as well as noisy
8 -~ 79T ZTESR2 SSR=SZEZES images. In the noiseless case all the operators are roughly equivalent. The stochastic
: < n"‘ o@c [ [ R gradient is found to be quite effective when noise is present. Quantitatively, the
; g |z cofcloce coofojece performance in noise of an edge detection operator may be measured as follows.
§ S 88 L o o e Let ry be the number of edge pixels declared and n; be number of missed or new
f 8 e e Be8EB8 RREERRE edge pixels after adding noise. If n, is held fixed for the noiseless as well as noisy
thb" eenes ecoe-eee E images, then the edge detection error rate is
2 ' — . -
£ §3833 L2EgERt i n
c i SSSes oogdsooso ) ) = 9.25)
§u2:> =0 WMo o c o : ,
nn TQEERIEZ In Figure 9.12 the error rate for the Sobel operator used on noisy images with
" ) S SNR =10 dB is 24%, whereas it is only 2% for the stochastic operator.
o . Another figure of merit for the noise performance of edge detection.operators
é o n r is the quantity o '
i~ 3 n ~ : 1 Np 1
P= max(N;, Np) /=31 + ad? . (9.26)
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Figure 9.12 Edge detection from noisy images. Upper two, Sobel. Lower two,
stochastic. .

where d; is the distance between a pixel declared as edge and the nearest ideal edge
pixel, o is a calibration constant, and N; and N, are the number of ideal and
detected edge pixels respectively. Among the gradient and compass operators of
Tables 9.2 and 9.3 (not including the stochastic masks), the Sobel and Prewitt
operators have been found fo yield the highest performance (where performance is
proportional to the value of P) [17]. ) )

Line and §pot D_etection
Lines are extended edges. Table 9.6 shows compass gradients for line detection.

Other forms of line detection require fitting a line (or a curve) through a set of edge
points. Some of these ideas are explored in Section 9.5. :
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{b} Gradients for noisy image

. (a) Gradients for noiseless image

1

Figure 9.13 Comparison of edge extraction operators. In each case 3 the
operators are (1) smoothed gradient, (2) sobel, (3} isotropic, (4) semicausal model
based 5 X 5 stochastic. Largest 5% of the gradient magnitudes were declared edges.

o

TABLE 8.6 Line Detection Operators

-1 -1 -1 -1 -1 2 -1 2 -1] 2 -1 -1
2 2 2 -1 2 -1 -1 2 -1J -1 2 -1
B S R g 2 -1 -1 -1 2 -1 -1 -1 2

(@) E-W (b) NE-SW (c) N-§ "(d) NW-SE

Spots are isolated edges. These are most easily detected by comparing the
. value of a pixel with an average or median of the neighborhood pixels.

9.5 BOUNDARY EXTRACTION

Boundaries are linked edges that characterize the shape of an object. They are
{useful in computation of geometry features such as size or orientation.

Cdnnectiviw

Conceptually, boundaries can be found by tracing the connected edges. On a rec-
tangular grid a pixel is said to be four- or eight-connected when it has the same
properties as one of its nearest four or eight neighbors, respectively (Fig. 9.14).
There are difficulties associated with these definitions of connectivity, as shown in

Fig. 9.14c. Under four-connectivity, segments 1,2, 3, and 4 would be classified as )

disjoint, although they are perceived to form a connected ring. Under eight-
connectivity these segments are connected, but the inside hole (for example, pixel
B) is also eight-connected to the outside (for instance, pixel C). Such problems can
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{a) -~ {b) i {c)

Figure 9.14 Connectiviiy on a rectangular grid. Pixel A and its () 4-connected
and (b) 8-connected neighbors; (c) connectivity paradox: “Are B and € con-
nected?”’ . :

be avoided by considering eight-connectivity for object and four-connectivity for
background. An alternative is to use triangular or hexagonal grids, where three- or
six-connectedness can be defined. However, there are other practical difficulties
that arise in working with nonrectangular grids. '

Contour Following

As the name suggests, contour-following algorithms trace boundaries by ordering
successive edge points, A simple algorithm for tracing closed boundaries in binary
images is shown in Fig. 9.15. This algorithm can yield a coarse contour, with some of
the boundary pixels appearing twice. Refinements based on eight-connectivity tests
for edge pixels can improve the contour trace [2]. Given this trace a smooth curve;,
such as a spline, through the nodes can be used to represent the contour. Note that
this algorithm will always trace a boundary, open or closed, as a closed contour. This
method can be extended to gray-level images by searching for edges in the 45° to
135° direction from the direction of the gradient to move from the inside to the
outside of the boundary, and vice-versa {19]. A modified version of this contour-
following method is called the crack-following algorithm [25]. In that algorithm each
pixel is viewed as having a square-shaped boundary, and the object boundary is
traced by following the edge-pixel boundaries.

Edge Linking and Heuristic Graph Searching [18-21]

A boundary can also be viewed as a path through a graph formed by linking the
edge elements together. Linkage rules give the procedure for connecting the edge
elements. Suppose a graph with node locations x;, k = 1, 2,...isformed from node
A to node B. Also, suppose we are given an evaluation function d(x,), which gives
the value of the path from A to B constrained to go through the node x;. In heuristic
search algorithms, we examine the successors of the start node and select the node
. that maximizes ¢(-). The selected node now becomes the new start node and the
process is repeated until we reach B. The sequence of selected nodes then consti-
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Algorithm

1. Start inside A {e.g., 1)
2. Turn left and step to next pixel if
in region A, (e.g., 1 to 2}, otherwise
. turn right and step (e.g., 2 to 3)
3. Continue until arrive at starting
point 1

Figure 9.15 Contour following in a binary image.

tutes the boundary path. The speed of the algorithm depends on the chosen &(-)
[20, 21]. Note that such an algorithm need not give the globally optimum path.

Examgle 9.2 Heuristic search algorithms [19]

Consider a 3 X 5 array of edges whose gradient magnitudes |g| and tangential contour
directions @ are shown in Fig. 9.16a. The contour directions are at 90° to the gradient
directions. A pixel X is considered to be linked to Y if the latter is one of the three
eight-connected neighbors (¥;, ¥, or s in Fig. 9.16b) in front of the contour direction
and if |0(x) — 6( y)| < 90°. This yields the graph of Fig. 9.16¢c.

As an example, suppose ¢(xx) is the sum of edge gradient magnitudes along the
path from A to x.. At A, the successor nodes are D, C, and G; with &(D)=12,
&(C) =6, and $(G) = 8. Therefore, node D is selected, and C and G are discarded.
From here on nodes E, F, and B provide the remaining path. Therefore, the boundary
path is ADEFB. On the other hand, note that path ACDEFB is the path of maximum
cumulative gradient.

'

Dynamic Programming
Dynamic programming is a method of finding the global optimum of multistage pro-

cesses. It is based on Bellman’s principal of optimality [22], which states that the
optimum path between two given points is also optimum between any two points lying
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where f(xy_1, Xy) represents the terms in the brackets. Letting N = k in (9.28) and
(9.29), it follows by induction that

Oxi, k)= max {S(xi,..., %1,k — 1) +f(%e- 1, %)}

AERIN T, ,
- : =max{Ox, -,k — 1)+ f(xe— 1, X}, k=2,...,N.
TN o max (90— 1,k = 1)+ Fte-1,%0) a0
° S(%,- .k, N) = max {@(xy, N)}
‘\4 3 2 3 . XN
B ol S S PR, V3 . (I)(Xl, 1) é Ig(xl)'
x S .
14 ! This procedure is remarkable in that the global optimization of S(x;, ..., xx, N ) has
been reduced to N stages of two variable optimizations. In each stage, for each
Y2 value of x, one has to search the optimum ®(x,, k). Therefore, if each x; takes L
Y3 different values, the total number of search operationsis (N — 1)(L2~ 1) + (L - 1).
) . ) . This would be significantly smaller than the LY — 1 exhaustive searches required for
ta) g:g(;i:t dr;:gzg:ges (b) Linkage rules {c) Graph interpretation g y : ) q

direct maximization of § (x,,X,, . . . , Xy, N) when L and N are large.

Figure 9.16 Heuristic graph seérch method for boundary extraction.
Example 9.3
Consider the gradient image of Fig. 9.16. Applying the linkage rule of Example 9.2
and letting « = 4/, 8 =0, we obtain the graph of Fig. 9.18a which shows the values
of various segments connecting different nodes. Specifically, we have N =35 and
P(A, 1)=5. For k =2, we get’

on the path. Thus if Cis a point on the optimum path between 4 and B (Fig. 9.17)
theél the segment CB is the optimum path from C to B, no matter how one arrive.;
at C. '

To apply this idea to boundary extraction [23], suppose the edge niap has been

;:onverted into a forward-connected graph of N stages and we have an evaluation
unction ' '

O(D, 2) = max(11,12) = 12

N N N ! )
S(x1,%3, ... Xy, N) A Slex)] — 8(x.)— 8 _ ) _ which means in arriving at D, the path ACD is chosen. Proceeding in this manner some
k=t e k)l_ kgz 19(x2) (%e- 1) Bké:z A Xez) ©.27) l of the candidate paths (shown by dotted lines) are eliminated. At k =4, only two paths
= . . : . . are acceptable, namely, ACDEF and AGHJ. At k =35, the path JB is climinated,
Here Xes k=1,...,N represents the nodes (that is, the vector of edge pixel loca- N giving m’; optimal boux}lldary as ACDEFB. P 1
tions) in the kth stage of the graph, d(x,y) is the distance between two nodes x and ‘

¥; lg(x4)], 8(x,) are the gradient magnitude and angles, respectively, at the node x,,

. v el Moo XN -
Using the definition of (9.27), we can write the recursion

and o z?nd B are nonnegative parameters. The optimum boundary is given by £ M
connecting the nodes %, £k =1,...,N, so that § (R %2 ..., %, N) is maximum 1 ( |
Define ‘ ' ' . ‘ .
‘ A . D E - F
B(xy, N)2 max S, .. %y, N)} (9.28) T max (11,12)  {16) (23)

S(XIy-‘..,XN,N)—_'S(Xl,“.,XN_X,N—l) ! (51C max {19, 28)
. : i A : 8
i g Gl — aloxn) - 00xv- 1)l - Bd(xwsxy-)}  (9.29) ‘
S8y, Xve, N = 1) + Flxn_ 1 x " 48) - max(8,10) max (13, 10}
. yeees > )+ flxn-1,%n) . . {a) Paths with values : ¢ A o
5 . : ) . o | ! 1 I )
: . o o 1 t2 3 4 5 I3
. nre Y - . .
. ) ) . . : . , R o ' (b) ®(x,, k} at various stages, Solid
Figure 9.17 Bellman’s principle of opti- i : ‘ . : " line gives the oprimal path,
mality. If the path AB is optimum, then . ; o :
so is CB no matter how you arrive at C.- H } Figure 9.18 Dynamic programming for optimal boundary extraction.
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o (s,8)

[}

{a) ﬁtraight line {b) Hough transform

Figure 9.19 The Hough transform.
Hough Transform [1, 24]

A straight line at a distance s and orientation 6 -(Fig. 9.19a) can be represented as
s=x cosB+y sing - ‘ (9.31)

The Hough transform of this line is just a point in the (s, 0) plane; that is, all the
points-on this line map into a single point (Fig. 9.19b). This fact can be used to
detect straight lines in a given set of boundary points. Suppose we are given bound-
ary points (x;,¥;), i =1,...,N. For some chosen quantized values of parameters s
and 6, map each (x,, ;) into the (s, ) space and count C (s, 0), the number of edge
points that map into the location (5, 8), that is, set :

Cl5:,8) =C(5t,8) +1, if x,cos@+y sinf=s, for 8=, (8.32)

Then the local maxima of C(s, 9) give the different straight line segments through
the edge points. This two-dimensional search can be reduced to a one-dimensional
search if the gradients 6, at each edge location are also known. Differentiating both

" sides of (5.31) with respect to x, we obtain

dx

Hence C(s, 8) need be evaluated only for 6 = w/2 — 6,. The Hough transform can
also be generalized to detect curves other than straight lines. This, however,
increases the dimension of the space of parameters that must be searched {3]. From
Chapter 10, it can be concluded that the Hough transform can also be expressed as
the Radon transform of a line delta function. :

d :
2~ _coto= tan(% + 6\, (9.33)

9.8 BOUNDARY REPRESENTATION

Proper representation of object boundaries is important for analysis and synthesis
of shape. Shape analysis is often required for detection and recognition of objects in
a scene. Shape synthesis is useful in computer-aided design {(CAD) of parts and

assemblies, image simulation applications such as video games, cartoon movies,
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environmental modeling of aircraft-landing testing and training, and other com-
puter graphics problems.

"Chain Codes [26]

In chain coding the direction vectors between successive boundary pixels are en-
coded. For example, a commonly used chain code (Fig. 9.20) employs eight direc-
tions, which can be coded by 3-bit code words. Typically, the chain code contains
the start pixel address followed by a string of code words. Such codes can be
generalized by increasing the number of allowed direction vectors between
successive boundary pixels. A limiting case is to encode the curvature of the contour
as a function of contour length ¢ (Fig. 9.21). '

Algorithm:

1. Start at any boundary
pixel, A.

2. Find the nearest edge
pixel and code its
orientation. In case
of a tie, choose the
one with largest
{or smallest) code
value.

3. Continue untit there
are no more boundary
pixels.

W
N
-

{b) Contour

Boundary pixel orientations: {A), 76010655432421 ) N
Chain code; A 111 110000 001 000 110 101 101 110 011 610 100 010 001

Figure 9.20 Chain code for boundary representation.

© {a) Contour (b) Gw.tcuﬁe. Encbde o).

Figure 9.21  Generalized chain coding.
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Fitting Line Segments [1]

Straight-line segments give simple approximation of curve boundaries. An interest-
ing sequential algorithm forfitting a curve by line segments is as follows (Fig. 9.22).

Algorithm, Approximate the curve by the line segment joining its end points
(4, B). If the distance from the farthest curve point (C) to the segment is greater
than a predetermined quantity, join AC and BC. Repeat the procedure for new
segments AC and BC, and continue until the desired accuracy is reached.

B-Spline Representation [27-29]

B-splines are piecewise polynomial functions that can provide local approximations
of contours of shapes using a small nuniber of parameters. This is useful because

human perception of shapes is deemed to be based on curvatures of parts of-

contours (or object surfaces) [30]. This results in compression of boundary data as
well as smoothing of coarsely digitized contours. B-splines have been used in shape
synthesis and analysis, computer graphics, and recognition of parts from bound-
aries, S '
Let 7 be a boundary cirve parameter and let x(#) and y(¢) denote the given
boundary addresses. The B-spline representation is written as '

xgt) = épi B«

OB @y OF, b [pupal”

where p; are called the control points and the B, , 0,i=0,1,...,n,k = 1,2...are
called the normalized B-splines of order k. In computer graphics these functions are
aiso called basis splines or blending functions and can be generated via the recursion

t_ti B,’ -1 (¢ t,' - i+ -
Bi,k(t)é( - ) i;()"'( 16081 x-1(2)
itk-1 7k (ti+k“‘ti+1)

Cn AL GSr<ty
B..(n= {O, otherwise

(9.34)

. k=2,3,...  (9.352)

(9.35b)

where we adopt the convention 0/0 40, The parameters £, i =0, 1,. ., are called the
knots. These are locations where the spline functions are tied together. Associated

c

0y (2) ) (3)

Figure 9.22 Successive ‘approximation by line segments.
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with the knots are nodes s;, which are defined as the mean locations of successive
k — 1 knots, that is,

s,-é——kfl(zm+t,-+z+---+z.»+;~o, O<i=n, k=2 " (9.36)

The variable ¢ is also called the node parameter, of which #; and s; are special values.
Figure 9.23 shows some of the B-spline functions. These functions are ponnegative
and have finite support. In fact, for the normalized B-splines, 0 < B, , (¢}= 1 and the
region of support of B; ; (¢) is [#, #;+ ). The functions B, ; (¢) form a basis in the space
of piecewise-polynomial functions. These functions are called open B-splines or
closed (or periodic) B-splines, depending on whether the boundary being repre-
sented is open or closed. The parameter & controls the crder of continuity of the
curve. For example, for k =3 the splines are piecewise quadratic polynomials. For
k =4, these are cubic polynomials. In computer graphics X =3 or 4 is generaily
found to be sufficient. ‘
When the knots are uniformly spaced, that is,

bii—t=AL Vi (9.37a)
the B;  (¢) are called uniform splines and they beéome translates of By . (2), that is,
Bi()=Box(t—i), i=k-1,k...,n—k+1 (9.37b)

Near the boundaries B, . (?) is obtained from (9.35). For uniform open B-splines
with Af = 1, the knot values can be chosen as

“LegrE

0 i<k
h={i—k+1 k=isn , - (9.38)
n—k+2 i>n CoE

and for uniform periodic (or closed) B-splines, the knots can be chosen as
t=imod(n +1) ’ (9.39)
Bi,k (t) = BO,k[(t - i)mod(n + 1)] (9.40)

8, 48

1 e ®) :
Constant
. Linear ‘ o
1 I ! L ! ! i 1
O

NG

L T PN T

% tiv1 g2

2 o
3 " .
N\, Quadratic , Cubic )
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Figure 9.23 Normalized B-splines of order X = 1,2,3,4.
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For k£ =1,2,3,4 and knots given by (9.39), the analytic forms of B, , (1) are pro-
vided in Table 9.7. ‘

Control points. The control points p; are not only the series coefficients in
(9.34), they physically define vertices of a polygon that guides the splines 1o trace a
smooth curve (Fig. 9.24). Once the control points are given, it is straightforward to
obtain the curve trace x(¢) via (9.34). The number of control points necessary to
reproduce a given boundary accurately is usually much less than the number of
points needed to trace a smooth curve. Data compression by factors of 10 to 1000
can be achieved, depending on the resolution and complexity of the shape.

A B-spline~generated boundary can be translated, scaled {zooming or shrink-
ing), or rotated by performing corresponding control point transformations as
follows: : ‘

Translation: p,=p; + x,, Xg = [X(],y()]-r ~ (9.41)
Scaling: p=ap,, a = scalar 9.42)

e n ' Ajcos B —sing,
| Rotation: ;= Rp,, R=2 Lin 8 cosd, (?.43)
The transformation of (9.43) gives an anticlockwise rotation by an angle §,. Since
the object boundary can be reproduced via the control points, the latter constitute a
set of regenerative shape features. Many useful shape parameters, such as center of
mass, area, and perimeter, can be estimated easily from the control points (Problem
9.9).

Often, we are given the boundary points at discrete values of ¢ = 805815 -+« 3 8n
and we must find the control points p;. Then

X)) =2 pBii(s), j=0,1,....n (9.44)
i=0
which can be written as .
‘ BiP=x (9.45)
TABLE 8.7 Uniform Periodic B-splinesfor0=t=n '
1, 0=sr<1 t, O0=t<1
Bo.:(t)={ Ny Boa(t)={2~¢, 1=t<2
0, otherwise -0, otherwise
3
%, O=t<1 -
2
_12_,’ O=t<i -3t3+12§—12t+_§, l<t<2
43 -15, 1=1<2 =(3¢% — 2442 -
BO,!(’)= (3_[)2 2efen Bo'a(t) 3 241° + 60t 44’ 2=¢<3
=
7z N (4-y
o, otherwise -t 3=1<4
0, otherwise
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Figure 9.24 (a), (b) B-spline curves fitted through 128 and.1144 points of the
original boundaries containing 1038 and 10536 peints respectively to yield indistin-
guishable reproduction: (c), (d) corresponding 16 and 99 control points respec-
tively. Since (a), (b) can be reproduced from (c), (d), compression ratios of greater .
than 100 : 1 are achieved.

where B, P, and x are (n + 1) X (n + 1), (n +1)x2, and (n + 1) X 2 matrices of
elements B; , (s;), pi, X(s;) respectively. When s; are the node locations the matrix B,
is guaranteed to be nonsingular and the control-point array is obtained as

P=Bix (9.46)

For uniformly sampled closed splines, B, becomes a circulant matrix, whose first-
row is given by :

bo & [boby.. . b;,0...0,5,. .. by - (9.47)

where , :

: P —
b,é—Bo,k(s,), J=0,...,q, and q=Integerl(k21)}

8js1 8=, — 4= constant, ' Vj

In the case of open B-splines, B, is nearly Toeplitz when 5;= 4, for every j.
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Example 9.4 Quadratic B-splines, £ =3

(a) Periodic case: From (9.36) and (9.39) the nodes (sampling locations) are

. 357 2n-1n1
50,851,852, .. ,8,] = AT e, D
[o 15852 S‘] [2 3’3 3 55

Then from (9.47), the blending function B, ; () gives the circulant matrix

6.1 1
By=1} 1\\
378 \ 1

1 0

(b) Nonperiodic case:  From (9.36) and (9.38) the knots and nodes are obtained as
[{o,t,,‘. s3] =10,0,0,1,2,3, . .. n=2,n—1n—1,n -1}

1n13757 2n -3
50,8151 ,8:] = [0,2,=5Z,2,..., s -
{s0,51 ] [ 5 2 n 1]

The nonperiodic blending functions for k = 3 are obtained as

_le-1 os=i<1 - ' _3( 2\* .2
BO,S(I) {O, l=t=n ...1 E t—§ .+§1 O=r<1i
Bis(t) = %(z—z)z, 1=r<2
0, 2=t=p-1
0, Osr<j-2
%(t—-j+2)2, J-2=t<j-1
Bs(1) = —:-;+1)2+§, Jolsi<j
1 2 4
.§(t-j~1)2, J=r<j+1 ‘
0, j+1stsn—1,j=2,3,...,n¥2
0, " Osr<n-3 )
1
—>(—n+3)% -3= -
Buors(t)= g( 5)2 , n—-3<st<p-2 I
~5(1—n+§> +§: n-2stsn-1
'B 2 () = 0, : O=st<n-2
PN -n# 2P, n-2=t=n-~1
368 ImageAnalysisandComputeyVision “Chap. 9
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" From these we obtain

, 8]

Figure 9.25 shows a set of uniformly ‘sampled, spline boundary points x(s;),
j=0,...,13. Observe that the s;, and not x(s;), y(s:), are required to be uniformly
spaced. Periodic and open quadratic B-spline interpolations are shown in Fig. 9.25b
and ¢. Note that in the case of open B-splines, the endpoints of the curve are also
control points. :

The foregoing method of extracting control points from uniformly sampled
boundaries has one remaining difficulty—it requires the number of control points
be equal to the number of sampled points. In practice, we often have a large number
of finely sampled points on the contour and, as is evident from Fig. 9.24, the
number of control points necessary to represent the contour accurately may be
much smaller. Therefore, we are given x(?) for t =£,&y,...,&,, where m > n.
Then we have an overdetermined (m +1) X (n + 1) system of equations

x(E)= 2 BiiE)py  j=0,...,m (6-48)
Least squares techniques can now be applied to estimate the control points p;.
With proper indexing of the sampling points £; and letting the ratio (m + 1)/(n + 1)

Control
points

@ . (b fe}

Figure 9.25 (a) Given points; (b) quadratic periodic " B-spline interpolation;
(¢) quadratic nonperiodic B-spline interpolation.
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be an integer, the least squares solution can be shown to require inversion of a
circulant matrix, for which fast algorithms are available [29].

Fourier Descriptors

Once the boundary trace is known, we can consider it as a pair of waveforms
x(£), y (). Hence any of the traditional one-dimensional signal representation tech-
niques can be used. For any sampled boundary we can define

umBxm)+jy(m), n=01,... N—1 , (9.49)

which, for a closed boundary, would be periodic with period N. Its DFT repre-

sentation is

N-1 . :
2 .
um) AL 2 exp<’—lkf), 0sn=N-1
N N
N e ' | (9.50)
a(k)éZu(n)exp( }];r’r ), O=sk=N-1
. a=qQ

The complex coefficients a (k) are c‘alled the Fourier descriptors (FDs) of the bound-

ary. For a continuous boundary function, u(t), defined in a similar manner to (9.49), -
the FDs are its (infinite) Fourier series coefficients. Fourier descriptors have been . -

found useful in character recognition problems [32].

Eifect of geometric transformations. Several geometrical transforma-
tions of a boundary or shape can be related to simple operations on the FDs (Table
9.8). If the boundary is translated by

B xo + jyy (9.51)

then the new FDs remain the same except at k.= 0. The effect of scaling, that is,
shrinking or expanding the boundary results in scaling of the a(k). Changing the
starting point in tracing the boundary results in a modulation of the a(k). Rotation
of the boundary by an angle 6, causes a constant phase shift of 8, in the FDs.
Reflection of the boundary (or shape) about a straight line inclined at an angle 6
(Fig. 9.26), ~

Ax+By+C=0 (9.52)

TABLE 9.8 Properties of Fourier Descriptors

Transformation Boundary Fourier Descriptors
Identity u(n) a(k)
Translation a(n)=u(n)+up a(k)-=a(k) + uo 8(k)
Scaling or Zooming i(n) = au(n) a(k)=aa(k)
Starting Point a(m)=u(n —ny) G(k) = a(k)e i2mmokN
Rotation i(n) = u(n)e’™ (k) =a(k)el®
Reflection a(n)=u*(n)e™ + 2y a(k) =a*(~k)e™ + 2y8(k)
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>l

> X Figure 9.26 Reflection about a straight
line.

gives the new boundary ¥ (n), j (n) as (Problem 9.11)

i (n)=u*(n)e + 2y

where (9.53)
A (A +iB)C 29) = =4 +iB) ,
Y= A2+Bz 1 exP(Jze) A2+ BZ

For example, if the line (9.52) is the x-axis, thatis, 4 = C = 0,then 8 =0,y=0and
the new FDs are the complex conjugates of the old ones. ]

Fourier descriptors are also regenerative shape features. The number of de-
scriptors needed for reconstruction depends on the shape and the desired accuracy.
Figure 9.27 shows the effect of truncation and quantization of the FDs. From Table
9.8 it can be observed that the FD magnitudes have some invariant properties. For
example |G (k)|,k =1,2,...,N —1 are invariant to starting point, rotation, and
reflection. The features & (k)/|d (k)| are invariant to scaling. These properties can be
used in detecting shapes regardless of their size, orientation, and so on. However,
the FD magnitude or phase alone are generally inadequate for reconstruction of the

original shape (Fig. 9.27).

Boundary matching. The Fourier descriptors can be used to match similar
shapes even if they have different size and orientation. If a(k) and b (k) are the FDs
of two boundaries u(n) and v (n), respectively, then their shapes are similar if the
distance N

R N-1
d (o, o, B, 1) & N { [u(n) — av(n + n)e — y, |2} (9.54)
: n=0

ug,a,ng 8y

"is small. The parameters u,, a, ng, and 6, are chosen to minimize the effects of

translation, scaling, starting points and rotation, respectively. If u(n) and v(n) are
normalized so that Zu () = 2v(n) = 0, then for a given shift n,, the above distance is
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69.13
FD real part
0 Koy ‘m? |
=59,13
! 128
69.61 r
FD imaginary part
2
°[T T
~69.61 7 - -
{b) 128
{c) (d)
fe} , S

Figure 9.27 Fourier descriptors. (a) Given shape; (b) FDs, real and imaginary
-components; {(c) shape derived from largest five FDs; (d) derived from all FDs
quantized to 17 levels each; () amplitude reconstruction; {f) phase reconstructxon
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" minimum when o
u =0
= c(k) cos(Yy +'kd + 09)
) 2 b O (955)
and :
2 c (k) sin(ys + k)
tan@, = — -
% c(k) cos(i + k)

where a(k)b* (k) = c(k)e¥, & A —2mny/N, and c(k) is a real quantity. These equa-
tions give « and 6,, from which the minimum distance d is given by

d= mm [d(cb)] mln{? la(k) — ab (k) expljkd + 90)][ } (9.56)

The distance d(d) can be evaluated for each b =¢(ng),no=0,;1,...,N —1and the
minimum searched to obtain d. The quantity d is then a useful measure of difference
between two shapes. The FDs can also be used for analysis of line patterns or open
curves, skeletonization of patterns, computatxon of areaofa surface and so on (see
Problem 9.12).

Instead of using two functions x(7) and y (), it is possible to use only one
function when ¢ represents the arc length along the boundary curve. Defining the
arc tangent angle (see Fig. 9.21)

0() = tan’l‘[ixy—g;;%J ‘ (9.57)

~

. the curve can be traced if x(0), y (0), and 6(z) are known. Since ¢is the distance along

the curve, it is true that

cerers (8-
= dx®+ dy :>(dt ~) =1 (9.58)
which gives dx/d: = cos 8(2), dy/dt = sin 8(f), or i
I cos 8(7) . '
x(1) = x(0) + j [sm vl J dr (9.59)
Sometimes, the FDs of the curvature of the boundary: -
‘ der) - ’
w2l @ (9.60)
or those of the detrended function
§(nA f x(7) 47—21‘ | (9.61)
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are used [31]. The latter has the advantage that é(z) does not have the singularities.

at corner points that are encountered in polygon shapes. Although we have now
only a real scalar set of FDs, their rate of decay is found to be much slower than
those of u (). ’ ' '

Autoregressive Models

If we are given a class of object boundaries—for instance, screwdrivers of different
sizes with arbitrary orientations—then we have an ensemble of boundaries that

could be represented by a stochastic model, For instance, the boundary coordinates

x(n), y(n) could be represented by AR processes [33]
P
wn)= 2 a(kpu(n ~ k) + e, (n)
k=1 (9.62)
X (n) = w; (n) + i i=1,2 [

where x(n) a x1(n) and y(n) a x2(n). Here u;(n) is a zero mean stationary random
sequence, p, is the ensemble mean of x, (n), and ¢, (n) is an uncorrelated sequernce
with zero mean and variance B2 For simplicity we assume ¢, (1) and «, (n) to be
independent, so that the coordinates X, (n) and x,(n) can be processed indepen-

dently. For closed boundaries the covariances of the sequences {x;(n)};i =1,2 will . -

be periodic. The AR model parameters a,(k), %, and w- can be considered as
features of the given ensemble of shapes. These features can be estimated from a
given boundary data set by following the procedures of Chapter 6.

Properties of AR features. Table 9.9 lists the effect of different geometric
transformations on the AR model parameters. The features a;(k) are invariant
.under translation, scaling, and starting point. This is because the underlying corre-
lations of the sequences x; (), which determine the g, (k), are also invariant under
these transformations. The feature B is sensitive to scaling and p, is sensitive to
scaling as well as translation. In the case of rotation the sum &, (K)* + |a, (k) can be
shown to remain invariant. ’ )

AR models are also regenerative. Given the features {4; (k), i;, B3} and the
residuals ¢,(k), the boundary can be reconstructed. The AR model, once identified

'

TABLE 9.9 Properties of AR ModelParameters for Closed Boundaries

AR model

Parameters ™
Transformation . Fin) - in) a(k) & i
Identity xn) ei(n) a(k) g o
Translation x{n) +xi0 sn) a;(k) [t pitXi0
Scaling/zooming - ax(n) ae(n) ai(k) o’ p? ™
Starting point x{n +ng;) ‘& +ng;) a (k) ; e
Rotation @R + |ak)f = lar(k)f + lax(k)

374 » Image Analysis and Computer Vision .Chap. 9.

et e e o

for a’ class of objects, can also be used for compression of boundary data,
x,(n), x,(n) via the DPCM method (see Chapter 11).

9.7 'REGION REPRESENTATION

The shape of an object may be directly represented by the region it occupies. For
example, the binary array

u(m, n) = {O, otherwise (0-63)

is a simple representation of the region 2. Boundaries give an efficient represeqta-
tion of regions because only a subset of u(m, n) is stored. Other forms of region

representation are discussed next.
Run-length Codes

Any region or a binary image can be viewed as a sequence of alternating strings of Os
and 1s. Run-length codes represent these strings, or runs. For raster scanned
regions, a simple run-length code consists of the start address of each string of 1s (or
0s), foilowed by the length of that string (Fig. 9.28). There are se:veral fqrms of
run-length codes that are aimed at minimizing the. number of bits required to
represent binary images. Details are discussed in Section 11.9. Tl.le rup—length codes
have the advantage that regardless of the complexity of the region, its represen‘ta-
tion is obtained in a single raster scan. The main disadvantage is thatlxt doe§ not give
the region boundary points ordered along its contours, as in chal.n coc'lmg. This -
makes it difficult to segment different regions if several are present in an image.

Quad-trees [34}

In the quad-tree method, the given region is enclosed in a convenient rectangl.llar
area. This area is divided into four quadrants, each of which is examined if it is

0 1 2 3 4 Run-engthcode - Run #
. (1, 11, (1, 3)2 1,2
0 (2,004 3

3. 12 4

L

{a) Binary image

. Figure 9.28 Run-length coding for binary image boundary ¢ :presentation.
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totally black (1s) or totally white (0s). The quadrant that has both black as well as
white pixels is called &ray and is further divided into four quadrants. A tree struc-
ture is generated until each subquadrant is either black only or white onty. The tree
can be encoded by a unique string of symbols b (black), w (white), and g (gray),
where each g is necessarily followed by four symbols or groups of four symbols
representing the subquadrants; see, for example, Fig. 9.29. It appears that quad-
tree coding would be more efficient than run-length coding from a data-
compression standpoint. However, computation of shape measurements such as
perimeter and moments as well as image segmentation may be more difficult.

Projections

A two-dimensional shape or region 7 can be represented by its projections. A
projection g(s, 8) is simply the sum of the run-lengths of 1s along a straight line
oriented at angle 6 and placed at a distance s (Fig. 9.30). In this sense a projection is -
simply a histogram that gives the number of pixels that project into a bin at distance
s along a line of orientation 6. Features of this histogram are useful in shape analysis
as' well as image segmentation. For example, the first moments of g(s, 0) and
(s, w/2) give the center of mass coordinates of the region 7. Higher order mo-
ments of g(s, 6) can be used for calculating the moment invariants of shape dis-
cussed in section 9.8. Other features such as the region of support, the local

and convex hulls of shapes, which are, in turn, useful in image segmentation
problems [see Ref. 11 in Chapter 10]. Projections can also serve as regenerative
features of an object. The theory of reconstruction of an object from its projections
is considered in detail in Chapter 10. '

ED,C 8

Code: gbghwwhbwgbwwgbwwb

{a} Different quadrants

Decode as: g(bg(bwwb)wé(bwwg(bwwb)))
’ 4 3 2 1

(b} Quad tree encoding

Figure 9.29 Quad-tree representation of regions.
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Figure 9.30 Projection g(s, 8) of a re- °
gion 2. g(s, ) =L +1,.

9.2 MOMENT REPRESENTATION .

The theory of moments provides an interesting and sometimes useful alternative to
series’ expansions for representing shape of objects. Here we discuss the use of

moments as features of an object f(x, y).
Definitions

Let f(x, y) =0 be a real bounded function with support on a finite region ¢7. We
define its (p +g)th-order moment

Mp,q =ff%,f(x, y)xfytdxdy,  p,g=0,1,2... (9.64)

* Note that setting f(x, y) = 1 gives the moments of the region ¢? that could represent

a shape. Thus the results presented here would be applicable to arbitrary'objects as
well as their shapes. Without loss of generality we can assume that fx,y)is nonzero -
only in the region ={x € (~1,1),y € (~1,1)}. Then higher—ordgr moments will, in

general, have increasingly smaller magnitudes. ] . ) )
The characteristic function of f(x, y) is defined as its conjugate Fourier trans-

_ form

FEu) [[ fwy) epliont, tyeacay 065
4
The moment-generating function of f(x, y) is defined as

MEn e L[] S ettty 066)

-
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R

It gives the moments-as }
_FIMELE)

. 9 0Ey (9.67)

§1=§2=0

Moment Representation Theorem [35]

The infinite set of moments {m, ,,p, g =0,1,...} uniquely determine f(x, y), and
vice-versa. ;

The proof is obtained by expanding into power series the exponential term in
(9.65), interchanging the order of integration and summation, using (9.64) and
taking Fourier transform of both sides. This yields the reconstruction formula

(2m)yre

fx,y) = [ f ) Z}Oqgom,_q‘—mgqlqugldgz (9.68)

Unfortunately this formula is not practical because we cannot interchange the order

of integration and summation due to the fact that the Fourier transform of (j2n£ )

is not bounded. Therefore, we cannot truncate the series in (9.68) to find an
approximation of f(x, y). '

Moment Matching

In spite of the foregoing difficulty, if we know the moments of f(x, y) up to a given
order N, it is possible to find a continuous function g(x, y) whose moments of order
up to p + g = N match those of f(x, y), that is,

g(x,y) =, 22 gix'y (9.69)

si+jsN
The coefficients g; ; can be found by matching the moments, that is, by setting the
moments of g(x, y) equal to m, ,. A disadvantage of this approach is that the co-
efficients g, ;, once determined, change if more moments are included, meaning that
we must solve a coupled set of equztions which grows in size with N.

Example 9.5
For N = 3, we obtain 10 algebraic equations (p + q = 3). (Show!)
‘ 1 % % 8o.0 Mo,0
% A % % 820 = % Mz, 0,
% s% % &o.2 N,z
101 1 (9.70)
35 9810 | M0
1 1 1 n "
5 7 i5|}830)=5|Mae
slw % % 81,2 ny,2
81,1 = % myy

where three additional equations are obtained by interchanging the indices in (9.70).
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Orthogonai Moments

The moments m,, , are the projections of f(x, y) onto monomials {x¥ y}, which are
nonorthogonal. An alternative is to use the orthogonal Legendre polynomials [36],

defined as ’

R =1 | ‘
P =— L2y p=1,2... ©.71)
" n!2"dx" ’ ’
[ Br@ e =528 = m) )
Now f(x, y) has the representation
fay)=2Z Z N BEP()
, =040 (9.72)
M= DD (11 \p ()P, (3) dcdy

where the ), , are called the orthogonal moments. Writing P, (x) as an mth-order
polynomial

Ba(x)= i Cm,j X t9.73)

j=0

the relationship between the orthogonal moments and the m, , is obtained by
substituting (9.72) in (9.73), as

20+ D)2+ 1) & & :
)‘p.q=( £ )4( 1 )(Z > Cp,qu,kmi,k) (9.74)
j=0k=0 .
For example, this gives
)\o,o=%ma,o, }\1_0=%m1'0, Ao =%m0,1 (9.75)

Moo = 3[3my,0 ~ 1 o], o2 =§[3mq,; — M), Aa=imy, ...

The orthogonal moments depend on the usual moments, which are at most of the
same order, and vice versa. Now an approximation to f(x, y) can be obtained by
truncating (9.72) at a given finite order p + g = N, that is,

: N N-p

fe=gxN =2 2 N, Px)P,(y)

p=0g=0

(9.76)

The preceding equation is the same as (9.69) except that the different terms have
been regrouped. The advantage of this representation is that the equations for A, ,
are decoupled (see Eqn. (9.74)) so that unlike my, 4, the \,, ; are not required.to be
updated as the order N is increased. ’ B .
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Ploment Invariants

These refer to certain functions of moments, which are invariant to geometric
transformations such as translation, scaling, and rdtation, Such features are useful
inidentification of objects with unique shapes regardless of their location, size, and
orientation.

Translation. Under a translation of coordinates, x* = x + a, y' =y +B,the
centfal moments :

bpg = 1] =X (y = 7)'f(x, y) dx dy .77

are invariants, where ¥ 4 my.olmg o, 7 4 my,1/mg . In the sequel we will consider
only the central moments.

Scaling. Under a scale change, x' = ax, y' = ay the moments of flax, ay)
change to p, ; = ,, , /o *9*% The normalized moments, defined as .

’

=_tre =(p+qg+2)12 9.7
M= sgr Y (p+q+2) (9.78)

are then invariant to size change.

Rotation and reflection. Under a linear coordinate transformation

M ) {3 SM;J 9.79)

the moment-generating function will change. Via the theory of algebraic invariants
[37], it is possible to find certain polynomials of My, ¢ that remain unchanged under
the transformation of (9.79). For example, some moment invariants with respect to
rotation (that is, for « =8 =cos6, = —y =sin0) and reflection (o ==8=cos6,
B =y =sin9) are given as follows:

1. For first-order moments, pg,; = 0 =0, (always invariant).
2. For second-order moments, (p + g = 2), the invariants are

BT a0t bz . (9.80)
2= (2,0~ 1o,2) +4pd
3. For third-order moments (p + ¢ = 3), the invariants afe
b3 = (Ha.o = 31,2 + (o3 = 3p21)?
&4 = (3,0 + p1,2)* + (o3 + pig, 1)
bs = (Ma,0— 3pg,2) (a0 + H;.z)[(}ks.o + i) = 3oy + Po.3)’] (9.81)
+ (o5 342,10 (Mo 3 o, (0,3 + 12,1)* = (k1,2 + 43,0)]
&6 = (pzi0 — o, 2 (13,0 B1,2)* = (2,1 + pos)] + 41*1.1‘(}*3,0 + pa,2)(Ro,3 + a,1)
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- It can be shown that for Nth-order moments (N = 3), there are (N + 1) absolute

invariant moments, which remain unchanged under both reflection and rotation
[35]. A number of other moments can be found that are invariant in absolute value,
in the sense that they remain unchanged under rotation but change sign under

- reflection. For example, for third-order moments, we have

7= (32,1~ Mo, )P0+ o 2)[(ks0 + wr2) = 3(ua 1 + pos)’] |- (9.82)

+ (ra,0 = 3m, 1) (1 + o, 2)[ (o3 T 1, 1)* — 3(#«‘3,0 + 1)l
The relationship between invariant moments and p,, , becomes more complicated -
for higher-order moments. Moment invariants can be expressed more conveniently

in-terms of what are called Zernike momenss. These moments are defined as the
projections of f(x, ¥} on a class of polynomials, called Zernike polynomials [36].

- These polynomials are separable in the polar coordinates and are erthogonal over

the unit circle.
Applications of Moment Invarianis

Being invariant under linear coordinate transformations, the moment invariants are
useful features in pattern-recognition problems. Using N moments, for instance, an
image can be represented as a point in an N-dimensional vector space. This con-
verts the pattern recognition problem into a standard decision theory problem, for
which several approaches are available. For binary digital images we can set
F@,y)=1,(x,y) € #. Then the moment calculation reduces to the separable

My q=2x" 2 Y7 (9.83)
x ¥

These moments are useful for shape analysis. Moments can also be computed
optically [38] at high speeds. Moments have been used in distinguishing between
shapes of different aircraft, character recognition, and scene-matching applications
[39, 40]. : ' .

9.9 STRUCTURE

In many computer vision applications, the objects in a scene can be characterized
satisfactorily by structures composed of line or arc patterns. Examples include
handwritten or printed characters, fingerprint ridge patterns, chromosomes and
biological cell structures, circuit diagrams and engineering drawings, and the like.
In such situations the thickness of the pattern strokes does not contribute to the
recognition process. In this section we present several transformations that are
useful for analysis of structure of patterns.

Medial Axis Transform

Suppose that a fire line propagates with constant speed from the contour of a
connected object towards its inside. Then all those points lying in positions where at
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least two wave fronts of the fire line meet during the propagation (quench points)
will constituté a form of a skeleton called the medial axis [41] of the object.

Algorithms used to obtain the medial axis can be grouped into two main.

categories, depending on the kind of information preserved:

Skeleton algorithms. Here the image is described using an intrinsic co-
ordinate system. Every point is specified by giving its distance from the nearest
boundary point. The skeleton is defined as the set of points whose distance from the
nearest boundary is locally maximum. Skeletons can be obtained using the follow-
ing algorithm: i

1. Distance transform

e (m, n) = uo(m, n) + A(,T,i.ﬂ ) {ue-(Q, )5 (G, j):A(m, 031, j) < 1)},

Uy (m, n)éu(m, n) k=1,2,...

where A(m, n; i, j) is the distance between (m, n) and (i, ). The transform is -

done when & equals the maximum thickness of the region.

2. The skeleton is the set of points:
{(m, n):ui (m, m) = w, G, ), A, m3i, j) < 1) (9.85)

Figure 9.31 shows an example of the preceding algorithm when Alm, n;i, )
represents the Euclidean distance. It is possible to recover the original image
given its skeleton and the distance of each skeleton point to its contour. It is
simply obtained by taking the union of the circular neighborhoods centered on
the skeleton points and having radii equal to the associated contour distance.
Thus the skeleton is a regenerative representation of an object.

Thinning algorithms. Thinning algorithms transform ‘an object to a set of
simple digital arcs, which lie roughly along their medial axes. The structure ob-

1 11111 1111111 1 o o .
1 22221 1222221 2 L2 o v
1 33321 —=1233321— 333 —= e

1 k=1 k=2 22221 k=3, 1222221 2 2 . e
1 11111 45 1311119 1 R e

-t e . -

1111
2222
2222
2222
1111

- NN -

1
1
1 —
1
i

b b . s
NN -

uy{m, n) : uylm, n) Uy, Uy, Ug . o Skeleton

-

Figure 9.31  Skeleton examples.
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(b} Examples where P, is nat deletable {P; = 1).
(i) Deleting @, will tend to split the region;
{ii) deleting P, will shorten arc ends;
(ifi) 2 < NZ{P,} < 6 but P, is not deletable.

0} (i}

{c} Example of thinning.
(i) Original; .
{ii) thinned. Figure 9.32 A thinning algorithm.
tained is not influenced by small contour inflections that may be present on the
initial contour. The basic approach [42] is to delete from the object X simple border
"points that have more than one neighbor in X and whose deletion does not locally
disconnect X. Here a connected region is defined as on.e in which any two points in
the region can be connected by a curve that lies entirely in the region. In this way,
endpoints of thin arcs are not deleted. A simple algorithm: that yields connected arcs
while being insensitive to contour noise is as follows [43].
Referring to Figure 9.32a, let ZO(P,) be the number of zero to nonzero -
transitions in the ordered set B, P, P,,..., B, P. Let NZ(P) be the number of
nonzero neighbors of P,. Then P, is deleted if (Fig. 9.32b)

2=NZ(P)=6
and ZO(P) =1
(9.86)
and B-P-F=0 or ZO(P)+1
and ) PP-F=0 or ZO(P)+1

The procedure is repeated until no further changes occur in the ir1age. Figure 9.32¢

"~ gives an example of applying this algorithm. Note that at each location such as P, we

end up examining pixels from a 5 X 5 neighborhood.
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Morphologieal Processin
b gd :

.The term morphology originally comes from the study of forms of plants and
animals. In our context we mean study of topology or structure of objects from their

images. Morphological processing refers to certain operations where an object is /it
with a structuring element and thereby reduced to a more revealing shape.

Basic operations. Most morphological operations can be defined in terms .

of two basic operations, erosion and dilation [44]. Suppose the object X and the
structuring element B are represented as sets in two-dimensional Euclidean space.
Let B, denote the translation of B so that its origin is located at x. Then the erosion
of X by B is defined as the set of all points x such that B, is included in X, that is,

Erosion: XQOB a {x:B,CX} (9.87)

Similarly, the dilation of X by B is defined as the set of all points x such that B, hits '

X, that is, they have a nonempty intersection:
Dilation: X@BA{x:B, N X+ &} (9.88)

Figure 9.33 shows examples of erosion and dilation. Clearly, erosion is a shrinking
operation, whereas dilation is an expansion operation. It is also obvious that ero-
sion of an object is accompanied by enlargement or dilation of the background.

Properties. The erosion and dilation operations have the following proper-
ties: g
1. They are translation invariant, that is, a translation of the object causes the
same shift il the result.
. They are not inverses of each other.
. Distributivity: .

W

X®BUB)=X®B)U (XDB) (9.89)
' XO®UB)=(XOB)N (XOB)

4. Local knowledge: ,
XNZ)OB=(XOB)N(ZEB) (9.90)

‘5. Iteration:

(XOB)OB =XO(B®B)

XOB)®B' =X (E®B)
6. Increasing:
EXCX > XOBCX'OB VB
(9.92a)
XOBCX' @B, VB
. IfBCB > XOBCX OB VX (9.92b)
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7. Duality: Let X° denote the complement of X. Then
X@B=(XOB) . (9.93)

This means erosion and dilation are duals with respect to the complement oper-
ation. !

Morphological Transforms

The medial axes transforms and thinning operations are just two examples of
morphological transforms. Table 9.10 lists several useful morphological transforms
that are derived from the basic erosion and dilation operations. The hit-miss trans-
form tésts whether or not the structure B, belongs to X and B, belongs to X°. The
opening of X with respect to B, denoted by X;, defines the domain cwept by all

translates of B that are included in X. Closing is the dual of opening. Boundary gives

the boundary pixels of the object, but they are not ordered along its contour. This
table also shows how the morphological operations could be used to obtain the
previously defined skeletonizing and thinning transformations. -Thickening is the
dual of thinning. Pruning operation smooths skeletons or thinned objects by re-
moving parasitic branches.

Figure 9.33 shows examples of morphological transforms. Figure 9.34 shows
an application of morphelogical processing in a printed circuit. board inspection
application. The observed image is binarized by thresholding and is reduced to a
single-pixel-wide contour image by the thinning transform. The result is pruned to
obtain clean line segments, which can be used for inspection of faults such as cuts
{(open circuits), short circuits, and the like.

We now give the development of skeleton and thinning algorithims in the
context of the basic morphological operations.

Skeletons. Let 7D, denote a disc of radius r at point x. Let s, (x) denote the
set of centers of maximal discs 7D, that are contained in X and intersect the
boundary of X at two or more locations. Then the skeleton S(X) is the set of centers
s, (x).

SX)= U (x)
r>0

= U {(XODY(XO D)y} ' (9.94)

where U and/ represent the set union and set difference operations, respectively,
and drD denotes opening with respect to an infinitesimal disc.

To recover the original object from its skeleton, we take the union of the
circular neighborhoods centered on the skeleton points and having radii equal to the
associated contour distance. o

X = go s, (x)®rD} (9.95)
We can find the skeleton on a digitized grid by replacix.g the disc 7D in (9.94)

by the 3 X 3 square grid G and obtain the algorithm summarizzd in Table 9.10. Here
the ‘operation (X©nG) denotes the ath iteration (XO G OGO --OG and

(X©nG)g is the opening of (X ©nG) with respect to G.
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TABLE 8.10 . Some Usefu! Morphological Transforms - - .

Operation Definition . Properties & Usage

Searching for a-match or a specific
configuration. B, : set formed
from pixels in B that should be-
long to the object. By : ...
background. -

Smooths contours, suppress small
islands and sharp caps of X. Ideal
for object size distribution study.

‘Blocks up narrow channels and thin
lakes. Ideal for the study of inter
object distance.

_ Gives the set of boundary points.

"Hit-Miss X®B=(XOB.,)(X®Bu)

6pen _XE=(X@B)®B
Close X?=(X@B)OB

Boundary X=XXOG

Convex Hull Xll =X : B', B®, ... are rotated versions of
L= (X!®BY) the structuring element B.
_ - . C is an appropriate structuring
Xen _;Ex X% element choice for B.
Skeleton  S(X)= U $a(x) Nmax - Max size after which X erodes

down to an empty set.
= U [(X©nG)Y(XOnG)s] Theskeleton is a regenerative repre-
sentation of the object.
X= Uo[s,,(x)@nG] : )
Thin XOB=X/X®B To symmetrically thin X a sequence

XOIB} = ((. .. ((XOBHYOBY). . .)OB" of structuring elements,
B =« JOBY)...JOB") {B}={B,1=i=<n}, isusedin

cascade, where B'is a rotated
version of B 7+
A widely used element is L.
Thick XOB=XUX®B : Dual of thinning.
Prune X; =XO{B} E is a suitable structuring element.

8 . X, : end points
= j
X, ,-L.Jl X ©P’) X,.: pruned object with Parasite
X=X, U[X: @ {G}) NX]

branches suppressed.
The symbols “/” and *“ U ” represent the set difference and the set union operations
respectively. Examples of structuring elements are

111 d d d
G=111 010
11 00

where 1, 0, and d signify the obj ject, bacl\ground and ‘don’t care’ states, respectively.
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* 1=i=n},is used in cascade, where B'is a rotated version of B71.

Figure 9.34 Morphological processing

for printed circuit board inspection. (a)

it Original; (b) preprocessed (thresholded);
" (c) thinned; (d) pruned.

| i e G e

Thinning. In the context of morphological operations, thinning can be de-
fined as ’ ’

XOB=X/(X®B) (9.96)
where B is the structuring element chosen for the thinning and ® denotes the

hit-miss operation defined in Table 9.10.
To thin X symmetrically, a sequence of structuring elements, {B} {8,

XO{B}=((...(XOB) OB)...) OB | ©.97)

A suitable structuring element for the thinning operation is the L-structuring ele-

~ment shown in Table 9.10.

The thinning process is usually followed by a pruning operation to trim the
resulting arcs (Table 9.10). In general, the original objects are likely to have noisy
boundaries, which result in unwanted parasitic branches in the thinned version. Itis
the job of this step to clean up these without disconnecting the arcs.

Syntactic Representation [45]

The foregoing techniques reduce an object to a set ‘of structural elements, or
primitives. By adding a syntax, such as connectivity rules, it is possible to obtain a
syntactic representation, which is simply a strmg of symbols, each representing a
primitive (Figure 9.35). The syntax allows a unique representation and interpreta-
tion of the string. The design of a syntax that transforms the symbolic and the
syntactic representations back and forth is a difficult task. It requires specification
of a complete and unambiguous set of rules, which have to be derived from the
understanding of the scene under study.
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; Geometry Features

,'Z',L.’Z',L’X:, ; In many image analysis problems the ultimate aim is to measure certain geometric
symbols: a b e d e ' attributes of the object, such as the following: :
1. Perimeter . A

T=[Vx2()+y2 () de (9.98)

‘ ' where ¢ is necessarily the boundary parameter but not necessarily its length.
2. Area ' o g

Objectstructure a=[[ aray=[ yo&la-| x(t)%@ dt (9.99)

@ ast t o t

! - where $2 and 352 denote the object region and its boundary, respectively.

3. Radii Rpi,, Ry are the minimum and maximum distances, respectively, to
boundary from the center of mass (Fig. 9.37a). Sometimes the ratio R /Rumin
is used as a measure of eccentricity or elongation of the object.

i
i - PR 4 )
Syntactic representation: acdeacaba Rrnin Ainax
i
. i i

Figure 9.35 Syntactic representation.

9.10 SHAPE FEATURES

The shape of an object refers to its profile and physical structure. These character- {2} Maximum and minimum radii
‘ istics can be represented by the previously discussed boundary, region, moment,
and structural representations. These representations can be used for matching : : o
shapes, recognizing objects, or for making measurements of shapes. Figure 9.36 T ) S .

lists several useful features of shape. j r o v . P
f | ] = VA IRTS
l . ) o 2r ¢ t . ( :

.
) Measurement features ,E (b} Curvature functions for corner detaction
; * Boundaries 5
i ) * Regions ) . :
o - Moments I Geometryj I Moment?l : A
* Structural and syntactic Perimeter Center of mass b c,
© . Areas *  Orientation t
Max-min radii . Bounding rectangle H . . 8 Square A has 4-fold symmetry _
and eccentricity  Best-fit elfipse . ; ° ° g:;:? grzgtg‘\"m“‘é’mmm“"c
Corners Eccentricity : ! . [ 17 7o v g NBVO
Roundness i ’ 4-fold symmetry .
Bending energy ' . l,:‘ Triangles A have 2-fold symmetry .
Holes : ' : S Cs )
Euler number . . : , .
Symmetry . : ' . {¢) Types of symmetry T . . i
Figure 9.36 : Figure 9.37 Geometry features. s “
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4. Number of holes n,
5. Euler number _
& & number of connected regions —n, - (9.100)

6. Corners These are locations on the boundary where the curvature 0]
becomes unbounded. When ¢ represents distance along the boundary, then
from (9.57) and (9.58), we can obtain

) 2.\2 2.\2
2 A (4Y\ [dix
=" + p— .
NG ( dtz) ( dﬁ) o (9.101)
In practice, a corner is declared whenever |k()| assumes a large value (Fig.
9.37b). ‘
7. Bending energy This is another attribute associated with the curvature.
T ' .
E=1[ kopa o (9.102)
T/ ) A
“In terms of {a (k)}, the FDs of (), this is given by
- . .
E= 3 la(op(2ZE) (9.103) -
. T . v
8. Roundness, or compactness '
_ (perimeter)®
4w(area) (9-104)

For a disc, v is minimum and equals 1. :

9. Symmetry  There are two common types of symmetry ‘of shapes, rotational
and mirror. Other forms of symmetry are twofold, fourfold, eightfold, and so
on (Fig. 9.37c). Distances from the center of mass to different points on the
boundary can be used to analyze symmetry of shapes. Corner locations are
also useful in determining object symmetry.

Momeﬁt-Based Features

Many shape features can be conveniently represented in terms of moments. For a
shape represented by a region &7 containing N pixels, we have the following:

1. Center of mass

BN ) VM (9.105)

N(m,n)E R

m:l EZ m,

o N (mn € R
The (p, g) order central moments become
Moo= 22 (m =y (n =Ry " (9.108)
(m.n) €

2. Orientation  Orientation is defined as the angle of axis of the least moment of
inertia. It is obtained by minimizing with respect to 8 (Fig. 9.38a) the sum

392 . Image Analysis and Computer Vision Chap. 9

g

290 s AN B e

¥
51
. B
Ag
A' [+3
' 1
A A,
[} \5
84 2 X
A3 4 Az
h 2
{a) Orientation - Aj
8,
’{ {b} Boundar;l rectangle
8 «
a
; ——
b,’
/ ) /
/ 8 7
,,‘ 7 m
; i
-
-
p

(c) Best fit ellipse

Figure 9.33 Moment-based features.

10)= > bZ(m, n)y= 2> [(n —7) cos8~ (m — i) sin O] (9.107)

(m,n) ¢ 2 {m,n) € 2
The result is
2p1 ] ’ :
B S | Pl ad 1% T 9.108
9 =2 tan [Hz,o = Wo,2 ( )

. 3. Bounding rectangle The bounding rectangle is the smallest rectangle en-
closing the object that is also aligned with its orientation (Fig. 9.38b). Once 0
is known we use the transformation

a=xcosf+ysind (9.109)
B=—xsind+y cos@ .
-t

on the boundary:points and search i
locations of points«7; A4, A3, and

©)
[2+]
(2]
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espectively, in Fig. 9.38b. From these




the bounding rectangle is known immediately with length /, = am;x = Qin and
width. w, = B,..c — Bmin. The ratio (!, wy/area) is also a useful shape feature.

4. Bestfitellipse The best-fit ellipse is the ellipse whose second moment equals
that of the object. Let a and b denote the lengths of semimajor and semiminor
axes, respectively, of the best-fit ellipse (Fig: 9.38c). The least and the greatest
moments of inertia for an ellipse are

T s T ‘
‘ Imm 4 ab » Imax 4 a b B (9.110)
For orientation 6, the above moments can be calculated as ‘

Lin= 2.2 [(n —7) cos8 — (m — ) sin 6

(€ 7 : . (9.111)
Inw= 22 [(n —7) sin0+ (m — ) cos O ‘
{m € !
For the best-fit ellipse we want Ly = Inin, Jnax = Iax, Which gives :
_ (] )’ ] _ (M@
- (.i) [T,m . b= (;) i (9.112)

5.  Eccentricity

e A (P20 = poo) + dpay
- area

Other represeatations of eccentricity are Ruyex/Ruiny Iax/Iin, and a/b.

The foregoing shape features are very useful in the design of vision systems for
object recognition.

'8.11 TEXTURE

Texture is observed in the structural patterns of surfaces of objects such as wood,
grain, sand, grass, and cloth. Figure 9.39 shows some examples of textures [46]. The
term texture generally refers to repetition of basic texture elements called fexels. A
texel contains several pixels, whose placement could be petiodic, quasi-periodic or
random. Natural textures are generally random, whereas artificial textures are

often deterministic or periodic. Texture may be coarse, fine, smooth, granulated,

rippled, regular, irregular, or iiear. In image analysis, texture is broadly classified
into two main categories, statistical and structural [47].

Statistical Approaches
Textures that are random in nature are well suited for statistical characterization,

for example, as realizations of random fields. Figure 9.40 lists several statistical
measures of texture, We discuss these briefly next.
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Figure 9.39 Brodatz textures.

Classification of texture

Statistical Structural . Other
ACF . Mosaic models
Transforms
Edge-ness
Concurrence matrix Periodic Random R
Texture transforms . i !

. Primitives: Edge density
Random field models Gray levels Extreme density
’ Shape Run lengths
Homogeneity .
Placement rules:
Period
Adjacency

Closest distances

Figure 9.40 -

" The autocorrelation function (ACF). The spatial size of the tonal prim-
itives (i.e., texels) in texture can be represented by the width of the spatial ACF
r(k, 1) = my(k, 1)/m;(0,0) [see (9.7)]. The coarseness of texture is expected to be
proportional to the width of the ACF which can be represented by distarices xq, yo
such that 7 (x,, 0) = r(0, y,) = 3. Other measures of spread of the ACF are obtained
via the moment-generating function :

Mk, 1) AYS (m -.m)"’(n - p/;)’r(m, n) | _ (§.113)
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where

p.léz}:mr(m, n), p:éZan(m, n)
Features of special interest are the profile spreads M(2,0) and M (0.2), the cross-
relation M (1, 1), and the second-degree spread M (2,2). The calibration of the ACF
spread on a fine-coarse texture scale depends on the resolution of the image. This is
because a seemingly flat region (no texture) at a given resolution could appear as
fine texture at higher resolution and coarse texture at lower resolution. The ACF by
itself is not sufficient to distinguish among several texture fields beécause many
different image ensembles can have the same ACF. '

Image transforms. Texture features such as coarseness, fineness, or
orientation can be estimated by generalized linear filtering techniques utilizing
image transforms (Fig. 9.4). A two-dimensional transform v (k, /) of the input imagé
is passed through several band-pass filters or masks g; (k, 1), =1,2,3,..., as

2k, 1) = vk, Dgi(k, 1) (9.114)

Then the energy in this z; (k, 1) represents a transform feature. Different typés of
masks appropriate for texture analysis are shown in Fig. 9.5a. With circular slits we
measure energy in different spatial frequency or.sequency bands. Angular slits are
useful in detecting orientation features. Combinations of angular and circular slits
are useful for periodic or quasi-periodic textures. Image transforms have been
applied for discrimination of terrain types—for example, deserts, farms, moun-
tains, riverbeds, urban areas, and clouds [48]. Fourier spectral‘analysis has been
found useful in detection and classification of black lung disease by comparing the
textural patterns of the diseased and normal areas [49].

Edge density. The coarseness of random texture. can also be represented
by the density of the edge pixels. Given an edge map [see (9.17)] the edge density is
measured by the average number of edge pixels per unit area.

Histogram features. The two-dimensional histogram discussed in Section
9.2 has proven to be quite useful for texture analysis. For two pixels u; and u, at
relative distance r and orientation 8, the distribution function [see (9.9)] can be
explicitly written as

Py (1, x2) = f(r, 8;31,22) (9.115)
Some useful texture features based on this furiction are '
Inertia: I(r, 0) 4 220k = %P F G 6;5x1,x) ' 9.116)
Xq,%3
Mean distribution:  w(r;x,, %) = NI'E £r, 8;21,%2) C 0117
(O]

1 The symbol Ng-represents the total number of orientations.
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’Va;rlarmce dlStI‘lbuthIl,. o (r;x1, %) ——No% [f(r, 8;x1,x2) (9.118)

—u(ryx,x)f

Spread distribution: * m(r;x;, ;) = max {f(7, 6;x,, x2)}
. ) o
.~ min {f(r; 8,01, x0)}

The inertia is useful in representing the spread of the function f(r, 8;x,,x;) for a
given set of (7, 8) values. I(r, 6) becomes proportional to.the coarseness of the
texture at different distances and orientations. The mean distribution p(r; x;, x;) is
useful when the angular variations in textural properties are unimportant. The
variance o2(r;x;, x,) indicates the angular fluctuations of textural properties. The
function n(r; x;, x,) gives a measure of orientation-independent spread.

(9.119)

Random texture models. It has been suggested that visual perception of
random texture fields may be unique only up to second-order densities [50]. It was
observed that two textured fields with the same second-order probability distribu-
tions appeared to be indistinguishable. Although not always true, this conjecture
has proven useful for synthesis and analysis of many types of textures. Thus two
different textures can often be discriminated by comparing their second-order
histograms. 4

A simple model for texture analysis is shown in Fig. 9.41a [51]. The texture
field is first decorrelated by a filter a (m, n), which can be designed from the knowl-
edge of the ACF. Thus if r(m, n) is the ACF, then

u(m, n)®a(m,n)Be(mn) » ' (9.120)

is an uncorrelated random field. From Chaprer 6 (see Section 6.6) this means that
any WNDR of u(m, n) would give an admissible whitening {or decorrelating) filter.

ACF
measurement
) Texture

Texture  uim,n) . : Feature features
pattern l . extraction x

Alzy, 25) | elm A | Histogram l

decorrelation ] measurement .

filter -

(a) Texture analysis by decorrelation

v

White elm, n) P ul{m, n)
wte_____ o ]
noise Alzy, z7)

_{Known distribution)

(b} Texture synthesis using linear filters:

U jgure 9.41 Randgmtexture models.

.
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(a) Original gross texture

Such a filter is not unique, and it could have causal, semicausal, or noncausal .

structure. Since the edge extraction operators have a tendency to decorrelate im-
ages, these have been used [51] as alternatives to the true whitening fiiters. The
ACF features such as M (0,2), M(2,0), M(1,1), and M(2,2) [see (9.113)] and the
features of the first-order histogram of e(m, n), such as average my, deviation \/E,
skewness p,, and kurtosis p, — 3, have been used as the elements of the texture
feature vector x in Fig. 9.41a. v

Random field representations of texture have been considered using one-
dimensional time series as well as two-dimensional random field models (see [52],

[53] andbibliography of Chapter 6). Following Chapter 6, such models can be -

identified from the given data. The model coefficients are then used as features for
texture discrimination. Moreover these random field models can synthesize random
texture fields when driven by the uncorrelated random field e{m, n) of known
probability density (Fig. 9.41b). '

Example 9.6 Texture synthesis via causal and semicausal models

Figure 9.42a shows a given 256 x 256 grass. texture. Using estimated covariances, a

(p, ) = (3, 4)-order white Gaussian noise~driven causal model was designed and used
to synthesize the texture of Fig. 9.42b. Figure 9.42c shows the texture synthesized via a
(P, g) = (3,4) semicausal white noise~driven model. This model was designed via the
Wiener-Doob homomorphic factorization method of Section 6.8.

Structural Approaches [4, 47, 54]

Purely structural textures are deterministic texels, which repeat according tc some
placement rules, deterministic or random. A texel is isolated by identifying a group
of pixels having certain invariant properties, which repeat in the given image. The
texel may be defined by its gray level, shape, or homogeneity of some local prop- -
erty, such as size, orientation, or second-order histogram (concurrenée matrix). The
placement rules define the spatial relationships between the texels. These spatial
relationships may be expressed in terms of adjacency, dosest distance, period-

LR S
e

(b) Texture synthesized by {c) Texture synthesized by
causal model samicausal model
L'

Figure'9.42 Texture symhesis using causal and semicausal models.
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icities, and soon, in the case of deterministic placgment rules. In such cases the
texture is labeled as being strong. )

For randomly placed texels, the associated texture is called weak and the
placement rules may be expressed in terms of measures such as the following:

1. Edge density

2. Run lengths of maximally connected texels

3. Relative extrema density, which is the numbe of pixels per unit area showing
gray levels that are locally maxima or minima relative to their neighbor's._ Ff)t
example, a pixel u(m, n) is a relative minimum or a relative maximum if it is,
respectively, less than or greater than its nearest four neighbors. (In a regiqn
of constant gray levels, which may be a plateau or a valley, each pixel counts as
an extremum.) ) ‘

This definition does not distinguish between images having a few large
plateaus and those having many single extrema. An alternative is to count
each plateau as one extremum. The height and the area of each extremum
may also be considered as features describing the texels.

Example 9.7 Synthesis for quasiperiodic textures

The raffia texture (Fig. 9.43a) can be viewed as a quasiperiodic repetition of a
deterministic pattern. The spatial covariance function of a small portion of the image

- was analyzed to estimate the periodicity and the randomness in the periodic rate. A
17 X 17 primitive was extracted from the parent texture and repeated according to the
quasiperiodic placement rule to give the image of Fig. 9.43b.

Other Approaches

A method that combines the statistical and the structural approaches is based on
what have been called mosaic models [55]. These models represent random geo-
metrical processes. For example, regular or random tessellations of a plane into
bounded convex polygons give rise to cell-structured textures. A mosaic model

(b) Synthesized raffia by quasi-periodic
placement of a primnitive

{a) Original 256 x 256 raffia
Fignreb 9.43 Texture synthesis by structural approach.
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could define rules for partitioning a plane into different cells, where each cell con-
tains a geomietrical figure whose features (such as center or orientation) have
prescribed probability distributions. For' example circles of . fixed radius placed
according to a Poisson point process defined on a plane would constitute a mosaic
‘texture. In general, mosaic models should provide higher resolution than the
random field models. However, quantification of the underlying geometric pattern
and identification of the placement process would be more difficult. For textures
that exhibit regularities in primitive placements, grammatical models can be devel-
oped [3]. Such grammars give a few rules for combining certain primitive shapes or
symbols to generate several complex patterns. '

9.12 SCENE MATCHING AND DETECTION.

A problem of much significance in image analysis is the detection of change or.

presence of an object in a given scere. Such problems occur in remote sensing for
monitoring growth patterns of urban areas, weather prediction from satellite
images, diagnosis of disease from medical images, target detection from radar
images, and automation using robot vision, and the like. Change detection is also
useful in alignment or spatial registration of two scenes imaged at different instants
or using different sensors. For example, a large object photographed. in small
overlapping sections can be reconstructed by matching the overlapping parts.

lmage Subtraction

Changes in a dynamic scene observed as w; (m, n), i =1, 2, . .. are given by

e(mm)=w(mn)—u_ (mny (5.121)
Although elementary, this image-subtraction technique is quite powerful in care-
fully controlled imaging situations. Figure 9.44 shows an example from digital
radiology. The images u; and u, represent, respectively, the X-ray images before
and after injection of a radio-opaque dye in a renal study. The change, not visible in
uy, can be easily detected as renal arteries after u; has been subtracted out. Image
subtraction is also useful in motion detection based security monitoring systems,
segmentation of parts from a complex assembly, and so on.

Template Matching and Area Correlation

The presence of a known object in a scene can be detected by searching for the
location of match between the object template u(m, n) and the scene v(m, n).
Template matching can be conducted by searching the displacement of u(m, ny,
where the mismatch energy is minimum. For a displacement (p, ¢), we define the

mismatch energy
o2, )AZZ [vomm) = um —p,n - 9P
=22|v(m,n)]2+22|u(m, n)!z—ZEEV(m,n)u(m -p,n—q) .
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(0-122)

" a) Precontrast b) Postcontrast

c) Difference

Figure 9.44 Change detection in digital radiography.

For o’ (p, ¢) to achieve a minimum, it is sufficient to maximize the cross-
correlation )

(P DEXZv(mmuim —pn-g), V(pg  (9.123)
From the Cauchy-Schwarz inequality, we have

leal = |2 Z v (m, i?)f‘,S?Z?"P: n ‘q)‘
S ‘ ©(9.124)

£ =SS 55 n o]
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ulm—p,n —'q)

Figure 9.45 Template matching by area correlation. )

where the equality occurs if and only if v(m, 1) = au(m — P, —q), where a is an
arbitrary constant and can be set equal to 1. This means the cross-correlation
¢..(p, q) attains the maximum value when the displaced position of the template
coincides with the observed image. Then, we obtain

(P )= 2 2 v(m n)f >0 (9.125)

and the desired maximum occurs when the observed image and the template are
spatially registered. Therefore, a given object 1 {yn, n) can be located in the scene by

 searching the peaks of the cross correlation function (Fig. 9.45). Often the given

template and the observed image are not only spatially translated but are also
relatively scaled and rotated. For example, :
Mm@=weﬁlﬁ;iﬁ)

1 Y2

’

(9.126),

where +y; and y, are the scale factors, ( p', q') are the displacement coordinates, and
0 is the rotation angle of the observed image with respect to the template. In such
cases the cross-correlation function maxima have to be searched in the parameter
space (p’, q', 1,v2,8). This can become quite impractical unless reasonable esti-
mates of vy, y», and 6 are given. ’

The cross-correlation c., (p, q) is also called the area correlation. It can be
evaluated either directly or as the inverse Fourier transform of

Cuu (01, 02) & Few (P, =V (w1, 0) U (w1, )

The direct computation of the area correlation is useful when the template is small.
Otherwise, a suitable-size FFT is employed to perform the Fourier transform calcu-
lations. Template matching is particularly efficient when the data is binary. In that
case, it is sufficient to search the minima of the total binary difference

(6.127)

(P, 8T v (m,m)@u(m ~p,n - g)] (9.128)
which requires only the simple logical exclusive-OR operations. The quantity
Yw (P, q) gives the number of pixels in the image that do not match with the
template at location (p, g). This algorithm is useful in recognition of printed
characters or objects characterized by known boundaries as ir the inspection of
printed circuit boards. .
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- Matched Filtering [56-57]

Suppose a deterministic object u(m, n), displaced by (mo, n,), is observed in the
presence of a surround (for example, other objects), anid observations are a colored
noise field n(m, n) with power spectral density S, (o1, »;). The-observations are

‘ v(m, n) =u(m — my,n ~ ny) + n(m, n) (9.129)

The matched filtering problem is to find a linear filter g (s, n) that maximizes the
output signal-to-noise ratio (SNR)

50,0
2 2 E[lg(m, n) ®n(m, n)f’]

s(m, n) ég(m, n)®u(m —my,n — ngy)

(9.130)

Here s(m, n) represents the signal content in the filtered output g(m, n) ® v (m, n).
Following Problem 9.16, the matched filter frequency response is found to be

G(w;, ;)= %% exp[—j(wmgy + w; np)] (9.131)
which gives its impulse Tesponse as
g(m,n)=r, (m,n)®u(—m —my, —n — ny)

where

rs (m, n) & Tl[f(llz—wj ' (9.132)
Defining

v(m, 1) B v(m, n) ® r; (m, n) | (9.133)
the matched filter output can be written as
g(m, n) ®v(m, n) = u(—m — mg, —n — ng) ® v(m, n) (9.134)

=ZE v(i, JJu(i —m ~my,j —n — ng)

which, according to (9.123), is c,, (m + mo, n + ny), the area correlation of v(m, h)
with u(m + my, n + ny). If (my, no) were known, then the SNR would be maximized
at (m, n) = (0,0), as desired in (9.130) (show!). In practice ‘these displacement
values are unknown. Therefore, we compute the correlation c,, (m, ) and search
for.the location of maxima that gives {my, ny). Therefore, the matched filter can be
implemented as an area correlator with a preprocessing filter (Fig. 9.46a). Recall
from Section 6.7 (Eq. (6.91)) that r; (m, n) would be proportional to the impulse
response of the minimum variance noncausal prediction error filter for a random
field with power spectral density S, (w;, w,). For highly correlated random fields—
for instance, the usual monochrome images—r;, (m, n) represents a high-pass filter.
For example, if the background has object-like power spectrum [see Section 2.11]
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glm, n}
b debes .
i
i
| Min variance .
vim,nl noncausal wm, n) ; Y

. f rolm, n) “m,
i
e -l

{b} Example of rolm, n)

{a) Overall-filter.
Khilter

7 . .
Figure 9.46 Matched filtering in the presence of colored noise. For white noise
case ry (m,n) = 8(m, n). ! '

.

1 1
(1= 2a cos w))(1 - 2a cos )’ 05a<2

S {wy, 7)) = (9.135)
then r; (m, n) is a high-pass filter whose impulse response is shown in Fig. 9.46b (see
Example 6.10). This suggests that template matching is more effective if the edges
(and other high frequencies) are matched whenever a given object has to be de-
tected in the presence of a correlated background.

If n(m, n) is white noise, then S, will be constant for instance, and - (m,n)=
8(m, n). Now the matched filter reduces to the area correlator of Fig. 9.45.

Direct Search Methods [58-59]

Direct methods of searching for an object in a scene are useful when the template
size is small compared to the region of search. We discuss some efficient direct
search techniques next.-

Two-dimensional logarithmic search. This method reduces the search
iterations to about logn for an n' X  area. Cousider the mean distortion function

D, j) =ﬁm§“§f(v(m, my—u(m+in+j), -p=ij<p (9.136)

where f(x) is a given positive and increasing function of x, u(m,n)isan M xN
template and v(m, n) is the observed image. The template match is restricted to a
preselected [—p, p] X [~p, p] region. Some useful choices for f(x) are |x| and x2.
We define direction of minimum distortion (DMD) as the direction vector (i, j) that
minimizes D (i, j). Template match occurs when the DMD has been found within
the search region.

Exhaustive search for DMD would require evaluation of D (j, j) for (2p + 1)?
directions. If the D{j, j) increases monotonically as we move away from the DMD
along any direction, then the search can be speeded up by successively reducing the
area of search: Figure 9.47a illustrates the procedure for p =5. The algorithm
consists of searching five locations (marked <), which contain the center of the
search area and the midpoints between the center and the four boundaries of the

area. The locations searched at'the initial step are marked 1. The optimum direction .
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A 2-D logarithmic search procedure for the direction
of minimum distortion. The figure shows the concept
of the 2-D logarithmic search to find a pixel in another
frame, which is registered with respact to the pixel
{7, /) of a given frame, such that the mean square error
over a block defined around (/, /) is minimized. The
search is done step by step, with O indicating the
directions searched at a step number marked. The
numbers circled show the optimum directions for that
search step and the * shows the final optimum direction,
{f — 3,7+ 1), in this example, This procedure requires,
searching only 13 to 21 locations for the given grid, as
oppased to 121 total possibilities.
(@)
Figure 9.47 Two-dimensional logarith-
mic search. (a) The algorithm. (b) Exam-
: " ple Courtesy Stuart Wells, Herriott-Watt
() “Univ. UK.
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(circled numbers) gives the location of the new center for the mext step. This
procedure continues until the plane of search reduces to a 3 X 3 size. In the final
siep all the nine locations are searched and the location corresponding to the
minimum gives the DMD., '

. Algorithm[58].  Foranyintegerm >0, defineA(m) ={(i, j); ~m =<i,j <m},
A (m) =1{(0,0), (m, 0), (0, m), (—m, 0), (0, —m)}.
Step 1  (Initialization)

D(i,j)= o, G,j) € Mp);n' 8 Integer [log,pl; n = max{2, 2 -1
q=1=0  (or an initial guess for DMD)

Step 2 A (n) A (n)

Step 3 Find (i, j) € &' (n) such that D(i + q,j +!) is minimum. If{ = 0 and
j =0, go to Step 5; otherwisz go to Step 4. -

Step 4 qq+il—l+j, H (n) et (n)~(—i, —j); go to Step 3.

Step 5 n<ni2.1f n = 1, go to Step 6; otherwise go to Step 2.

Step 6 Find (i,j) € A7(1) such that D(i + g,/ +[) is minimum. g «i +g¢,
<1 +j. (g,1) then gives the DMD.

If the direction of minimum distortion lies outside A" p), the algorithm con-
verges to a point on the boundary that is closest to the DMD. This algorithm has
been found useful for estimating planar-motion of objects by measuring displace-
ments of local regions from one frame to another. Figure 9.47b shows the motion
vectors detected in an underwater scene involving a diver and turbulent water flow.

-

1

i
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' : ™=

: W7 %)
vim, n) : vyim, n)- vy(m, n) va{m, n}

O o

ulm, n} uy{m, n) uy{m, n) uz{m, n)

Figure 9.48 ' Hierarchical search. Shaded area shows the region wheré match oc-
curs. Dottéd lines show regions searched.
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Sequential search.  Another way of speeding up search is to compute the
cumulative error ’

P4 .
e,;,q(i,j)é > > on,m)—u(m +in+j), p=Mg=N (9.137)
m=1n=1{ .
and terminate the search at (i, j) if e, , (i, j) exceeds some predetermined threshold.
The search may then be continued only in those directions where e, ,{i,j)isbelowa
threshold.
Amother possibility is to search in the i direction until a minimum is found and
then switch the search in the j direction. This search in alternating conjugate direc-
tions is continued until the location of the minimum remains unchanged.

Hierarchical search. If the observed image is very large, we may first

search a low-resolution-reduced copy using a likewise reduced copy of the template.
If multiple matches occur (Fig. 9.48), then the regions represented by these loca-
tions are searched using higher-resolution copies to further refine and reduce the

search area. Thus the full-resolution region searched can be a small fraction of the

total area. This method of coarse-fine search is also logarithmically efficient.

9.13 IMAGE SEGMENTATION

Image segmentation refers to the decomposition of a scene into its components. It is
a key step in image analysis. For example, a document reader would first segment
the various characters before proceeding to identify them. Figure 9.49 lists several
image segmentation techniques which will be discussed now.

Amplitude Thresholding or Window Slicing

Amplitude thresholding is useful whenever the amplitude features (see Section 9.2)

sufficiently characterize the object. The appropriate amplitude feature values are _

calibrated so that a given amplitude interval represents a unique object character-
istic. For example, the large amplitudes in the remotely sensed IR image of Fig.
7.10b represent low temperatures or high altitudes. Thresholding the high-intensity
values segments the cloud patterns (Fig. 7.10d). Thresholding techniques are also
useful in segmentation of binary images such as printed documents, line drawings-
and graphics, multispectral and color images, X-ray images, and so on. Threshold

Image segmentation techniques

|
]

|

Amplitudg Component Boundary-based Region-based Template * Texture
threshoiding labeling approaches approaches hing gl tion
and clustering )
Figure 9.49
Sec.9.13  Image Segmentation . 407




selection is an important step in this method. Some commonly used approaches are

as follows: - :

1. The histogram of the image is examined for locating peaks and valleys. If it is
multimodal, then the valleys can be used for selecting thresholds.

2. Select the threshold (¢) so that a predetermined fraction {m) of the total

number of samples is below &, ‘

Adaptively threshold by examining local neighborhood histograms.

Selectively threshold by eé(amining histograms only of those points that satisfy

a chosen criterion. For example, in low-contrast images, the histogram of

those pixels whose Laplacian magnitude is above a prescribed value will

exhibit clearer bimodal features than that of the original image.

5. If a probabiiistic model of the different segmentation classes is known,
determine the threshold to minimize the probability of error or some other
quantity, for instance, Bayes’ risk (see Section 9.14),. .

Eal o

Example 9.8
We want to segment the Washington Monument from ‘the scene in Fig. 9.50. First, the
low intensities are thresholded to isolate the very dark areas (trees here). Then we
detect a rectangle bounding the monument by thresholding the horizontal and vertical
projection signatures defined as 4 (1) 2 X, u(m, 0}/, 1, vim) & S, u(m, />, 1.
Contour-following the boundary of the object inside the rectangle gives the segmented
object.

\

-3

vim)
- Input 255 Tree removed Horizontal Segmented
image image and.vertical Contour | IMage
projection following
60 255 A analysis
hin}
1 —3

" Figure 9.56 Image segmentation using horizontal and vertical projections.
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Figure 9.51 Neighborhood of pixel X in
a pixel labeling algorithm,

Component Labeling

A simple and effective method of segmentation of binary images is by examining the
connectivity of pixels with their neighbors and labeling the connected sets. Two
practical algorithms are as follows. i

Pixel labeling. Suppose a binary image is raster scanned left to right and
top to bottom. The current pixel, X' (Fig. 9.51), is labeled as belonging to either an
object (1s) or a hole (0s) by examining its connectivity to the neighbors 4, B, C, and
D. For example, if X = 1, then it is assigned to the object(s) to which it is connected.
If there are two or more qualified objects, then those objects are declared to be
equivalent and aré merged. A new object label is assigned when a transition from 0s
to an isolated 1 is detected. Once the pixel is labeled, the features of that object are
updated. At the end of the scan, features such as centroid, area, and perimeter are

- saved for each region of connecied 1s.

Run-length connectivity anglvsis. An alternate method of segmenting
binary images is to analyze the connectivity of run lengths from successive scan
lines. To illustrate this idea, we consider Fig. 9.52, where the black or white runs are
denoted by a, b, c, .. .. A segmentation table is created, where the run a of the first
scan line is entered into the first column. The object of the first run « is named A.
The first run of the next scan line, b, is of the same color as 2 and overlaps a. Hence

Coiumn 1 2 3 4 5 8
A a ) Level T2 1 2 1 3
g Object A 8 A B A C
IC1 B C
D1 8 ¢ Flags
Ic2 A 8
D2 A 8
a
b ¢ d )
‘e f g b i
;& m n ] »Data
o . p r s q
t wu v
- [
“(a) Input: binary image {b) Qutput: segmentation table
Figure 9.52 Run-length connectivity algorithm.
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b belongs to the object 4 and is placed underneath a in the first column, Since ¢ is of
different color, it is placed in a riew column, for an object labeled B. The run d is of
the same color as @ and overlaps a. Since b and d both overlap a, divergence is said to
have occurred, and a new column of object A4 is created, where dis placed. A divergence
flag ID1 is set in this column to indicate that object B has caused this divergence.
Also, the flag ID2 of B {(column 2} is set to A to indicate B has caused divergence in
A. Similarly, convergence occurs when two or more runs of 0s or 1s in a given line
overlap with a run of same color in the previous line. Thus convergence occurs in
run u, which sets the convergence flags ICI to Cin column 4 and IC2 to B in column
6. Similarly, w sets the convergence flag IC2 to A in column 2, and the column 5 is
labeled as belonging to object A.

In this manner, all the objects with different closed boundaries are segmented
in a single pass. The segmentation table gives the data relevant to each object. The
convergence and divergence flags also give the hierarchy structure of the object.
Since B causes divergence as well as convergence in A and C has a similar relation-
ship with B, the objects A, B, and C are assigned levels 1, 2, and 3, respectively.

Example 9.9

fl'\ vision system based on run-length connectivity analysis is outlined in Fig. 9.53a. The
input object is imaged and digitized to give a binary image. Figure 9.53b shows the
run-length representation of a key and its segmentation into the outer profile and the

Object

Camera AtoD Preprocess 3] Runlength Feature

converter and binarize segmentation extraction Classification

{a) Vision system

. {c} Display of Best-Fit Ellipse, Bounding
(b} Run Length Data for a Key Rectangle and Center of Mass for the Key.
- o

Figure 9.53  Vision system based on run-length connecitvity analysis.
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three holes. For each object, features such as number of holes, area of holes, bounding
rectangle, center of mass, orientation, and lengths of major and minor axes of the best-

- fit ellipse are calculated (Fig. 9.53c). A system trained on the basis of such features can
then identify the given object from a trained vocabulary of objects [69].

Boundary-Based Approaches

Boundary extraction techniques segment objects on the basis of their profiles.

Thus, contour following, connectivity, edge linkiag and graph searching, curve
fitting, Hough transform, and other techniques of Section 9.5 are applicable to
image segmentation. Difficulties with boundary-based methods occur when objects
are touching or overlapping or if a break occurs in the boundary due to noise or

- artifacts in the image.

Example 9.10 Boundary analysis-based vision system v
Figure 9.54a shows an example of an object-recognition system, which uses the bound-
ary information for image segmentation. The edges detected from the image of the
input object are linked to determine the boundary. A spline fit (Section 9.6) is per-
formed to extract the control points (Fig. 9.54b), which are then used to detérmine the
object location (center of mass), orientation, and other shape parameters [71].

Object Segmentation| ° Spline control Jassificati
! gdge . by boundary point feature ;:n:ls:' nlaclay;icsm
etection detection extraction

{a) System block diagram

o7 A
N
I

Objéct boundary points

Control points

Cubic spline fit

= (b}

Figure 9.54 .Object recognition system based on boundary analysis.
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Region-Based Approaches and Clustering’

. The main idea in region-based segmentation techniques is to identify various
regions in an image that have similar features. Clustering techniques encountered in
pattern-recognition literature have similar objectives and can be applied for image
segmentation. Examples of clustering are given in Section 9.14.

One class of region-based techniques involves region growing [72]. The image
is divided into atomic regions of constant gray levels. Similar adjacent regions are
merged sequentially until the adjacent regions become sufficiently different (Fig.
9.55). The trick lies in selecting the criterion for merging. Some merging heuristics
are as follows:. . :

Merge two regions &%; and & if w/(F,, > 6;, where B, =min(P, ), P;and P,are
the perimeters of &%; and &2;, and w'is the number of weak boundary locations

ot
.

(pixels on either side have their magnitude difference less than some threshold -

o). The parameter 6, controls the size of the region to be merged. For example
6, =1 implies two regions will be merged only if one of the regions almost
surrounds the other. Typically, 6, = 0.5.

2. Merge %;and &; if w/l > 8,, where I is the length of the common boundary
between the two regions. Typically 6, = 0.75. So the two regions are merged if
the boundary is sufficiently weak. Often this step is applied after the first
heuristic has been used to reduce the number of regions.

3. Mexge &% and &, enly if there are no strong edge points between them. Note
that the run-length connectivity method for binary images can be interpreted
as an example of this heuristic.

4. Merge &%; and &; if their similarity distance [see Section 9.14] is less than a
threshold.

Instead of merging regions, we can approach the segmentation problem by
splitting a given region. For example the image could be split by the quad-tree
approach and then similar regions could be merged (Fig. 9.56).

Region-based approaches are generally less sensitive to noise than the
boundary-based methods. However, their implementation complexity can often be
quite large. ’ :

Weak

boundary
/ .

7

a S, ®R=®, URUR,
/
'/./‘~__ Merge
R,

@\ M &

Figure 9.55 Region growing by merging.
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(b) Quad tree split
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Figlix‘e 9.56 Region growing by split and merge technidues.

Template Matching

One direct method of segmenting an image is to match it against templates from a

" given list. The detected objects can then be segmented out and the remaining image

can be analyzed by other techniques (Fig. 9.57). This method can be used to
segment busy images, such as journal pages containing text and graphics. The text
can be segmented by template-matching techniques and graphics can be analyzed
by boundary following algorithms.

Texture Segmentation
Texture segmentation becomes important when objects in a scene have a textured

background. Since texture often contains a high density of edges, boundary-based
techniques may become ineffective unless texture is filtered out. Clustering and

(a) Template ) input image {c} Filtered image

Figure 9.57 Background segmentation {or filtering) via template matching.
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region-based approaches applied to textured features can be used to segment tex-
tured regions. In general, texture classification and segmentation is quite a dificult
problem. Use of a priori knowledge about the existence and kinds of textures that
may be present in a scene can be of great utility in practical problems.

$.14 CLASSIFICATION TECHNIQUES .
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A major task after feature extraction is to classify the object into one of several
categories. Figure 9.2 lists various classification techniques applicable in image
analysis. Although an in-depth discussion of classification techniques can be found
in the pattern-recognition literature—see, for example, {1}—we will briefly review
these here to establish their relevance in image analysis.

It should be mentioned that classification and segmentation processes have
closely related objectives. Classification can lead to segmentation, and vice-versa,
Classification of pixels in an image is another form of component labeling that can

result in segmentation of various objects in the image. For example, in remote -

sensing, classification of multispectral data at each pixel location results in segmen-
tation of various regions of wheat, barley, rice, and the like. Similarly, image
segmentation by template matching, as in character recognition, leads to classifica-
tion or identification of each object. _

There are two basic approaches to classification, supervised and nonsuper-

 vised, depending on whether or not a set of prototypes is available.

Supervised Learning

Supervised learning, also called supervised classification, can be distribution free

or statistical. Distribution-free methods do not require knowledge of any a priori
probability distribution functions and are based on reasoning and heuristics. Statis-
tical techniques are based on probability distribution models, which may be
parametric (such as Gaussian distributions) or nonparameuric.

Distribution-free classification. Suppose there are K different objects or
pattern classes S}, S, ...,S8k, ..., Sk. Each class is characterized by M, prototypes,
which have N x 1 feature vectors y®,m =1, ..., M. Let xdenote an N X 1 feature
vector obtained from the observed image. A fundamental function in pattern recog-
nition is called the discriminant function. It is defined such that the kth discriminant
function g; (x) takes the maximum value if x belongs to class %, that is, the decision

rule is .
&(X)>g(x) k+iox€S,

For a K class problem, we need K — 1 discriminant functions. These functions
divide the N-dimensional feature space into K different regions with a maximum of
K(X — 1)/2 hypersurfaces. The partitions become hyperplanes if the discriminant
function is linear, that is, if it has the form

2

N gk (X) = a{x + bk (9.139)
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(9.138)

Such a function arises, for example, when x is classified to the class whose centroid
is nearest in Euclidean distance to it (Problem 9.17). The associated classifier is
called the minimum mean (Euclidean) distance classifier.

An alternative decision rule is to classify x to §; if among a total of k£ nearest
prototype neighbors of x, the maximum number of neighbors belong to class S;. This
is the k-nearest neighbor classifier, which for k =1 becomes a minimum-distance
classifier.

When the discriminant function can classify the prototypes correctly for some
linear discriminants, the classes are said to be linearly separable. In that case, the
weights a, and b, can be determined via a successive linear training algorithm. Other
discriminants can be piecewise linear, quadratic, or polynomial functions. The
k-nearest neighbor classification can be shown to be equivalent to using piecewise
linear discriminants.

Decision tree classification [60-61].. Another distribution-free classifier,
called a decision tree classifier, splits the N-dimensional feature space into unique
regions by a sequential method. The algorithm is such that every class need not be
tested to arrive at a decision. This becomes advantageous when the number of
classes is very large. Moreover, unlike many other training algorithms, this algo-
rithm is guaranteed to converge whether or not the feature space is linearly sepa-
rable. . )

Let pi (i) and o (i) denote the mean and standard deviation, respectively,
measured from repeated independent observations of the kth prototype vector
element y® (i),m =1,..., M. Define the normalized average prototype features
2z (i) a i (i)o, (i) and an N x K matrix

zi(1)  z(1) ...z (D)
;.:,(2) fz(z) e fk(z)

4(N) zN) ... z(N)

The row number of Z is the feature number and the column number is the object or
class number. Further, let Z’ a [Z] denote the matrix obtained by arranging the
elements of each row of Z in increasing order with the smallest element on the left
and the largest on the right. Now, the algorithm is as follows.

Z= (9.140)

Decision Tree Algorithm

Step 1 Convert Z to Z'. Find the maximum distance between adjacent row -
elements in each row of Z'. Find r, the row number with the largest maximum
distance. The row r represents a feature. Set a threshold at the. midpoint of the
maximum distance boundaries and split row r into two parts.

Step 2 Convert Z' to Z such that the row r is the same in both the matrices.
The elements of the other rows of Z' are rearranged such that each column of Z
represents a prototype vector. This means, simply, that the elements of each row of
Z are in the same order as the elements of row r. Split Z into two matrices Z, and Z,
by splitting each row in a manner similar to row 7.

Step 3 Repeat Steps 1 and 2 for the split matrices that have more than one
column. Terminate the process when all the split matrices have only one column.

415
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The preceding process produces a series of thresholds that induce questions
of the form, Is feature j > threshold? The questions and the two possible decisions
“for each question generate a series of nodes and branches of a decision tree. The
terminal branches of the tree give the classification decision..

Example 9.11

The accompanying table contains the normalized average areas and perimeter lengths
of five different object classes for which a vision system is to be trairied.

-k 1 2 3 4 5

z(1)=<§) area 6 | 122 |24l 2

z(z)=<§) perimeter | 56| 28 | 42 | 35| 48

This gives
T]1‘516
z=| 612120220 5 1612|2024 27
T|28 35 | 42 48 56 "Ts6 28 | 42 35 48

Zz Z3

The largest adjacent difference in the first row is 8; in the second row itis 7. Hence the
first row is chosen, and z(1) is the feature to be thresholded. This splits Z; into Z, and
Z,, as shown. Proceeding similarly with these matrices, we get :

21
6 12 = 2] s
ZZ‘[zs | 56] = ZZ_LS 56}
T]z=4.2
. '\']4=23.5
L 20 o4 om 5 _f24 | 20| 27
Z3"{35 | 4 48] > Zz"{ss P 48}
s = 38.5 4 3 5
Z

The thresholds partition the feature space and induce the decision tree, as shown in
Fig. 9.58.

Statistica! classification. In statistical classification techniques it is
assumed the different object classes and the feature vector have an underlying joint
probability density. Let P(S,) be the a priori probability of occurrence of class S,

“and p(x) be the probability density function of the random feature vector observed
as x. '

Bayes’ minimum-risk classifier. The Bayes’ minimum-risk classifier mini-
mizes the average loss or risk in assigning x to a wrong class. Define
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Figure .58 Decision tree classifier.

X
Risk, #2 > f c(x[Sp (x) dx
k=1"Ry (9.141)

c(x|S) A 2 Ci, e (S:1%),

where ¢; . is the cost of assigning x to S, when x € §; in fact and R, represents the
region of the feature space where p (x|S;) > p (x|S)), for every i # k. The quantity
c(x|S,) represents the total cost of assigning x to S. It is well known the decision
rule that minimizes $2 is given by

K K
2 aPEIPEIS)<Z ¢ ;P(S)p(xlS), Vi+tk Dx€S, (9.142)
i=1 i=1

Ifc,y=1,i ¥k and ¢ ,=0,i =k, then the decision rule simplifies to
: P(ISIP(S) > p(xIS)P(S), Vitk Sx€8  (9.143)

In this case the probability of error in classification is also minimized and the
minimum error classifier discriminant becomes

8 (x) = p(x|SHP(S:) (9.144)

In practice the p(x|S,) are estimated from the prototype data by either paramerric
or nonparametric techniques which can yield simplified expressions for the discrimi-
nant function. ' ‘

There also exist .some sequential classification techniques such as sequential
probability ratio test (SPRT) and generalized SPRT, where decisions can be made
initially using fewer than N features and refined as more features are acquired
sequentially [62]. The advantage lies in situations where N is large, so that it is
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desirable to terminate the process if only a few features measured early can yield
adequate results. ’

Nonsupervised Learning or Clustering

In nonsupervised learning, we attempt to identify clusters or natural groupings in
the feature space. A cluster is a set of points in the feature space for which their
local density is large (relative maximum) compared to the density of feature points
in the surrounding region. Clustering techniques are useful for image segmentation
and for classification of raw data to establish classes and prototypes. Clustering is
also a useful vector quantization technique for compression of images.

Example 9.12

The visual and IR images u, (m, n) and u, (m, n), respectively (Fig. 9.59a), are trans-
formed pixel by pixel to give the features as vi(m, n) = (u; (m, n) + us (m, V2,
v2(m, n) = (ur{m, n) — i (m, n))/\V/2. This is simply the 2 X 2 Hadamard transform of
the 2 X 1 vector [i, u5]". Figure 9.59b shows the feature images. The images v, (m, n)
and v, (m, n) are found to contain mainly the clouds and land features, respectively.
Thresholding these images yield the left-side images in Fig. 9.59c and d. Notice the

" clouds contain some land features, and vice-versa. A scatter diagram, which plots each

418

vector [vyv;]” as a point in the v, versus V2 space, is seen to have two main clusters (Fig.
9.60). Using the cluster boundaries for segmentation, we can remove the land features
from clouds, and vice versa, as shown in Fig. 9.59¢ and d (right-side images).

(@

Figure 9.59  Segmentation by clustering. (a) Input images u, (m, n) and i, (n, n);
(b} feature images v, (m, n) and v, (m, n); (c) segmenation of clouds by thresholding
v, (left) and by clustering (right); (d) segmentation of land by thresholding v, (Iéft)
and by clustering (right). : . o

°
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Figure 9.60 Scatter diagram in feature space.

Similarity measure approach. The success of clustering techniques rests
on the partitioning of the feature space into cluster subsets. A general clustering
algorithm is based on split and merge ideas (Fig. 9.61). Using a similarity measure,
the input vectors are partitioned into subsets. Each partition is tested to check -
whether or not the subsets are sufficiently distinct. Subsets that are not sufficiently
distinct are merged. The procedure is repeated on each of the supsets until no
further subdivisions result or some other convergence criterion is satisfied. Thus, a
similarity measure, a distinctiveness test, and a stopping rule are required to define -
a clustering algorithm. For any two feature vectors x; and X;, some of the commonly
used similarity measures are:

Dot product:  {x;, x;) A X %; = IIx || Ix; ]| cos(x;, x;)
xi,x;)
X %) €65, %) = (%1, ;)

Similarity rule: 5 (x;,x) 4

Weighted Euclidean distance: d(x;,x;) Ay [x: (k) '-—‘x,‘ T Wk
. k

(xh x}' )
(i, X X3, %;)
Several different algorithms exist for clustering based bn similarity approach.
Examples are given next. )

Normalized correlation: p(x; x)) a
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Figure 9.61 A clustering approach.

Chain method [63]. The first data sample is designated as the representative
of the first cluster and similarity or distance of the niext sample is measured from the
first cluster representative. If this distance is less than a threshold, say m, then it is
placed in the first cluster; otherwise it becomes the representative of the second
cluster. The process is continued for each new data sample until all the data has
been exhausted. Note that this is a one-pass method.

An iterative method (isodata} [64]. Assume the number of clusters, K, is
known. The partitioning of the data is done such that the average spread or variance
of the partition is minimized. Let p, (n) denote the kth cluster center at the nth
iteration and R, denote the region of the kth cluster at a given iteration. Initially, we
assign arbitrary values to g, (0). At the nth iteration take one of the data points x;
and assign it to the cluster whose center is closest to it, that is, .

X; 3 Rk [~ d(xi, 252 (n)) = 0 m x [d(x,-, [ (n)] (9145)

J=hoo .
where d(x,y) is the distance measure used. Recompute the cluster centers by
finding the point that minimizes the distance for elements within each cluster. Thus

me(n+1): 2 dx,p(n+1))=min > d(x,y), k=1,...,K (9.146)

X; € Ry . Yo% Ry
The procedure is repeated for each x;, one at a time, until the clusters and their
‘centers remain unchanged. If d(x, y) is the Euclidean distance, then a cluster center
is simply the mean location of its elements. If K is not known, we start with a large

— ' — Sek=1,...K

Image

Feature Features

extraction
: Symbolic

representation

Symbals Description

» Interpretation

Visual {ook L}p
models ~ in tables

Figure 9.62 Image understanding systems.
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value of K and then merge to K — 1, K —2,...clusters by a suitable cluster-distance
measure. :

Cther Methods

Clusters can also be viewed as being located at the nodes of the joint Nth-order
histogram of the feature vector. Other clustering methods are bascd on statistical
nonsupervised learning techniques, ranking, and intrinsic dimensionality determi-
nation, graph theory, and so on [65, 66]. Discussion of those techniques is beyond
the goals of this text. :

Finally it should be noted that success of clustering techniques is closely tied
to feature selection. Clusters not detected in a given feature space may be easier to
detect in rotated, sealed, or transformed coordinates. For images the feature vector
elements could represent gray level, gradient magnitude, gradient phase, color,

-and/or other attributes. It may also be useful to decorrelate the elements of the

feature vector.

9.15 IMAGE UNDERSTANDING

Image understanding (IU) refers to a body of knowledge that transforms pictorial
inputs into commonly understood. descriptions or symbols. Image pattern-
recognition techniques we have studied classify an input into one of several

- categories. Interpretation to a class is provided by a priori knowledge, or super-

vision. Such pattern-recognition systems are the simplest of IU systems. In more-
advanced systems (Fig. 9.62), the features are first mapped into symbols; for exam-

(b}

Violates
minimum
width tule

(]

Figure 9.63 = A rule-based approach for printed circuit board inspection. (a) Pre-

processed image; (b) image after thinning and identifying tracks and pads; (c)
‘segmented image (obtained by region growing). Rules can be applied to the image
. in (c) and violations can be detected.

Sec. 9.15 ‘Image Understanding . - 421




ple, the shape features may be mapped into the symbols. representing circles,
rectangles, ellipses, and the like. Interpretation is provided to the collection of
symbols to develop a description of the scene. To provide interpretation, different

visual models and practical rules are adopted. For example, syntactic techniques

provide grammars for strings of symbols. Other relational models provide rules for
describing relations and intercounections between symbols. For example, pro-
jections at different angles of a spherical object may be symbolically represented as
several circles. A relational model would provide the interpretation of a sphere or a
ball. Figure 9.63 shows.an example of image understanding applied to inspection of
printed circuit boards [73 74].

Much work remains to be done in formulatidn of problems and development
of techniques for image understanding. Although the closing topic for this chapter,
it offers a new beginning to a researcher interested in computer vision.

PROBLEMS

9.1 Calculate the means, autocorrelation, covariance, and inertia [see Eq. (9. 116)] of the
second-order histogram considered in Example 9.1.

9.2% - Display the following features measured over 3 X 3,5 5,9 x 9, and 16 X 16 windows
of a 512 X 512 image: (a) mean, (b) median, (c) dispersion, (d) standard deviation, (e)
entropy, (f) skewness, and (g) kurtosis. Repeat the experiment for different images

~and draw conclusions about the possible use of these features in image processing
applications.

9.3* From animage of your choice, extract the horizontal, vertical, 30°, 45°, and 60° edges,

‘ using the DFT and extract texture using the Haar or any other transform. .

9.4* Compare the performances of the gradient operators of Table 9.2 and the 5x5
stochastic gradient of Table 9.5 on a noisy ideal edge model (Fig. 9.11) image with
SNR =9. Use the performance criteria of (9.25) and (9.26). Repeat the results at
different noise levels and plot performance index versus SNR. .

9.5 Evaluate the performance of zero-crossing operators on suitable nioiseless and noisy
images. Compare results with the gradient operators.

9.6 Consider a linear filter whose impulse response is the second derivative of the
Gaussian kernel exp(—x*2¢ ?). Show that, regardless of the value of o, the response of
this filter to an edge modeled by a step function, is a signal whose zero-crossing is at
the location of the edge. Generalize this result in two dimensions by considering the
Laplacian of the Gaussian kernel exp[—(x* + y”)/20°7].

9,7 The gradient magnitude and contour directions of a 4 x 6 image are shown in Fig.

" P9.7. Using the linkage rules of Fig. 9.16b, sketch the graph interpretation and find the
edge path if the evaluation function represents the sum of edge gradient magnitudes.
Apply dynamic programming to Fig. P9.7 to determine the edge curve using the
criterion of Eq. (9.27) with o« = 4/m, B = 1 and d(x, y) = Euclidean distance between x
and y.

9.8 . a. Find the Hough transforms of the flgures shown below in Flgure P9.8.

b. (Generalized Hough transform) Suppose it is desired to detect a curve deifinedv
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4 3 3 3
- Figure P9.7
(a) {b) {e) -
Figure P9.8

parametrically by ¢(x, y, a) = 0, where ais a p X 1 vector of parameters, from a set
of edge point (x;,¥:), i =1, ...,N. Run a counter C(a) as follows:

Initialize: C(a)=0
Doi=1,N: C(a)=C(a) +1, where a is such that ¢(x;, y:,a) =0

Then the local maxima of C(a) gives the particular curve(s) that pass through the
given edge points. If each element of a is quantized to L different levels, the
dimension of vector C(a) will be L”. Write the algorithm for detecting elliptical

segments described by '

(x - x0)2 ()’ yv)z
a’ Tt
If xo, yo, 4, and b are represented by 8-bit words each, what is the dimension of
C(a)?
If the gradient angles 6; at each edge point are given, then show how the relation

3¢

=1

€

. tane 0 for(x,y, 0)=(x:y:0)

might be used to reduce the dimensionality of the search problem.

9.9 a. Show that the normalized uniform periodic B-splines satisfy

ke k—~1 :
J;Bo,k(t)dt=1 and 2 Boy(t+j)=1, 0=t<1
: , j=o0

If an object of uniform density is approximated by the polygon obtained by joining
the adjacent control points by stralght lines, find the expressions fcr center of mass,
perimeter, area, and moments in terms of the control points. :

v
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$.10 (Cubic B-splines) Show that the contro! points and the cubic B-splines sampled at
uniformly spaced nodes are related via the matrices B, as follows:

M4 -1 . 0 1 6 0 0
1 4 i 1 4 1 0
B,=% , 5
1} 0 17471
R 006 5
B 1
where the first matrix is for the periodic case and the second is for the nonperiodic .

case. ) .
9.11 (Properties of FDs)

a. Prove the properties of the Fourier descriptors summarized in Table 9.8.

b. Using Fig. 9.26, show that the reflection of x;, x; is given by

='_1*{
A%+ B?

k)

(B* = A%x; — 24Bx, — 2AC]
- 1 :
fo= g [—2ABx; + (A%~ B*x, — 2BC]

From these relations prove (9.53). ‘

¢. Show how the size, location, orientation, and symmetry of an object might be
determined if its FDs and those of a prototype are given.

d. Given the FDs of u(n), find the FDs of x, (1) and x2 (1) and list their properties with
respect to the geometrical transformations considered in the text.

9.12 (Additional properties of FDs [32]) A . .

a. (FDs for a polygon curve) For a continuous curve u(r)=x(t) + jxz (t) with
period 7, the FDs are the Fourier series coefficients a(k) = (UT) [{u(r)
exp(—j2wkt/T) dt. If the object boundary is a polygon whose vertices are repre-
sented by phasors Vi, k =0,1,...,m —1, show that the FDs are given by

m

ak) = —(sz)z'% (bi—1 — by) exp(~j2mkt,/T)

where )

A Vier= Vi A d . A
S = Vi=Vi-al, k>0,6,20
b'"{V.-+1~V.-I’ . E' ! ’

X1

.~ la)- : Tp)
Figure P9.12

b; (Line patterns) 1f the given curve is a line pattern then a closed contour can be
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9.13

9.14*

9.15

9.16.

9.17

-9.18

9.19*

obtained by retracing it. Using the symmetry of the periodic curve, show that the
FDs satisfy the relation

‘ . a(k) = a(=k)e e

for some B. If the trace begins at ¢ =0 at one of the endpointé of the pattern, then

B = 0. Show how this property may be used to skeletonize a shape.
¢. The area A enclosed by the outer boundary of a surface is given by

y T dx; (t T dx;
A =%fx;dx1—%§x1dx;=%j:_oxz(t) - ;[())dt --%Loxx(’t)gt“df

In termis of FDs show that A = — 3 |a (k)] k. Verify this result for surface area of

. fmo
a line pattern.
(Properties of AR models)
a. Prove tbe translation, scaling, and rotation properties of AR model parameters
listed in Table 9.9.
b. Show a closed boundary, can lie reconstructed from the AR model residuals (n)
by inverting a circulant matrix.
c. Find the relation between AR model features and FDs of closed boundaries.
Scan and digitize the ASCII characters and find their medial axis transforms. Develop
any alternative practical thinning algorithm to reduce printed characters to line
shapes. - :
Compare the complexity of printed character recognition algorithms based on (a)
template matching, (b) Fourier descriptors, and (c) moment matching.
(Matched filtering)  Write the matched filter output SNR as
2 pppe
/ff G S, dwi dw,

where G and U are Fourier transforms of &(m, n), u(m, n), respectively. Apply the
Schwartz inequality to show that SNR is maximized only when (9.132) is satisfied
within a scaling constant that can be set to unity. What is the maximum value of SNR?
If w,. denotes the mean vector of class k& prototypes, show that the decision rule;
Ix— pdP<|x—piP, i#k=>x €S, gives a linear discriminant with a =2y,
bie= |l '

Find the decision tree of Example 9.11 if an object class with z(1)=15,z(2)=301s
added to the list of prototypes. B '
A printed circuit board can be modeled as a network of pathways that either merge
into other paths as terminate into a node. Develop a vision system for isolating defects
such as breaks (open circuits) and leaks (short circuits) in the pathways. Discuss and
develop practical preprocessing,” segmentation, and recognition algorithms for your
system. )

SNR= f_ f [GS[s'? Uexp{~j(wimp + wa o)} dw, da
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Image Reconsiruction
from Projections

10.1 INTRODUCTION

An important problem in image processing is to reconstruct a cross section of an
object from severai images of its transaxial projections [1-11]. A projection is a
shadowgram obtained by illuminating an object by penetrating radiation. Figure
10.1 shows a typical method of obtaining projections. Each horizontal line shown in
this figure is a one-dimensional projection of a horizontal slice of the object. Each
pixel on the projected image represents the total absorption of the X-ray along its
path from the source to the detector. By rotating the source-detector assembly
around the object, projection views for several different angles can be obtained.
The goal of image reconstruction is to obtain an image of a cross section of the object
from these projections. Imaging systems that generate such slice views are called CT
(computerized tomography) scanners. Note that in obtaining the projections, we
lose resolution along the path of the X-rays. CT restores this resolution by using
information from multiple projections. Therefore, image reconstruction from pro-
jections can also be viewed as a special case of image restoration.

Transmission Tomography
For X-ray CT scanners, a simple model of the detected image is obtained as follows. .
Let f(x, y) denote the absorption coefficient of the object at a point (x, y) in a slice

at some fixed value of z (Fig. 10.1). Assuming the illumination to consist of an
infinitely thin parallel beam of X-rays, the intensity of the detected beam is given by

I1=] exp[—fl-f(x, ») du} - \ (1‘0.1)
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Figure 10.1 An X-ray CT scanning system.

* where I is the intensity of the incident beam, L is the path of the ray, and u is the
distance along L (Fig. 10.2). Defining the observed signal as ‘

-1(%)
§=In I

we obtain the linear transformation

(10.2)

gég(s,. 6)=ff(x,y)du, —e<s<® <0< (10.3)
L

where (s, 8) represent the coordinates of the X-ray relative to the object. The image

reconstruction problem is to determine f(x, y) from g(s, 8). In practice we can only

estimate f (x, ) because only a finite number-of views of g(s, 8) are available. The

preceding imaging technique is called transmission tomography because the trans-

mission characteristics of the object are being imaged. Figure 10.1 also shows an

X-ray CT scan of a dog’s thorax, that is, a cross-section slice, reconstructed from

120 such projections. X-ray CT scanners are used-in medical imaging and non-
destryctive testing of mechanical objects.

Reflection Tomography

There are other situatighs where the detected image is related to the object by a
trapsformation equivalent to (10.3). For example, in radar imaging we often obtain
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Figure 10.2 Projection imaging geémetry in CT scanning.

a projection of the reflectivity of the object. This is called reflection tomography.
For instance, in the FLR imaging geometry of Figure 8.7a, suppose the radar pulse
width is infinitesimal (ideally) and the radar altitude (%) is large compared to the
minor axis of the antenna half-power ellipse. Then the radar return at ground range
r and scan angle ¢ can be approximated by (10.3), where f(x, y) represents the
ground reflectivity and L is the straight line parallel to the minor axis of the ellipse
and passing through the center point of the shaded area. Other examples are found
in spot mode synthetic aperture and CHIRP-doppler radar imaging [10, 36].

Emission Tomography

. Another form of imaging based on the use of pfojections is emission tomography,

for example, positron emission tomography (PET), where the emissive properties of
isotopes planted within an object are imaged. Medical émission tomography ex-
ploits the fact that certain chemical compounds containing radioactive nuclei have a
tendency to affix themselves to specific areas of the body, such as bone, blood,
tumors, and the like. The gamma rays emitted by the decay of the isotopes are
detected, from which the location of the chemical and the associated tissue within
the body can be determined. In PET, the radioactive nuclei used are such that
positrons (positive electrons) are emitted during decay. Near the source of emis-
sion, the positrons-combiné with an electron to emit two gamma rays in nearly
opposite directions. Upon detection of these two rays, a measurement representing
the line integral of the absorption distribution along each path is obtained.
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Magnetic Resonance Imaging

Another important situation where the image reconstruction problem arises is in
magnetic resonance imaging (MRI). T Being noninvasive, it is becoming increasingly
attractive in medical imaging for measuring (most commonly) the density of protons
(that is, hydrogen nuclei) in tissue. This imaging technique is based on the funda-
mental property that protons (and all other nuclei that have an odd number of

_protons or neutrons) possess a magnetic moment and spin. When placed in a mag-

netic field, the proton precesses about the magnetic field in a manner analogous-to a
top spinning about the earth’s gravitational field. Initially the protons are aligned
either parallel or antiparallel to the magnetic field. When an RF signal having an
appropriate strength and frequency is applied to the object, the protons absorb
energy, and more of them switch to the antlp'lrallel state. When the applied RF

signal is removed, the absorbed energy is reemitted and is detected by an RF

receiver. The proton density and environment can be determined from the charac-
teristics of this detected signal. By controlling the applied RF signal and the sur-

rounding magnetic field, these events can be made to occur along only one line"

within the object. The detected signal is then a function of the line integral of the
MRI signal in the object. In fact, it can be shown that the detected signal is the
Fourier transform of the projection at a given angle {8, 9].

Pro;ectlon-based Image Processmg

In the foregoing CT problems, the projection-space coordinates (s, 8) arise nat-
urally because of the data gathering mechanics. This coordinate system plays an
important role jn many other image processing applications unrelated to CT. For
example, the Hough transform, useful for detection of straight-line segments of
polygonal shapes (see Section 9.5), is a representation of a straight line in the
projection space. Also, two-dimensional linear shift invariant filters can be realized
by a set of decoupled one-dimensional filters by working in the projection space.
Other applications where projections are useful are in image segmentation (see
Example 9.8), geometrical analysis of objects [11] and in image processing applica-
tions requiring transformations between polar and rectangular coordinates.

We are now ready to discuss the Radon transform, which provides the mathe-
matical framework necessary for going back and forth between the spatial coor-
dinates (x, y) and the projection-space coordinates (s, 8).

~

10.2 THE RADON TRANSFORM [12.13] .

Definition

The Radon transform of a function f(x, y), denoted as g(s, 9), is defined as its line

integral along a line inclined at an angle 6 from the y-axis and at a distance s from’

 Also called nuclear magnetic resonance (NMR) imaging. To emphasize its noninvasive features, the
word nuclear is being dropped by manufacturers of such imaging systems to avoid confusion with nuclear
reactions associated with nuclear energy and radioactivity.
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the origin (Fig. 10.2). Mathematically, it is written as

gls, )2 af = H F(x, y)8(x cosB+y sinb—s)dxdy, . (104
—o<y <o 0=0<7

The symbol &%, dehoting the Radon transform operator, is also called the projection
operator. The function g(s, 8), the Radon ‘transform of f(x, y), is the one-dimen-
sional projection of f(x, y) at an angle 6. In the rotated coordinate system (s, u),
where

s=x cosf+ysinb x=5c0s0—usind (10.5)

or

u=—xsin@+y cosé y=ssin0+u cos®

(10.4) can be expressed as

g(s, 0)= f f(s cos®—u sin®,s sind + u cos0) du, (10.6)
—oo <5 <%0, 0<0<'rr .

The quantity g(s, 8) is also called a ray-sum, since it represents the summation of
f(x, y) along a ray at a distance s and at an angle 0.
The Radon transform maps the spatial domain (x, y) to the domain (s, ).

Each point in the (s, 8) space corresponds to a line in the spatial domain (x, y). Note .

that (s, 6) are not the polar coordinates of (x, y). In fact, if (s, $) are the polar
coordinates of (x, y), that is,

x=rcosd, y=rsind ‘ (10.7)
then from Fig. 10.3a
s =r cos(0 — ¢) (10.8)

For a fixed point (r, ¢), this equation gives the locus of all the points in (5, 0), which
is a sinusoid as shown in Fig. 10.3b. Recall from section 9.5 that the coordinate pair
(5, 0) is also the Hough transform of the straight line in Fig. 10.3a.

Example 10.1
Consider a plane wave, f(x, y) = exp[j2n(4x + 3y)]. Then its projection function is

g(s, 0)= L exp[j8w(s cos® — u sin 0)] exp[j6w(s sin6 + u cos0)]du

= exp[j2ws (4 cos 8 + 3 sin 0)] f_ exp[—j2nu (4 sin® — 3 cos 6)] du

= exp[j2ms (4 cos + 3 5in 6)]5(4 sin 6 — 3 cos 8) = (e 5(8 — )

where ¢ = tan~'(3). Here we have used the identity

1701=3 17555
where f'(6) 2 df(6)/d0 and 6,k = 1,2, . ., are the roots of £(8).
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Figure 10.3 Spatial and Radon transform domains.

Motation

In order to avoid confusion between functions defined in differer.:F coordin?tes, we
adopt the following notation. Let 7/ be the space of functions defme?d on R?, wh'ere
R denotes the real line. The two-dimensional Fourier transform pair for a function
f(x, y) € % is denoted by the relation )

e .
flx,y) «— F(§:,§2) ~(10.10)
In polar coordinates we write '
. Image Reconstruction from Projections
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F(t6)= F(Eéos 8, £sin 8)

. (10.11)
The inner product in % is defined as
o[ peranas, RN 0

Let 7/be the space of functions defined on R X [0, %]. The one-dimensional Fourier
transform of a function g(s, §) € % is defined with respect to the variable s and is
indicated as '

| g(s, 8) ——— G(z,0) - (10.13)
The inner product in %is defined as '
et [ a6 0s 6 0dsds,  1gR e, (019

For simplicity we will generally consider % and %’ to be spaces of real functions.
The notation ‘

g=%f (10.15)
will be used to denote the Radon transform of f(x, y), where it will be understood
thatf € %,g € 7.

Properties of the Radon Transform

‘The Radon transform is linear and has several useful properties (Table 10.1), which
can be summarized as follows. The projections g (s, §) are space-limited in s if the
object f(x, y) is space-limited in (x, y), and are periodic in § with period 27. A
translation of f(x, ) results in the shift of g(s, 8) by a distance equal to the pro-

TABLE 10.1 Properties of the Radon Transform

: Function * Radon Transform
f(x,y)=fp(r, Cb) . 'g(S, e)
1 - Linearity: a\ fi (x, ¥) + a2 2 (x, ) ai g1 (s, 8) +a:g2(s,-6)
2 Space limitedness:
D D :

£69) =0, k1> 2, > 2 g 9)=0, fsj>2)2
3 Symmetry: f(x, y) g(s, ) =g(=s, 0xm)
4 Periodicity: f(x, y) g(s, 0)=g(s, 6 +24m),

. k = integer
5 Shift: f(x — x5,y — yo) 8(8 — X0 cos 0 — y, sin 6, 6)
6 Rotation by 6o: £, (r, & + 65) g(s, 8-+ 8)
7 Scaling: f(ax, ay) ﬁg(as, 8), a#0

8 Mass cohsirvation: ; '

M= ff flx, y)dxdy ' M =f_ 8(s. 8)ds, A-L]
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(x¥a¥) + (y¥bH) =1.
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TABLE 10.2 Head Phantom Components; (¥, y) are the coordinates of thg center
of the ellipse. The densities indicated are relative to the density of

-

e S

- Sec. 10.3

water [18].

: Major Minor inclination  Density

Eilipse X y semiaxis semiasis {degrees) fitx,y)
a 0.0000 0.0000 0.6500 0.9200 0.00 1.0000
b 0.0000 ~0.0184 0.6624 0.8740 0.00 -0.9800
c 0.2200 0.0000 0.1100 0.3100 —-18.00 —0.0200
d -0.2200 0.0000 0.1600 0.4100 18.00 . - -0.0200
e 0.0000 0.3500 0.2100 0.2500 0.00 0.0100
f 0.6000 0.1000 0.0460 0.0460 0.00 0.0100
g 0.0000  -0.1000 0.0460 0.0460 0.00 0.0100
h —0.0800 . —0.6050 0.0460 0.0230 0.00 0.0100
i 0.0000 —0.6060 0.0230 0.0230 0.00 0.0100
i 0.0600 -0.6050 0.0230 0.0460 0.00 0.0100

jection of the translation vector on the line s = x cos8 +y sin8. A rotation of the
object by an angle 6, causes a translation of its Radon transform in the variable 6. A
scaling of the (x,y) coordinates of f(x, y) results in scaling of the s coordinate
together with an amplitude scaling of g (s, 8). Finally, the total mass of a distribution
f(x, y) is preserved by g(s, 6) for all 6.

Example 10.2 Computer generation of projections of a phantom
In the development and evaluation of reconstruction algorithms, it is useful to simulate
projection data corresponding to an idealized object. Figure 10.4a shows an object
composed of ellipses, which is intended to model the human head [18, 21]. Table 10.2
gives the parameters of the component ellipses. For the ellipse shown in F1g 10.4b, the
projection at an angle 0 is given by \

3“_’1_2__ Vn =S e Is|<sm
8ols, 8)=fod ¢
0, ] Js|> $m

where s%,= a® cos®8 + b? sin®0. Using the superposition, translation, and rotation
properties of the Radon transform, the projection function for the object of Fig. 10.4a
can be calculated (see Fig. 10.13a).

10.3 THE BACK-PROJECTION OPERATOR

Definition .

Associated with the Radon transform is the back- -projection operator &, which is
deﬂned as

b(x,y) 4 gag=f0 g(xcosb+ysing,0)de . (10.16)
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.
The quantity b(x, y) is called the back projection of g(s, 8). In polar coordinates it
can be written as
bx,y)=b,(r, &)= f g(r cos(6—$),0)do _(10.17)
0 A
Back projection represents the accumulation of the ray-sums of all of the rays that
" pass through the point (¥, y) or (r, ). For example, if
8(s, 8) =£1()3(8 — 8;) + £2(5)8(6 — 0,)
that is, if there are only two projections, then (see Fig. 10.5)

by (r, $) =g (s1) + & (s2)
where s, =7 cos(8; ~ b), s, =r cos(8, — $). In general, for a fixed point (x, y) or

(r,. &), the value of back projection ¢g is evaluated by integrating g(s, 6) over §

for all lines that pass through that point. In view of (10.8) and (10.17), the back-
projection at (r, ¢) is also the integration of g(s, 6) along the sinusoid
s =r cos(6 — &) in the (s, 6) plane (Fig. 10.3b). .

.Remarks

The back-projection operator ¢8 maps a function of (s, ) coordinates into a func-

tion of spatial coordinates (x, y) or (7, ). o
The back-projection b (%, y) at any pixel (x, y) requires projections from all
directions. This is evident from (10.16). . - )

(s}

92(s,)

Figure 10.5 Back-projection of g ®
and g;(s) at (r, ). -
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It can be shown that the back-projected Radon transform

i ag=aaf . (10.18)
is an image of f(x, y) blurred by the PSF 1/(x*+y*'”, that is,
Fayn=fEyer+yye (10.19)

where ® denotes the two-dimensional convolution in the Cartesian coordinates. In
polar coordinates : ’

£ilr, &) =10 ¢)®ﬁ (10.20) |

where ® now denotes the convolution expressed in polar coordinates (Problem
10.6). Thus, the operator & is not the inverse of 9. In fact, & is the adjoint of &2
[Problem 10.7]. Supposé the object f{x, y) and its projections g (s, 9), for all 8, are
discretized and mapped into vectors f and g and are related by a matrix trans-
formation g = Rf. The matrix R then is a finite difference approximation of the
operator $2. The matrix RT would represent’ the approximation of the back-
projection operator 8. : : v
The operation f = @[ Ff] gives the summation algorithm (Fig. 10.6). For a
set of isolated small objects with a small number of projections, this method gives a
star pattern artifact (Fig. 10.6) [15]. .
The object f(x, y) can be restored from f(x, y) by a two-dimensional (inverse)

filter whose frequency responset is [§] = V& + £2, that is,

flx )= 7257 Bg] (10.21)
f gis, 6} fix, ) '
®R ®
B
. o]
A
@
c
e
Object £{x,.y) Back-projected projections F(x, y)

Figure 10.6 Summation algorithm for image reco'nst«ructién, f ‘; 88,

+ Note that the Fourier trnansform of (x> + y?) 2 is (8 + £)12,
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TABLE 10.3 Filter Functions for Convolution/Filter Back-Projection Algorithms, d a 12¢&,

Discrete impulse

Frequency response - Impulse response : - Tesponse
Filter H(E®) ) h(m) 8 dh(ma)
Ram-Lak - Hp (8) 2 |g] rect(ta) Pre (5) = &+ e () = 21?1 , m=0
; *[2 sinc(2E05) —sinc?(Eo8)] R sin(mm/2) ‘o
Tatmid 0™
2(1 + sin 2w, 5) o 2

Shepp-Logan ¢ sinc(£d) rect(Ed) m m

d d
Low-pass €] cos(mé t(Ed Ha ) b ls+2 irp Y+ 1
cosing Jgl fo (méd) rect(£d) z[ RL(s 2) L(s | 2)] 3lhne (m =3+ hny (m +3)]
Generalized  [¢] o + (1~ o) cos2md]- ey (5) + 1—}"—‘ ok (m)+ (—1—%"‘)

Hamming rect(éd),0sa=<1 s =)t s 4] <D (m = 1)+ g G + n

Stochastic See eq. (10.70) and

Example 10.6

where &7, denotes the two-dimensional Fourier transform operator. In practice the
filter |€| is replaced by a physically realizable approximation (see Table 10.3). This
method [16] is appealing because the filtering operations can be implemented
approximately via the FFT. However, it has two major difficulties. First, the Fourier
domain computation of |§IF;,(§, 0) gives F(0,0) = 0, which yields the total density

JJf(x, y)dxdy = 0. Second, since the support of %g is unbounded, f(x,y)bhastobe

computed over a region much larger than the region of support of fx, y). A better
algorithm, which follows from the projection theorem discussed next, reverses the
ordes of filtering and back-projection operations and is more attractive for practical
implementations. : :

10.4 THE PROJECTION THEOREM [5-7, 12, 13]

There is a fundamental relationship between the two-dimensional Fourier trans-
form of a function and the one-dimensional Fourier transform of its Radon trans-
form. This relationship provides the theoretical basis for several image recon-
struction algorithms. The result is summarized by the following theorem.

Projection Theorem. The one-dimensional Fourier transform with respect
to s of the projection g(s, 6) is equal to the central slice, at angle 8, of the two-
dimensional Fourier transform of the object f(x, y), that is, if

F
then,

G(&,0)=E(5, 0) A F(& cos0, & sino) | (10.22)
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* Figure 10.7 shows the meaning of this result. This theorem is also called the

- projection-slice theorem.

Froof. Using (10.6) in the definition of G (&, 0), we can write

AT ~j2mts
,0) =2 L, 0)e <™ d
G028 [ g6 e 02

=ffwf(s cos@—u sinb , s sin®+ v cosB)e 2 dsdu

Performing the coordinate transformation from (s, w) to (x,y), [see (10.5)], this
becomes ,

G(6.0) = [[ £z, ) expl-izn(xt cos +yE sin0)]dxdy

= F(£ cos 8, £ sin9)
which proves (10.22).

Remarks

From the symxrietry property of Table 10.1, we find that the Fourier transform slice
also satisfies a similar property
G(-£,0+7)=G(£,0) (10.24)

If f(x, y) is bandlimited, then so are the projections. This follows immediately
from the projection theorem.
An important consequence of the projection theorem is the following result.

gls, 6) Gl 8p)

f(x, y} ¥
a . - (51) o

fix,y) 5]:2 F(Ep Ez)
{x,y) T

Figure 10.7 The projection theorem, G(§, 8) = £ (£, ).
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~ Convolution-Projection Theorem. The Radon transform of the two-dimen-
sxpnai convolution of two functions fi(x, y) and fi(x,y) is equal to the one-
~ dimensional convolution of their Radon transforms, that is, if g, 8 W7f,, k = 1,2
“ then - ; : ’ ’,

A’[ J[ ee=xy =ys0e, ) dx"dy'} = ats-s 006t 9 025)

) The pr'oof is developed in Problem 10.9, This theorém is useful in the
uflp]ementanon of two-dimensional linear filters by one-dimensional filters. (See
Fig. 10.9 and the accompanying discussion in Section 10.5 )

Example 10.3

We will use the projection theorem to obtain the g(s, 8) of Example 10.1. The
two-dimensional Fourier transform of fixy) is F(g,, £2)=38(,1~4)8((,—-3) =
3(& cos 8 — 4)8(£ sin® —3). - From (10.22) this gives G(t,0)= S(E cos6~4)

3(£ sin 6 — 3). Taking the one-dimensional inverse Fourier transform with respect to £ -

and using the identity ( 10._9), we get the desired result

g(s, 0) = f_w 3(€ cos § ~ 4)3(¢ sin6 — 3)eimst g

= (]cols e[) *p (f)“:f)) 8(4 tan 6 —3) = (3)e’" """ 5(9 ~ )

where ¢ a tan"'(3).

10.5 THE INVERSE RADON TRANSFORM [6, 12, 13, 17]

The imag_e r'econstruction problem defined in Section 10.1 is theoretically equiv-
alent to finding the inverse Radon transform of g(s, 8). The projection theorem is
useful in obtaining this inverse. The result is summarized by the following theorem.

Inverse Radon Transform Theorem. Given g(s, 0) a Rf, —o<g <oo,
0 =0 <, its inverse Radon transform is :

1w =55) fo [ (I (10.26)

=X COSO+y sinQ—~s
In polar coordinates - .

£ ) AF(r cosd, 7 sing) = (éﬁ) fo " f 2;—[%‘;‘;”_(———%)%@% (10.27)

Proof. The inverse Fourier transform

1) = [ F&i6) expliznte,x + €27) de. e

when written in polar coordinates in the frequency plane, gives

2. [ ¢ '
o fle, =j; fo I‘;,(g, 9) exp[szr&(x cos b +y sin8)]EdEde (10.28)
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- Allowing & to be negative and 0 = 6 <, we can change the limits of integration and

use (10.22) to obtain (show!)

# 0 = [ | 18B oexpliznt(x coss+y siney] dede
=FUw [ElG (£, 9) exp[ji2n&(x cos® +y sin 9)]d§}d6 (10.29)
o -

‘ =fﬂg‘v(x cos6+y sind, 6)d6
. 0
where
6,08 [ @ 0eas (10.30)

Writing |£|G as £Gsgn(£) and applying the convolution theorem, we obtain
£(s, 0)=[ F{eG (&, )@ F1M{sgn()}]

-3 R e oo () %
j2m/ 3 jms » (1031
= L) f. 34 0) | 1
(271-2 -m[< at s-—td[
where (U/j2w)[ag (s, 0)/as] and (—-1/jé'ns) are the Fourier inverses of £§G (£, 8) and

sgn(£), respectively. Combining (10.29) and {10.31), we obtain the desired result of
(10.26). Equation (10.27) is arrived at by the change of coordinates x =7 cos ¢ and

y =r siné.

Remarks .

The inverse Radon transform is obtained in two steps (Fig. 10.8a). First, each
projection g (s, 0) is filtered by a one-dimensional filter whose frequency response is
|&]. The result, g(s, ), is then back-projected to yield f(x, y). The filtering operation
can be performed either in the s domain or in the £ domain. This process yields two
different methods of finding ¢?~!, which are discussed shortly. _

. The integrands in (10.26), (10.27), and (10.31) have singularities. Therefore,
the Cauchy principal value should be taken (via contour integration) in evaluating
the integrals. ) . ‘

Definition. = The Hilbert transform of a function &(¢) is defined as

A sy A <L> - (1\ * () .
G ERAET NS - ) i tdt (10.32)
The symbol 74 represents the Hilbert transform operator. From this definition it .
follows that g (s, 6) is the Hilbert transform of (1/2w)dg (s, 8)/ds for each 6. '
Because the back-projection operation is required for finding ¢ !, the recon-
structed image pixel at (x, y) requires projections from all directions.

Sec:10.5 - - The'Inverse Radon Transform v 445




905, 6) | 1D fiteer | 815, 0) £ix,y)
i UIEDI filter : ® .
{a) Inverse radon transform
Il_ ————— Convolution |
o
| Differentiate Hilbert 14 Back-project
——'—;—-ﬂs' o 3] transform 7 gts, 0)7 -——--h—f‘x' i
| " 13;D & | (]
| |
| i
e e |
(b} Convolution back-projection method
1
- Filter Inverse. - | .
gls, 8) |Fourier | Gg ey | o~ Fourier 1 g(s, 6) | Back-project | fix, y)
-~ transform X -1 transform - ® S
F Figi| |57
{c) Filter back-projection method
Figure 10.8 Inverse radon transform methods.
Convolution Back-Projection Method
' Defining a derivative operator as
§
ad(s
7Y ¢'( ) (10.33)
The inverse Radon transform can be written as
f,y)=0nm)B T Dg (10.34)

Thus the inverse Radon transform .operator is £~ = (1/211)@% 4. This means
9271 can also be implemented by convolving the differentiated projections with

1/2ns and back-projecting the result (Figure 10.8b).
Filter Back-Projection Method .

From (10.29) and (10.30), we can also write
fooy)=B8A%

i gt [ G et as

=ZF 18l 18]}
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(10.35)

where #'is a one-dimensional filter whose frequency response is |¢], that is,

| ‘(10.36)

Chap. 10
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This gives
- fenyy=BF3(lgF 18] (10.37)

which can be implemented by filtering the projections in the Fourier domain and
back-projecting the inverse Fourier transform of the result (Fig. 10.8c).

Examplc 10.4
'We will find the inverse Radon transform of g(s, 8) = De!'*™5(8 — b).

Convolution back-projection method.  Using og/és = j2me'*™ 5(6 — ¢) in (10.26)

fa,n= (%%:—:)J:f "™ (x cos@+y sin®—s5)"'3(0 — d)dods

= (_1_> fwei"’”’[s —(x cosd +y sind)]"'ds

]

Since the Fourier inverse of 1/(£ — «) is jwe ™ sgn(Z), the preceding integral becomes
f(x, y) =explj2n(x cosd +y sind)t] sgn(9)f; - s = exp[j10n(x cosd+y sind)].

Filter back-projection method.

G&,0)= o580~ ¢)
D605 0)= () |_IKo(E ~ 5)5(0 - §) exp(iznst) de = 50 - )

>, y) = fo " explilOn(x cos® +y sin8)}5(6 - ) do

= exp[j10w(x cosd +y sind)]
For ¢ = tan' (3), f(x, y) will be the same as in Example 10.1.

Two-Dimensional Filtering via the Radon Transform

A useful apphcatxon of the convolution-projection theorem is in the implementa-
tion of two-dimensional filters. Let A (¢, £,) represent the £ frequency response of a
two-dimensional filter. Referring to Fig. 10.9 and eq. (10.25), this filter can be
implemented by first filtering for each 6, the one-dimensional projection g(s, 8) by

£(x,y) | 2-D filter Flx,y) fx, ¥) gls, 6) 1-D fitters q(s,'B)‘ ;(x,y)
A ® ™ A0 >~ @R >
Domain
e [T oo oties [0 [T fxn
o TlIEA G T

Figure 10,9 Generalized filter back pro;ecuon algonthm for two-dimensional fil- -
ter implementation.
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a one-dimensional filter whose frequency response is A, (g,' 8) and then taking the
inverse Radon transform of the result. Using the representation of ¢! in Fig.
_ 10.8a, we obtain a generalized filter-back-projection algorithm, where the filter now
" becomes [gl4, (€, 6). Hence, the two-dimensional filter A.(¢, ,€2) can be imple-
“mented as P o
a(x,y)®f(x,y) = B Hig (10:38)
where %, represents a one-dimensional filter with frequéncy response A, (&, 6) A

€4, (&, 6).

10.6 CONVOLUTION/FILTER BACK-PROJECTION ALGORITHMS:

DIGITAL IMPLEMENTATION [18-21]

The foregoing results are useful for developing practical image reconstruction
algorithms. We now discuss various considerations for digital implementation of
these algorithms. : s

Sampling Considerations

In practice, the projections are available only on a finite grid, that is, we have
available ‘

8. (m) B g (5., 0,) A [2F] (50, 6),

—(%I) =m s(ﬂ—;) -1,
where, typically, s, =md, 6,=nA, A= n/N. Thus we have N projections taken at
equally spaced angles, each sampled uniformly with sampling interval d. If £ois the
highest spatial frequency of interest in the given object, then d should not exceed
the corresponding Nyquist interval, that is, d = 1/2€, . If the object is space limited,
that is, f, (r, $) =0, |r|>D/2, then D'= Md, and the number of samples should
satisfy o .

(10.39)
O=sn=N-1

M =2,D (10.40)

- Choice of Filters

The filter function [¢| required for the inverse Radon transform emphasizes the
high-spatial frequencies. Since most practical images have a low SNR at high fre-

quencies, the use of this filter results in noise amplification. To limit the unbounded

nature of the frequency response, a bandlimited filter, called the Ram-Lak filter

[19] '
3

- HE@ = Hu(®) A1 rect(55-) (10.41)

has beeni proposed. In practice, most objects are space-limited and a bandlimiting

- filter with a sharp.cutoff frequency £ is not very suitable, especially in the presence

448 Image Reconstruction from Projections " .Chap. 10

i
i

JE
|
|

of noise.” A small value of £ gives ﬁoor resolution and a very large value leads to
noise amplification. A generalization of (10.41) is the class of filters

H(E) = [g]W (€)

Here W(¢) is a bandlimiting window function that is chosen to give a more-
moderate high-frequency response in.order to achieve a better trade-off between
the filter bandwidth (that is, high-frequency response) and noise suppression. Table
10.3 lists several commonly used filters. Figure 10.10 shows the frequency and

(10.42)

Impulse response A(s) -

Frequenicy response H(§)

0.34‘
0.2 {
0.1 . .
g 08 E] \
AN SR v e v
E 02 -0 b &
< .
0 i 1 L Lo 3 _0'2 I3 i 1 1} 1 J
-06 -020 0.2 06. E 0 1 2 3 4 5 8
Frequency, & ‘ Distance, s
{a) RAM-LAK
B 0.2
0.6 0.1
] o
t o4 s 0
= >
g o2 : -0}
< .
(oI . S P -~0.2 IR DU S TR T
~-06 -0.20.02 06 0 1 2 3 4 5 b
Frequency, & Distance, §
{b) Shepp-Logan
3 0.2 -
2 3 018
B = A
£ > 0 -
< K™
Iy —0.1 & 2 L 1 L J
-0.6 =02 0 0.2 0.6 : . 01 2 3 4 5 8
Frequency, § ) Distance, s
{c) Lowpass cosine
» 06 ©o2p
g . . o
2 o4 s 01k
[=% - N
£ o2 ' B A V—
. 0 /-I\/l-\ : ~0.1 1 fd :
-0.6 -020 02 0.6 6 1 2 4 5
- - ~Frequency, £ Distance, §

{d) Generalized hamming

Figure 10.10- Reconstruction filters. Left column: Frequency response; right col-
umn: Impulse response; dotted lines show linearly interpolated response. ’
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gatm) | DI g, (m) [ ] g,(s) | Discret =flx, y) . o
2 °‘;:§’§'t:‘i°" 2, iLnlrr;i:Ltaxion 2 ba:?"pi":’iEC‘i°" e The filtering operation is implemented by a direct convolution in the s do-
htm) &y main. The steps involved in the digital implementation are as follows:
() Convolution bi'ﬁk‘pmje.mion algorithm: Digital implementation; : 1. Perform the following discrete convolution as an approximate realization of
Hg”(m) ' i ' ) sampled values of the filtered projections, that is,
: . T M2-1 '
H N 2 ""M M
| : k=-M2
|||| pFT |Gn 1K 6otk [iorT |8t [Tingar 99) [ Discrere =fix, y) 'E where /i (m) 8 dh(md) is obtained by sampling and scaling k(s). Table 10.3
rz=ina K13 L interpolation | back-projection | % lists /2 (m) for the various filters. The preceding convolution can be imple-
- ' Atk |+3,,( m),-»l £ mented either directly or via the FFT as discussed in Section 5.4.
' 5t ,_,{ % 2. Linearly interpolate £,(m) to obtain a piecewise continuous approximation of
f-datm t g(s, nA)as
' ; ; . A s N N
ll I . §(5,n8)=gulm) + (5 = m gl +1) = gulrm)),
aallllical ., L ; 045
2 v ‘ ! md=<s<(m+1)d
(b) Filter back-projection algorithm: Digital implementation. . l 3. Approximate the back-projection integral by the following operation to give
Figure 10.11 Implementation of convolution/filter back projection algorithms. » . A A N1 .
f,=Ff(x,y)2 Brg2A 2 §(x cosnA+y sinnA,nd)  (10.46)
n=0
the impulse responses of these filters for d = 1. Since thesc functions are real and . . Lo i
even, the impulse responses are displayed on the positive real line only. For low whe:re .@’V 1’ callet'i the d werete back-proj ection o;;erator. Bff:lcausg of th'e b?Ch
levels of observation noise, the Shepp-Logan filter is preferred over the Ram-Lak BrOJethl‘,):. operation, :jt 18 negfests}z:ry tool:stg LI; (:e?iteint]zeelli;ezals ;?e’scgzn:
filter. The generalized low-pass Hamming window, with the value of a optimized g,.(m)]. d ' dlsFrequxre f vetn lv le treec &
for the noise level, is used when the noise is significant. In the presence of noise a sampied grid. xor examp:, 10 evalua
better approach is to use the optimum mean square reconstruction filter also called Sh s S A e
the stocggstic filter, (see Secti(?n 10.8). 1 ' fGA,jA) =4 go g(id; cosnA+jA, sinnd,nA) (10.47)
Once the filter has been selected, a practical reconstruction algorithm has two :
major steps: on a grid with spacing (A,, A)),i,j =0, +1, 22,..., we still need to evaluate
&(s, nA) at locations in between the points md, m = —M/2,...,M/2 - 1. Al-
1. For each 0, filter the projections g(s, 8) by a one-dimensional filter whose though higher-order interpolation via the Lagrange functions (see Chapter 4)
frequency response is H (£) or impulse response is 4 (s). is possible, the linear interpolation of (10.45) has been found to give a good
2. Back-project the filtered projections, £(s, 6). trade-off between resolution and smoothing [18]. A zero-order hold is some- |
’ times used to speed up the back-projection operation for hardware imple-
Depending.on the implementation method of the filter, we obtain two distinct mentation. '
algorithms (Fig. 10.11). In both cases the back-projection integral [see eq. (10.17)]
is implemented by a suitable finite-difference approximation. The steps required in : . L o
the two algorithms are summarized next. | Filter Back-Projection Algorithm
Convolution'Back-Projection Algorithm : In Fig. 10.11b, the filtering operation is performed in the frequency domain accord-
. ing to the equation
The equations implemented in this algorithmAare (Fig. 10.11a) A 8(s, 0)=Fi G, 0H®E)] , -(10.48)
Co.nvolutxo.n: g5, 0)=g(s, )@ h(s) : . (10.43a) . Givel.l H (§), the filter frequency response, this filter is implemented approximately
Back projection: flx,y)= B8 (10.43b) by using a sampled approximation of G (£, 8) and substituting a suitable FFT for the
450 o Image Recenstruction from Projections Chap- 10 Sec. 10.6 Convolution/Filter Back-Projection Algorithms 451
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inverse Fourier transform. The a]éorithm is shown in Fig. 10. 11.b which is a one-
dimensional equivalent of the aigorithm discussed i in Secnon 8.3 (Fig. 8.13b). The
steps of this algorithm are given next:

1. Extend the sequence g, (m), —M/Z‘Sm =(M/2)—1 by padding zeros and

periodic repetition to obtain the sequence g, (m)., 0=m =K — 1. Take its

FFT to obtain G, (k), 0= k = X — 1. The choice of K determines the sampling

resolution in the frequency domam Typically K'=2M if M is large; for exam-

ple, K =312 if M = 256.

Sample H(£) to obtain 4 (k) & H(kAg), a (K ~k)AB*K), 0=k <KP,

where * denotes the complex conjugate.

3. Multiply the sequences el (k) and A (k), 0=k =K — 1, and take the inverse

-FFT of the product. A periodic extension of the result gives §,(m),

—K/2=m =(K/2) — 1. The reconstructed image is obtained via (10.45) and
(10.46) as before.

Example 10.5

Figure 10.12b shows a typical projection of an object digitized on a 128 x 128 grid (Fig.
10.12a). Reconstructions obtained from 90 such pro jections, each with 256 samples per
line, using the convolution back-projection algorithm with Ram-Lak and Shepp-Logan
filters, are shown in Fig. 10.12c and d, respectively. Intensity plots of the object and its
reconstructions along a horizontal line through its center are shown in Fig. 10.12f
through h. The two reconstructions are ‘almost identical in this (noiseless) case. The
background noise that appears is due to the high-frequency response of the recon-
struction filter and is typical of inverse (or pseudoinverse) filtering. The stochastic filter
outputs shown in Fig. 10.12e and i show an xmprovement over this result. This filter is
discussed in Section 10.8.

»

Reconstruction Using a Paraliel Pipeline Processor

Recently, a powerful hardware architecture has been developed [11] that en-
ables the high speed computation of digital approximations to the Radon transform
and the back-projection operators. This allows the rapid implementation of
convolution/filter back-projection algorithms as well as a large number of other
image processing operations in the Radon space. Figure 10.13 shows some results of
reconstruction using this processor architecture.

10.7 RADON TRANSFORM OF RANDOM FIELDS [22, 23]

So far we have considered f(x, y) to be a deterministic function: In many problems,
such as data compression and filtering of noise, it is useful to consider the input
f(x, y) to be a random field. Therefore, it becomes necessary to study the properties
of the Radon transform of random fields, that is, projections of random fields.

o

A Unitary Transform‘ @ °
Radon transform theory for random fields can be understood mere easily by consid-

ering the operator .
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G A gng (10.49)

where 57 represents a one-dimensional filter whose frequency response is |£2.
The operation ‘

B, A Gf= " pf= Vg (10.50)
is equivalent to filtering the projections by #** (Fig. 10.14). This operation can also
be realized by a two-dimensional filter with frequency response (£3 + £2)" followed
by the Radon transform.

Theorem 10.1'. Let &% * denote the adjoint operation of & .The operator @
is unitary, that is,
R 1=Rr=BA" ' (10.51)
This means the inverse of & is equaT to its adjoint and the & transform preserves
energy, that is,
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Figure 10.13 Reconstruction examples using parallel pipeline processor.

| £ [ 176 ppaxdy = fo ’ f ” GG OFdsde (10.52)

This theqrem is useful for developing the properties of the Radon tfansform for
random fields. For proofs of this and the following theorems, see Problem 10.13.
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Radon Transform Properties for Random Fields

Definitions. Let f(x, y) be a stationary random field with power spectrum
density (&, £,) and autocorrelation function (71, 72). Then S(£,,£,) and r(Ty,72)
form a two-dimensional Fourier transform pair. Let §,(£,9) denote the polar-
coordinate representation of § (€,,&,), that is, 4 : :

| .
| S, (£,6) & (& cosb, £ sin B) . (10.53)
Also, let 7, (s, 6) be the one-dimensional inverse Fourier transform of S,.(&,6), that
is, '
& ) ' o

N 7 (5, 8) «——— 5, (£, 6) (10.54)
Applying the projection theorem to the two-dimensional function (71, 72), we ob-
serve the relation '

7, (s, 8) = G2r (10.55)

The.orem 10.2. The operator <7 is a whitening transform in 9 for stationary
random fields, and the autocorrelation function of & (s, 0) is given by

rae(s, 055, 0) B Eg (s, 0)3(s", 0)]=rs(s ~ s, 6)3(6— 96"  (10.56a)
where
75 (s, 8)=r,(s, 8) (10.56b)

This means the random field § (s, 8) defined via (10.50) is stationary in s and
uncorrelated in 6. Since £ (s, 8) can be obtained by passing g(s, ) through %72,
which is independent of 6, g{s, 6) itself must be also uncorrelated in 8. Thus, the
Radon transform is also a whitening transform in § for stationary random fields and
the autocorrelation function of g (s, 6) must be of the form )

(s, 0357300 A Elg(s, (5", 0] =1, (s — 5, 0)8(6-87  (10.57)

where r, (s, 8) is yet to be specified. Now; for any given 6, we define the power

spectrum density of g (s, 8) as the one-dimensional Fourier transform of its auto- .

correlation function with respect to s, that is,

S;(6,0) 8 Fry (s, 0} ' (10.58)
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From Fig. 10.14 we can write
Se (£, 0) =[S, (£, 0) \ (10.59)

* These results lead to the following useful theorem.

Frbjection Theorem for Random Fields

Theerem 10.3. The one-dimensional power spectrum density S; (€, 8) of then (/?
transform of a stationary random field f(x, y) is the central slice ‘at angle 6 of its
two-dimensional power spectrum density S(£,,£,), that is, :

S;(£,8)=S5,(£,0)=5(& cos9, £ sin 6) (10.60)

This theorem is noteworthy because it states that the central slice of the two-
dimensional power spectrum density S(£;,£,) is equal to the one-dimensional
power spectrum of ¢ (s, 8) and not of g(s, 6). On the other hand, the projection
theorem states that the central slice of a two-dimensional amplitude spectrum den-
sity (that is, the Fourier transform) F(£; , £,) is equal to the one-dimensional ampli-
tude spectrum density (that is, the Fourier transform) of g (s, 8) and not of g (s, 9).
‘Combining (10.59) and (10.60), we get :

Sy (8, 6) = 5 (&, 6) = €[S, (&, 6) . (10.61)
which gives, formally, v
S (§,0) =§,%@ | ‘ ‘ ' (10.62)
and
7y(s, 8) = 71‘{S—"(I—§—|—e—)-} : (10.63)

Theorem 10.3 is useful for finding the power spectrum density of noise in the
reconstructed image due to noise in the observed projections. For example, suppose
v(s, 0)is a zero mean random field, given to be stationary in s and uncorrelated in @,

with

Efv(s, 0)v(s’, 6)]=r.(s —s', 0)3(8 —0") (10.64a)
S5.(§,0) «———?—w (s, 9) {10.64b)

If v(s, ) represents the additive observation noise in the projections, then the noise
component in the reconstructed image will be

N I = @A =G5 (10.65)

where v & 572y, Rewriting (10.65) as
' 5= G L (10.66)

t
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and applying Theorem 10.3, we can write 5, (£, 9), the power spectrum dénsity ofq,
as ‘ .

Sep (€, 0) = S5 (£, 0) = [€]S, (&, 0) (10.67)
This means the observation noise power spectrum density is amplified by (£3 + £2)2
by the reconstruction process (that is, by <#'). The power spectrum S, is bounded

only if |€lS, (£, 8) remains finite as £— . For example, if the random field v(s, 8) is
bandlimited, then v(x, y) will also be bandlimited and S,, will remain bounded.

10.2 RECONSTRUCTION FROM BLURRED NOISY PROJECTIONS [22-25].

Vieasurement Model

In the presence of noise, the reconstruction filters listed in Table 10.3 are not

optimal in any sense. Suppose the projections are observed as

w(s, 0) = L hy(s —s’, 0)g(s’, 0)ds' +v(s, 8), (10.68)
—oLs <o <=7

The function %, (s, 8) represents a shift invariant blur (with respect to 5), which may

occur due to the projection-gathering instrumentation, and v(s, 8) is additive, zero
mean noise independent of f(x; y) and uncorrelated in 0 [see (10.64a)]. The opti-
mum linear mean square teconstruction filter can be determined by applying the
Wiener filtering ideas that were discussed in Chapter 8.

The Optimum Mean Square Filter

The optimum linear mean square estimate of f(x, y), denoted by f(x. y), can be
reconstructed from w(s, 8), by the filter/convolution back-projection algorithm
(Problem 10.14)

§6,0=[ a,6~s', 0w, 0)ds’

Ffy)=as | : (10.69)

where

=

e (5,05, (6,0) |
(12, (€. 0)F 5, (£, ©) + &S, (&, 0)] (10.70)

1
a, (S’ 9) hnrand Ap (§’ 9) =
hy (s, 8) <2 H, (£, )
Remarks

The foregoing optimum reconstruction filter can be implemented as a generalized
filter/convolution back-projection algorithm using the techniques of Section 10.6. A
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provision has to be made for the fact that now we have a one-dimensional filter
a, (s, 8), which can change with 0.

Reconstruction from noisy projections. In the absence of blur we have
hy (s, 8) =8(s) and ’ .
w(s, 0) =g(s, 0) +v(s, 8) ’ (10.71)

The reconstruction filter is then given by

415, (5. 9) 1072

4G50 + I65.E 0]

" Note that if there is no noise, that is, §,— 0, then A, (£, 8)—|¢|, which is, of course,

the filter required for the inverse Radon transform.
- Using (10.61) in (10.70) we can write

A, (£,0)= ¢4, (&, 0) (10.73)
where .

- A H:S, _H:S
A, (6,0) = yH,,ng i S, S :

Note that A, (£, ) is the one-dimensional Weiner filter for g(s, 8) given w(s, 0).

(10.74)

This means the overall optimum filter A, is the cascade of |¢], the filter required for .

the inverse Radon transform, and a window function /ij, (£, 9), representing the
locally optimum filter for each projection. In practice, A, (£, 8) can be estimated
adaptively for each 6 by estimating S, (£, 6), the power spectrum density of the
observed projection w (s, 0). » ‘

Example 10.6 Reconstruction from neisy projections

Suppose the covariance function of the object is modeled by the isotropic function
r(x, y) = o2 exp(—aVx* + y?). The corresponding power spectrum is then S(£, £,) =

" 2mao?[a? + 47 (3 + £3)] 7 or S, (£, 0) = 2mao [o? + 4w £ "2, Assume there is no
blur and let 7, (5, 8) = o’} . Then the frequency response of the optimum reconstruction
filter, henceforth called the stochastic filter, is given by

S, (£,0)  _ 2mac %
S,(£,0)+ e Zmas + JH (o + 47 ED)

= |gl2ma(SNR) NRAZ
25a(SNR) + [g(e? + 4w £y . Dol

Ap(€,0) =

chastic filter used for reconstruction from noisy projections with 02 =35, 2= 0.0102,
and o =0.266. Results of reconstruction are shown in Fig. 10.15¢ through i. Com-
parisons with the Shepp-Logan filter indicate significant improvement results from the
- use of the stochastic filter. In terms of mean square error, the stochastic filter performs
13.5 dB better than the Shepp-Logan filter in the case of o2 = 5. Even in the noiseless

case (Fig. 10.12) the stochastic filter designed with a high value of SNR (such as 100),

provides a better reconstruction. This is because the stochastic filter tends to moderate
the high-frequency components of the noise that arise from errors in computation,
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This filter is independent of 8 and has a frequency response much like that of a _
band-pass filter (Fig. 10.15a). Figure 10.15b shows the impulse response of the sto-
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(h) Shepp-Logan filter, o2 =5; (i) Stochastic filter, 02 =5,

Figure 10.15 Cont’d

10.9 FOURIER RECONSTRUCTION &ETHOD [26-29] |

A conceptually simple method of reconstruction that follows from the projection
theorem is to fill the two-dimensional Fourier space by the one-dimensional Fourier
transforms of the projections and then take the two-dimensional inverse Fourier
transform (Fig. 10.16a), that is,

foy)=77"[Fgl (10.75)
Algorithm

There are three stages of this algorithm (Fig. 10.16b). First we obtain
G, (k)=G(kAt, nAB),~K2 = k=K/2-1,0=sn=<N —1, as in Fig. (10.11b).
Next, the Fourier domain samples available on a polar raster are interpolated to
yield estimates on a rectangular raster (see Section 8.16). In the final stage of the
algorithm, the two-dimensional inverse Fourier transform is approximated by a
suitable-size inverse FFT. Usually, the size of the inverse FFT is taken to be two to
three times that of each dimension of the image. Further, an appropriate window is
"used before inverse transforming in order to minimize the effects of Fourier domain
truncation and sampling. ’

Although there are. many examples of successful implementation of this
algorithm [29], it has not been as popular as the convolution back-projection algo-
rithm. The primary reason is that the interpolation from polar to raster grid in the
frequency plane is prone to aliasing effects that could yield an inferior reconstructed
image. _ : o
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Figure 10.16 Fourier reconstruction method.

Recohstruc,tibn of Magnetic Resonance Images (Fig. 10.17)

In magnetic resonance imaging there are two distinct scanning modalities, the
projection geometry and the Fourier geometry [30]. In the projection geometry
mode, the observed signal is G (£,0), sampled at £ =kAf, ~KR2<k<K[2-1,
0=nA0,0=n <N —1,A8 = w/N. Reconstruction from such data necessitates the
availability of an FFT processor, regardless of which algorithm is used. For exam-
ple, the filter back-projection algorithm would require inverse Fourier transform of

§

Figure 10.17 Magnetic resonance image reconstruction.

(a) MRl data; {b) Reconstructed image;
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G (§,0)H(&). Alternatively, the Fourier reconstruction algorithm just described is
also suitable, especially since an FFT processor is already available.

In the Fourier geometry mode, which is becoming increasingly popular, we
directly obtain samples on a rectangular raster in the Fourier domain. The recon-
struction algorithm then simply requires a two-dimensional inverse FFT after win-
dowing and zero-padding the data. '

Figure 10.17a shows a 512 x 128 MRI image acquired in Fourier geometry
mode. A 512 X 256 image is reconstructed (Fig. 10.17b) by a 512 X 256 inverse FFT
of the raw data windowed by a two-dimensional Gaussian function and padded by

Zeros.

10.10 FAN-BEAM RECONSTRUCTION

Often the projection data is collected using fan-beams rather than para!lei beams
(Fig. 10.18). This is a more practical method because it allows rapid collection of

projections compared to parallel beam scanning. Referring to Fig. 10.18b, the

source S emits a thin divergent beam of X-rays, and a detector receives the beam
after attenuation by the object. The source position is characterized by the angle B,
-and each projection ray is represented by the coordinates (a,B), ~m2 <o <w/2,
0=B<2m. The coordinates of the (o, B) ray are related to the parallel beam
coordinates (s, 8) as (Fig. 10.18c) < ’

: s =R sino (10.76)

6=c+f ’

where R is the distance of the source from the origin of the object. For a space-
limited object with maximum radius D/2, the angle o lies in the interval
[=v.v].vy 4 gip-! (D/2R). Since a ray in the fan-beam geometry is also some ray in
the parallel beam geometry, we can relate their respective projection functions
b(c,B)and g(s, 6) as o

b{(c,B)=g(s, 0) =g(R sino,o + B) (10.77)

If b(o,B) is given on a grid (o, B.), then this relation gives g(s, 6) on a grid

(S, 80),5m 2 R sino,, 6, 2 o, + B,. This data then has to be interpolated to obtain

g(m, 0,) on the uniform grid s, = md, —~(MR2)=m =(M/2)—-1;8,=nA,0=n =
N — 1. This is called rebinning. Alternatively, we can use
= (sin' S 0 —si —1_5_>

, "g(s,, 0)=05b (sm R 6 —sin 7 i (10.78)

to estimate g (5. , 8,,) on the uniform grid by interpolating b (0., B.). Once g(s, 8) is

available on a uniform grid, we can use the foregoing parallel beam reconstruction

algorithms. Another alternative is to derive the divergent beam reconstruction

algorithms directly in terms of (o, B) by using (10.77) and (10.78) ini the inverse

Radon transform formulas. (See Problem 10.16.) :
In practice, rebinning seems to be preferred because it is simpler and can be

fed into the already developed convolution/filier back-projection algorithms (or
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Figure 10.18 Projection data acquisition.

Processors). However, there are situations where the data volume is so large that the
storage requirements for rebinning assume unmanageable proportions. In such’
cases the direct divergent beam reconstruction algorithms would be preferable

bec.a\:lse only one projefction, (o, B), would be used at a time, in a manner charac-
teristic of the convolution/filter back-projection algorithms. - :

10.11 ALGEBRAIC METHODS

_ AH the foregoigg reconstruction algorithms are based on Radon transform theory
and the projection theorem. It is possible to formulate the reconstruction problem

gs a general image restoration problem solvable by techniques discussed in Chapter

The Reconstruction Problem as a Set of Linear Equaﬁons

[

Supposc f(x, ) is approximated by a finite series

17 »
f&y)=fny)= 2 3 a4, ) ' (10.79)
‘ i=1j=1 .
~ where {;; (x, )} is a set Of basis functions. Then
17 : I A . '
g(S, 9) = %f= 2“21 ai,i[-@(bi,j] é Z Z ai,jhi,j(s, 9) A (1080)
felje is1j=1
See. 10.11. . Algebraic Mathoda | - 4ne



where £, ;(s, 8) is the Radon transform of ¢;;(x, y), which can be computed in
advance. When the observations are available on a discrete grid (s, ,0,), we can
write )

I o .
gm0 =2 2 a ki (s,,0,), 0sm=M~-1, 0snsN-1 (10.81)

j=1j=1

which can be solved for a;; as a set of linear simultaneous equations via least
squares, generalized inverse, or other methods. Once the a;; are known, fix,y)is
obtained directly from (10.79).

A particular case of interest is when f(x, y) is digitized on, for instance, an
I x J grid and fis assumed to be constant in each pixel region. Then a;; equals £, ;,
the sampled value of f(x, y) in the (i, j)th pixel, and '

insi i, j)th pi i

Now (10.81) becomes

17 : ’
g(s,,,,@,.)=zZﬁ,jhi,j(sm’en), 0=sm=M-1, 0sn<N-1 (10.83)

i=1j=1

Mapping f; ;intoa @ X 1 (Q Ay ) vector_#£by row (or column) ordering, we get

= : (10.84)
where ¢ and S are P X 1, (P A puN Yoand P X Q-arrays, respectively. A more-
realistic observation equation is of the form

2=+ (10.85)

where m represents noise. The reconstruction problem now is to estimate,_/” from 2
Equations (10.84) and (10.85) are now in the framework of Wiener filtering,

. pseudoinverse, generalized inverse, maximum entropy, and other restoration algo-

rithms considered in Chapter 8. The main advantage of this approach is that the
algorithms needed henceforth would be independent of the scanning modality (e.g.,
parallel beam versus fan beam). Also, the observation model can easily incorporate
a more realistic projection gathering model, which may not approximate well the
Radon transform. ’ :

The main limitations of the algebraic formulation arise from the large size of
the matrix ¢, For example, .for a 256 X 256 image with 100 projections each
sampled to 512 points, .% becomes a 51,200 X 65,536 matrix. However, S will be
a highly sparse matrix containing only O (1) or O (J ) nonzero entties per row. These
nonzero entries correspond to the pixel locations that fall in the path of the ray
(S, 8,,). Restoration algorithms that exploit the sparse structure of S are feasible.

Algebraic Reconstruction Techniques

A subset of iterative reconstruction algorithms have been historically called ART
(algebraic reconstruction techniques). These algorithms iteratively solve a'set of P

equations

Q
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o AR,

o YBAL f=0,, p=0,...,P-1 (10.86)

w}jefe 4/,7; is the pth row of S and g, is the pth element of 4. The algorithm,
originally due to Kaczmarz [30], has iterations that progress cyclically as

- (ﬁ'lw 1 sf(k)>
o IP

where f *+ determine /° **), depending on the constraints imposed on _£ (see
Table 101.4), (/“@ is some initial condition, and g, and 4 ‘appear cyclically, that is
S T ’

i

j(kﬂ):fﬂ)f&““ Aesi,  k=0,1,...  (10.87)

: H ﬁ/k‘ = ﬁ/(k modulo P)' (10 88)

I & T 7 (k modulo P)

Ea.ch iteration is such that only one of the P equations (or constraints) is satisfied at
a time. For example, from (10.87) we can see

. oot ; ypl g A= ] '
("kﬂyf(kﬂ)):<ﬁk+1,f(k))7" [Jk+1 ”Afﬁ/h'-!zluf >]</£k+ly£/k+1) (10.89)
: k+1
Tkt
that i§, ths? [(k+1) 'modulo Plth constraint is satisfied at (k + 1)th iteration. This
algorithm s easy to implement since it operates on one projection sample at a time.
Tfhe‘ operation {#4.,, /%) is equivalent to taking the [(k + 1) modulo P]th pro-
Jection sample of the previous estimate. The sparse structure of 4, can easily be

exploited to reduce the number of operations at each iteration. The speed of con- .

vergence is usually slow, and difficulties arise in deciding when to stop the iter-

ations. Figure 10.13d shows an image reconstructed using the fully constrained .

ART algorit%xm in (10.87). The result shown was obtained after five complete passes
through the image starting from an all black image.

TABLE 104 ART Algorithms -

Algorithm
S={41=j<0} ‘Comments

1 Unfgys_tra_i{:gd ART L, 4 { /1587 = g} is nonempty, the

S=S .~ algorithm converges to the element of L,

' ' with the smaliest distance to <.
2 Pamally constrained ART: IfL, 4 { . [F=¢. /;=0}is nonempty
_ w0 i ‘/"(.") <0 the algorithm converges to an element of
J i “ ok 4 Lz. - '
. S ; ), otherwise .
3 i . A : . .
Fully constrained ART: It Ly ={_F |9F=90,0= /=1}is non-

. (_), if /";") < 0 -~ empty, the algorithm converges to an
fi = l/‘ﬁk)’ it 0 (f -;k) <1 element of L, .
, 1, if s> ‘
. 7
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10.12 THREE-DIMENSIONAL TCMOGRAPHY

Ifa three-dimensional object is scanned by a parallel beant, as shown in Fig. 10.1,
then the entire three-dimensional object can be reconstructed from a set of two-
dimensional slices (such as the slice A), each of which can be reconstructed using
the foregoing algorithms. Suppose we are given one-dimensional projections of a
three-dimensional object f(x, y, z). These projections are obtained by integrating
f(x,y, z) in a plane whose orientation is described by a unit vector a (Fig. 10.19),
that is, : ' : N

g(s, @) =[971(s, @) = [[[ Fp(xT e~ 5) ax
) 2 (10.90)

= fﬂ f(x, 9, 2)8(x sin® cosd +y sin® sind + z cos8 — 5] drdy dz

where x A [x\, vzl « 4 [sin® cos &, sin® sind, cos8]”. This is. also called the

three-dimensional Radon transform of f(x, y, z). The Radon transform theory can

be readily generalized to three or higher dimensions. The following theorems

provide algorithms for reconstruction of f(x, y, z) from the projections g(s, o).

Three-Dimensional Projection Theorem. The one-dimensional Fourier trans-
form of g{s, &) defined as

G )l f 8(s, e ds : .(1091)

is the central slice F(£a) in the direction « of the three-dimensional Fourier trans-
form of f(x), that is, : '

G w= F(ga) & F(¢ sin® cosd, £ sin6 sind, § cos8) (10.92)

e xsinfcosg+ysindsing+2zcosf=¢g

. ) ) Figure 10.19 Projection geometry for’
x . three-dimensional objects.
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Figure 10.20 Three-dimensional inverse radon transform.
where

FG b, &) =F®2 [[[foeax,  £8(6,6,67 (1093

Three-Dimensional Inverse Radon Transform Theorem. The inverse of the
three-dimensional Radon transform of (10.90) is given by (Fig. 10.20)

fey=dsd [ f "6 o, o) sin 04 b0 (10.94)
i 0 -0
where
ORI B { U &)
O TR G100 B (L)

Proofs and extensions of these theorems may be found in [13].

Three-Dimensional Beconstruction Algorithms

The preceding theorem gives a direct three-dimensional digital reconstruction algo-
rithm. If g(s.., ) are the sampled values of the projections given for s, = md,
~MR=m=MR-1,0=n=<N -1, for instance, then we can approximate the
second partial derivative by a three-point digital filter to give -

8 (5my ) = ﬁ 2g(md, a) —g(m —1d, @) —g(m ¥ 1d, «,)] (10.96)

In order to approximate the back-projection integral by a sum, we have to sample ¢
and 6, where (¢, 8;) define the direction a,. A suitable arrangement for the
projection angles (¢, 8;) is one that gives a uniform distribution of the projections
over the surface of a sphere. Note that if 6 and & are sampled uniformly, then the
projections will have higher concentration near the poles compared to-the equator.

- If 8 js sampled uniformly with A6 = w/J, we will have 8;=(j +1)A0, j =0, 1,...,

J —1. The density of projections at elevation angles 8; will be proportional to
1/sin §;. Therefore, for uniform distribution of projections, we should increment ¢,
in proportion to 1/sin §;, that is, Ad =c/sin9;, & = kA, k =0,...,K ~ 1, where ¢
is a proportionality constant. Since ¢x must equal 27, we obtain

} _ _z_qr;;ZTrsinej _ 2wk = -
K“'K’—Aq;———c. x ¢k—Kj, Kk 0,1‘,...,K,’ 1 (10.97)

This relation can be used to estimate Xj to the nearest integer value for different 8;.
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Figure 10.21 Two-stage reconstruction.

The back-projection integral is approximated as
K;~1

a2 AP 1
Bng(x,y,2)=~l—2 sing,— 2
j=

0;—
o Ko (10.98)

<& (x sin®; cos b, +y sin 6 sin ¢ + z cos b, a,) ]
where (d, ;) define the direction a,, n ='O, .l ,N =1, where.
J-1 R
N=J2 K : (10.99)

i=0

There is an alternate reconstruction algorithm (Fig. 10.21), which contains two

stages of two-dimensional inverse Radon transforms. In the first stage, ¢ is held.

constant (by $2;%) and in the second stage, z is held constant (by #31,). Details are
given in Problem 10.17. Compared to the direct method, where an arbitrary section
of the object can be reconstructed, the two-stage algorithm necessitates recon-
struction of parallel cross sections of the object, The advantage is that only two-
dimensional reconstruction algorithms are needed. ' .

10.13 SUMMARY

In this chapter we have studied the fundamentals and algorithms for reconstruction -

of objects from their projections. The projection theorem is a fundamental result of
Fourier theory, which leads to useful algorithms for inverting the Radon transform.
Among the various algorithms discussed here; the convolution back projection is
the most widely used. Among the various filters, the stochastic reconstruction filter
seems to give the best results, especially for noisy projections. For low levels of
noise, the modified Shepp-Logan filter purforms equally well. :

The Radon transform theory itself is very useful for filtering and representa-

tion of multidimensional signals. Most of the results-discussed here can also be

extended to multidimensions.

PROBLEMS

10.1  Prove the properties of the Radon transform listed in Table 10.1.

10.2  Derive the expression for the Radon transform of the ellipse shown in Figure 10.4b.
10.3 Express the Radon transform of an object f, (r, &) given in polar coordinates.

10.4 Find the Radon transform of
a. exp[-w(x*+y3)], Vxy

2 . o
b. e;fp[!—LE(kx +Iy)],‘—%5x;y 5% K
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=

whx  wly L L
[ cosT cos-5-, st,y_s 5

A, cos2m(ax +By), Vx> +y’=a

Assume the given functions are zero outside the region of support defined.
10.5 Find the impulse response of the following linear systems.

flx, y} gls, 6) gls, 6) b(x, y)
——t T R [¢]

Figure P10.5

10.6 In order to prove (10.19), use the definitions of (4 and ? to show that

Fex,y) = Hmf(x',y')[f;a((x'—x) cos8+(y’ - y) sine')de}dx'dy?

Now using the identity (10.9), prove (10.19). Transform to polar coordinates and prove
(10.20).

10.7 Show that the back-projection operator (4 is the adjoint of «?. This means for any
a{x,y) € ¥ and b(s, 8) € 7/, show that (a, b), ={a, (8b), .

10.8 Find the Radon transforms of the functions defined in Problem 10,4 by applying the

) projection theorem.

10.9 Apply the projection theorem to the function f(x, y) é_ filx, ) ®f>(x, y) and show
F[Af]= G\ (£, 6)G: (&, 8). From this, prove the convolution-projection theorem.

10.10 Using the formulas (10.26) or (10.27) verify the inverse Radon transforms of the
results obtained in Problem 10.8. ’

10.11 If an object is space limited by a circle of diameter D and if &, is the largest spatial
frequency of interest in the polar coordinates of the Fourier domain, show the number
of projections required to avoid aliasing effects due to angular sampling in the trans-
form domain mustbe N > wD¢,.

10.12* Compute the frequency responses of the linearly interpolated digital filter responses
shown in Figure 10.10. Plot and compare these with H ).

10.13 a. (Proof of Theorem 10.1)  Using the fact that j¢|" is real and symmetric, first show

that 7" %" g = (1/2m) X Vg, where % and tJ are defined in (10.32) and
(10.33). Then show that #* R = BAV AP R = AR = A" f =7 (iden-
tity). Now observe that (£,8), = (g, §), = (<£f, §), and use Problem 10.7 to show )
(R, 8). = f, Bg). ={f, ). : B )

b. (Proof of Theorem 10.3) From Fig. 10.14 observe that § = Af=Rf. Using this
show that [22] .
@ E[f(x,y)E(s 0)] =7,(s ~x cos®—y sin6), 7, (s, 0) 2 77'{lglS, (&, 0)}

(i) £1§ (5 00§ (5", 091 = | IS, 5.6) exp(i2nts)ats, 0:&, ) de

where - a(s, 6;£,8’) is the Radon transform of the plane wave
exp{—j2né(x cos6’ +y sin8')} and equals exp(~j2més)d(8 — 6°)/J¢]. Simplify
this and obtain (10.56a). Combine (10.56b) and (10.58) to prove (10.60).
10.14 Write the observation model of (10.68) as v(x, y}é AW =h(x, y) @f(x,y) + nix, y)
where h(x,y) «Z2> H(y,£2) =H,(£,8) <> h,(s,8) and n 2 @ v, whose

Problems - - Chap. 10 S . » 47




power spectrum densxty is given by (10.67). Show that the frequency response of the
two- dxmensmnal Wiener filter for f(x, y), wriiten in po]ar coordinates, is A (£,0) =
H SHH, S, + €577 Implement this filter in the Radon transform domain;, as
shown in I"lg 10.9, to arrive at the filter A4, = g4,
10.15° Compare the operation counts of the Fourier method with the convolutxomfxlter back-
projection methods. Assume N X N'image size with aN projections, a = constant.
+10.16 (Radon inversion formula for divergent rays)
a. Starting with the inverse Radon transform in polar coordinates, show that the
reconstructed qb]ect from fan-beam geometry projections & (o, B) can be written as

[ab (a,B) _8b(o, B)]
2 dor B
fo(r d)= f f” T - smadc‘dﬁ

where |o| =<y

b. Rewrite the precedmg result as a generalized convoluuon back-projection result,
called the Radon inversion formula for divergent rays, as

1 (" ¥(o,B,0)
AL ‘b):Z?fo f_m—y—_—;;‘d“dﬁ

where

oc'-¢o 19b(o,B) _16b(v,B)]. -
\l-‘(G',B,U')_{Sm(o' —(r)': o o OB ], o=~y
0 L lel>y

tan LB oA cos(@ @) IR+ sin(B - )70
Show that o' and p correspond to a ray (¢, B) that goes through the object at
location (r, ¢} and p is the distance between the source and (r, &). The inner
integral in the above Radon inversion formula is the Hilbert transform of ¥(a, *, -)
and the outer integral is analogous to back projection.

-€. Develop a practical reconstruction algorithm by replacing the Hilbert transform by
a bandlimited filter, as in the case of parallel beam geometry.

10.17 (Two-stage reconstruction in three dimensions)

a. Referring to Fig. 10.19, rotate the x- and y-axes by an angle ¢, that is, let
x'=xcosd+tysind,y = —x sind+y cosd, and obtain

. g(s, $,0)=g(s, a) = ffwfé(x’,z)s(x’ sin@ +z cos®—s)dx'dz

- where f,, and g are the two-dimensional Radon transforms of f (with z constant) and
fs (w1th < constant), respectwely, that is,
fo= Ru,of : g=Hsofo

b 'Dev'elop the b_look diagram for a digital implementation .of the two-stage
" reconstruction algorithm. :
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11,7 INTRODUCTION

Image data compression is concerned with minimizing the number of bits required
to represent an image. Perhaps the simplest and most dramatic form of data
compression is the sampling of bandlimited images, where an infinite number of
pixels per unit area is reduced to one sample without. afny loss of information
(assuming an ideal low-pass filter is available). Consequently, the number of sam-
ples per unit area is infinitely reduced.

Applications of data compression are prlmanly in transmission and storage of
information. Image transmission applications are in broadcast television, remote
sensing via satellite, military communications via aircraft, radar and sonar, tele-
conferencing, computer communications, facsimile transmission, and the like.
Image storage is required for educational and business documents, medical images
that arise in computer tomography (CT), magnetic resonance imaging (MRI) and
digital radiology, motion pictures, satellite images, weather maps, geological sur-
veys, and so on. Application of data compression is also possible in the development
of fast algorithms where the number of operations required to implement an algo-
rithm is reduced by working with the compressed data.

‘lmage Raw Data Rates

Typical television images have spatial resolution of approximately 512 X 512 pixels
per frame. At 8 bits per pixel per color channel and 30 frames per second, this
translates into a rate of nearly 180 x 10° bits/s. Depending on the application, digital
image raw data rates can vary from 10° bits per frame to 10° bits per frame or higher.

The large-channel capacity and memory requirements (see Table 1:1b) for digital
image transmission and storage make it desirable to consider data compression
techmques
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Data Compression versus Bandwidih Compression

The mere process of converting an analog video signal into a digital signal results in

. increased bandwidth requirements for transmission. For example, a 4-MFz tele-

vision signal sampled at Nyquist rate with 8 bits per sample weuld require a band-
width of 32 MHz when transmitted using a digital modulation scheme, such as phase
shift keymg (PSK), which requires 1 Hz per 2 bits. Thus, although digitized informa-
tion has advantages over its analog form in terms of processing flexibility, random
access in storage, higher signal to noise ratio for transmission with the possibility of
errrorless communication, and so on, one has to pay the price in terms of this
eightfold increase in bandwidth. Data compression techniques seek to minimize this
cost and sometimes try to reduce the bandwidth of the digital signal below its analog
bandwidth requirements.

Image data compression methods fall into two common categories. In the first

. category, called predictive coding, are methods that exploit redundancy in the data.

Redundancy is a characteristic related to such factors as predictability, randomness,
and smoothness in the data. For example, an image of constant gray levels is fully
predictable once the gray level of the first pixel is known. On the other haad, a
white noise random field is totally unpredictable and every pixel has to be stored to
reproduce the image. Techniques, such as delta modulation and differential pulse
code modulation fall into this category. In the second category. called ransform
coding, compression is achieved by transforming the given image into another array
such that a large amount of mformatxon is packed into a small number of samples.
Other image data compression algorithms exist that are generalizations or com-
binations of these two methods. The compression process inevitably results in some
distortion because of accompanying A to D conversion as well as rejection of some
relatively insignificant information. Efficient compression techniques tend to min-
imize this distortion. For digitized data, distortionless compression techiques are
possxble Figure 11.1 gives a summary classification of various data compression
techniques.

Information Rates

Raw image data rate does not necessarily represent its average information rate,
which for a source with L possible independent symbols with probabilities p;,

image data compression techniques

Y D { ¥
Pixel coding—] Predictivecoding] , [Transform codingl ! Other meihodc]

* PCM/quantization
* Run-length coding

* Hybrid coding
* Two-tone/graphics

* Delta modulation
. * Line-by-line DPCM

* Zonal coding
* Threshold coding

* Bit-plane coding « 2-D DPCM * Multidinensional . coeding
v 5o Interframe techniques techniques * Color image coding
* Adaptive * Adaptive * Vector quantization

« Miscellaneous

v

Figure 11.1  Image data compression techniques.
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i=0,...,L -1, is given by the entropy
L-1

H=-3 plogp: bitsper symbol (1L.1)
i=0 .

According to Shannon’s noiseless coding theorem (Section 2.13) it is possible
to code, without distortion, a source of entropy H bits per symbol using f + ¢ bits
per symbol, where & is an arbitrarily small positive quantity. Then the maximum
achievable compression C, defined by

_ average bit rate of the original raw data (B) ( 112
" average bit rate of the encoded data (H +¢) -2)

is B/(H +¢)=B/H. Computation of such a compression ratio for images is
impractical, if not impossibie. For example an.N x M digital image with B bits per
pixel is one of L = 2°" possible image patterns that could occur. Thus if p,, the
probability of the ith image pattern, were known, one could compute the entropy,

that is, the information rate for B bits per pixel N X M images. Then one could store ‘

all the L possible image patterns and encode the image by its address—using a
suitable encoding method, which will require approximately H bits per image or
H/NM bits per pixel. ' '
Such a method of coding is called vector quantization, or block coding [12].

The main difficulty with this method is that even for small values of Nand M, L can
be prohibitively large; for example, for B =8, N =M =16 and L = 2%48 = 1814,
Figure 11.2 shows a practical adaptation of this idea for vector quantization.of 4 X 4
image blocks with B = 6. Each block is normalized to have zero mean and unity
variance. Using a few prototype training images, the most probable subset contain-
ing L' < L images is stored. If the input block is one of these L' blocks, it is coded
by the address of the block; otherwise it is replaced by its mean value.

- The entropy of an image can also be estimated from its conditional entropy.
For a block of N pixels u, u;, ..., uy-1, with B bits per pixel and arranged in an
arbitrary order, the Nth-order conditional entropy is defined as B

HNQ—E'“ 2 p(uo,ivl,...,uN_l) logzp(uolul,...,u,v_,) (11v3)
ug e u

cHN -t
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- Figure 11.2 Vector quantization of images.
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where each w;, i=0,...,N —1, takes 2% values, and p(-,-,...) represent the
relevant probabilities. For 8-bit monochrome television-quality images, the zero- to
second-order entropies (with nearest-neighbor ordering) generally lie in the range
of 2 to 6 bits/pixel. Theoretically, for ergodic sequences, as N — o, Hy, converges to
H, the per-pixel entropyv. Shannon’s theory tells us that the bit rate of any exact
coding method can never be below the entropy H.

Subsampling, Coarse Quantization,
Frame Repetition, and interlacing

One obvious method of data compression would be to reduce the sampling rate, the

- number of quantization levels, and the refresh rate (number of frames per second)

down to the limits of aliasing, contouring, and flickering phenomena, resnectively.
The distortions introduced by subsampling and coarse quantization for a given level
of compression are generally much larger than the more sophisticated methods
available for data compression. To avoid flicker in motion images, successive frames
have to be refreshed above the critical fusion frequency (CFF), which is 50 to 60
pictures per second (Section 3.12). Typically, to capture motion a refresh rate of 25
to 30 frames per second is generally sufficient. Thus, a compression of 2 to 1 could
be achieved by transmitting (or storing) only 30 frames per second but refreshing at
60 frames per second by repeating each frame. This requires a frame storage, but an
image breakup or jump effect (not flicker) is often observed. Note that the frame
repetition rate is chosen at 60 per second rather than 55 per second, for instance, to
avoid any interference with the line frequency of 60 Hz (in the United States).

Instead of frame skipping and repetition, line interlacing is found to give
better visual rendition. Each frame is divided into an odd field containing the odd

line addresses and an even field containing the even line addresses; frames are

transmitted alternately. Each field is displayed at half the refresh rate in frames per.

second. Although the jump or image breakup effect is significantly reduced by line
interlacing, spatial frequency resolution is somewhat degraded because each field is
a subsampled image. An appropriate increase in the scan rate (that is, lines per
frame) with line interlacing gives an actual compression of about 37% for the same
subjective quality at the 60 frames per second refresh rate without repetition. The
success of this method rests on the fact that the human visual system has poor
response for simultaneously occurring high spatial and temporal frequencies. Other
interlacing techniques, such as vertical line interlacing in each field (Fig. 4.9), can
reduce the data rate further without introducing aliasing if the spatial frequency

. spectrum does not contain simultaneously horizontal and vertical high frequencies

(such as diagonal edges). Interlacing techniques are unsuitable for the display of
high resolution graphics and other computer generated images that contain sharp
edges and transitions. Such images are commonly displayed on a large raster (e.g. ,
1024 x 1024) refreshed at 60 Hz. ’ |

» .11.2 PIXEL CODING

In these techniques each pixel is processed independentty, ignoiing the inter pixel
dependencies. o ’
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~ PCM

In:PCM the incoming video signal is sampled, quéntized, and coded by a suitable
code word (before feeding it to a digital ' modulator for transmission) (Fig. 11.3).
The quantizer output is generally coded by a fixed-length binary code word having

B bits. Commonly, 8 bits are sufficient for monochrome broadcast or video--

conferencmg quality images, whereas medlcal images or color video signals may

require 10 to 12 bits per pixel.

The number of quantizing bits needed for visual display of images can be
reduced to 4 to 8 bits per pixel by using companding, contrast quantization, or
dithering techniques discussed in Chapter 4. Halftone techniques reduce the
quantizer output to 1 bit per pixel, but usually the input sampling rate must be
increased by a factor of 2 to 16. The compression achieved by these techniques is

generally less than 2: 1.
In terms of a mean square dlstortxon the minimum achievable rate by PCM is

given by the rate-distortion formula
; 1 ol 22 ‘
Recu =2 10gz;;2-, 0,<0% : (11.4)
q
where o2 is the variance of the quantizer input and o2 is the quantizer mean square
distortion.

Entropy Coding

If the quantized pixels are not uniformly distributed, then their entropy will be less
than B, and there exists a code that uses less than B bits per pixel. In entropy coding
the goal is to encode a block of M pixels containing MB bits with probabilities
pi,i=0,1,...,L —1,L =2"8 by —log, p, bits, so that the average bit rate is

2pi(-logp)=H

This gives a variable-length code for each block, where highly probable blocks (or
symbols) are represented by small-length codes, and vice versa. If —log, p; is not an
imeger the achieved rate exceeds H but approaches it asymptotically with in-
creasing block size. For a given block size, a technique called Huffman coding is the
most efficient fixed to variable length encoding method.

The Huffman Coding Algorithm

1. Arrange the symbol probabilities p; in a decreasing order and consider them as
leaf nodes of a tree.

ult) ulaT) | Zero-memory) g,(n) igi Trensrt
Sa{rjﬂ?leld quantizer - Sxfcx;;l]ation
—— ?n a and coder

* Figure 11.3  Pulse code modulation (PCM).

480 ’ image Data Compression Chap. 11 »

2. While there is more than one node:
@ Merge the two nodes with smallest probability to form a new node whose
probability is the sum of the two merged nodes.
@ Arbitrarily assign 1 and 0 to each pair of branches merging into a node.
3. Read sequentially from the root node to the leaf node where the symbol is
' located. k
The preceding algorithm gives the Huffman code book for any given set of
probabilities. Coding and decoding is done simply by looking up values in a table.
Since the code words have variable length, a buffer is needed if, as is usually the
case, information is to be transmitted over a constant-rate channel. The size of the
code book is L and the longest code word can have as many as L bits. These
parameters become prohibitively large as L increases. A practical version of Huff-
man code is called the truncated Huffman code. Here, for a suitably selected L; < L,
the first L; symbols are Huffman coded and the remaining symbols are coded by a
prefix code followed by a suitable fixed-length code.
» Another alternative is called the modified Huffman code, where the integer i is
represented as

i=glL;+j, 0=gq sInt[(LL1 l)],OSstl—l (11.5)
The first L, symbols are Huffman coded. The remaining symbols are coded by a
prefix code representing the quotient g, followed by a terminator code, which is the
same as the Huffman code for the remainderj, 0=<j <L, — 1.

The long-term histogram for television images is approximately uniform, al-
though the short-term statistics are highly nenstationary. Consequently entropy
coding is not very practical for raw image data. However, it is quite useful in
predictive and transform coding algorithms and also for coding of binary data such
as graphics and facsxmlle 1mages

Example 11.1

Figure 11.4 shows an example of the tree structure and the Huffman codes. The
algorithm gives code words that can be uniquely decoded. This is because no code word
can be a prefix of any larger-length code word. For example, if the Huffman coded bit

stream is
00010110101 1...

then the symbol sequence is 50525553 . . . A prefix code (circled elements) is obtained
by reading the code of the leaves that lead up to the first node that serves as a root for
the truncated symbols. In this example there are two prefix codes (Fig. 11.4). For the
truncated Huffman code the symbols s, . . . , 57 are coded by a 2-bit binary code word.
This code happens to be less efficient than the simple fixed length binary code in this
example. But this is not typical of the truncated Huffman code.

Run-Length Coding ...

- Consider a binary source whose output is coded as the number of Os between two

successive 1s, that is, the length of the runs of Os are coded. This is called run-length
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f Truncated Modified 1
: Bi : : : | Ruffman | Huttman Huffman |
Symbal ;z:w Pi g ffic‘; code, L, =2 | code,L,=4 (
¢ {THC) (MHC) -
i{ {
054 (9)
o 000 0.25 9 1.0 00 00 00
5 001 021 046 ’ 10 10 10
. <y
5 010 0.15 THC 010 oo 010
53 011 0.14 011 0110 011
‘Root nodes y o .
for truncated | X .
5 100 0.0625 symbols 1100 E] 00 00
%5 101‘ 0.0625 1101 1101 1110
% 110 0.0625 1110 1110 11010
L 111 0.0625" 1 1111 1111 11011
Average
code 3.0 2.781 (entropy) 2,79 . 3.08 - 2915
length
Cods
efficiency 92.7% 99.7% 80.3% 95.4%
H/B,

Figure 11.4  Huffman coding example. v, x', x” = prefix codes, y = fixed length
code, z = terminator code. In general x, x', x” can be different.

coding (RLC). It is useful whenever large runs of 0s are expected. Such a situation
occurs in printed documents, graphics, weather maps, and so on, where p, the
probability of a 0 (representing a white pixel) is closé to unity. (See- Section 11.9.)

Suppose the runs are coded in maximum lengths of M and, for simplicity, let
M =27~ 1. Then it will take m bits to code each run by a fixed-length code. If the
successive Us occur independently, then the probability distribution of the run
lengths turns out to be the geometric distribution .

=-p), O0si=M-1 ’
g(l)={§£’ 2 oy , (11.6)

Since a run length of I =< M — 1 implies a sequence of / Os followed by a 1, that is,
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(I + 1) symbols, the average number of symbols per run will be

_M—l . _ Mz(.l—pM) 11.7
k= 2 U0 (1=p)+ Mp¥ == (11.7)

Thus it takes m bits to establish a run-length code for a sequence of p, binary

symbols, on the average. The compression achieved s, therefore,

_k_Qa-pM
C_m_m(l—p) (11.8)

For p =0.9 and M =15 we obtain m = 4, .="7.94, and C = 1.985. The achieved
average rate is B, = m/u = 0.516 bit per pixel and the code efficiency, defined as

H/B,,is 0.469/0.516 = 91%. For a given value of p, the optimum value of M can be

determined to give the highest efficiency. RLC efficiency can be improved further
by going to a variable length coding method such as Huffman coding for the blocks
of length m. Another alternative is to use arithmetic coding [10] instead of the RLC.,

Bit-Plane Encoding [11]

A 256 gray-level image can be considered as a set of eight 1-bit plane&, each of which-

can be run-length encoded. For 8-bit monochrome images, compression ratios of
1.5 1¢'7 can be achieved. This method becomes very sensitive to channel errors

unless the significant bit planes are carefully protected.

11.3 PREDICTIVE TECHNIQUES

Basic Principle

The philosophy underlying predictive techniques is to remove mutual redundancy
between successive pixels and encode only the new information. Consider a sam-

“pled sequence u(m), which has been coded up tom=n—1 and let w (n — 1),

w(n —2),...be the values of the reproduced (decoded) sequence. At m = n, when
u(n) arrives, a quantity @ (1), an estimate of u(n), is predicted from the previously

decoded samples w' (n — 1), u' (n — 2)..., thatis,

wn)=dw @ -1),u@n-2),...) ’ (11.9)
where y(-,-, .. .) denotes the prediction rule. Now it is sufficient to code the predic-

tion error ‘ '

' Cem)Bumy-w@m) . (11.10)

If e (n) is the quantized value of e(n), then the reproduced value of u(n) is taken as
wn)=u(n)+e(n) (i1.11)

The cbding process continues recursively in this manner. This method is called
differential pulse code modulation (DPCM) or differential PCM. Figure 11.5 shows
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Figure 11.5 Differential pulse cade modulation (DPCM) CODEC..

the DPCM codec (coder-decoder). Note ‘that‘ the coder has to calculate the re-
produced sequence u' (n). The decoder is simply the predictor loop of the coder.
Rewriting (11.10) as

u(n)=u (n) +e(n) (11.12)

" and subtracting (11.11) from (11.12), we obtain

su(n)éu(n)—u~(n)=e(n)—é-(n)=q(n) (11.13)

‘Thus, the pointwise coding error in the input sequence is exactly equal to g (n), the
quantization error in e (n). With a reasonable predictor the mean square value of the
differential signal e(n) is much smaller than that of u{n). This means, for the same
mean square quantization error, e (n) requires fewer quantization bits than u (n). -

Feedback Versus Feedforward Prediction

An important aspect of DPCM is (11.9) which says the prediction is based on the
output—the quantized samples—rather than the input-—the unquantized samples.
This results in the predictor being in the feedback loop around the quantizer, so that
the quantizer error at a given step is fed back to the quantizer input at the next step.
This has a stabilizing effect that prevents dc drift and accumulation of error in the
reconstructed signal w (n). "

On the otheér hand, if the prediction rule is based on the past inputs (Fig.
11.6a), the, signal reconstruction error would depend on all the past and present

e'(n)

Quantizer
+ elm ia al + J'(n)

b b
] Entropy

| - coder/decoder

,

Figure 11.6 Feedforward coding (a) with distortion; (b) distortionless.
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Figure 11.7 Quantizer used in Exam-
ple 11.2.

- quantization errors in the feedforward prediction-error sequence (7). Generally,
- the mean square value of this reconstruction error will be greater than that in
- DPCM, as illustrated by the following example (also see Problem 11.3).

Example 11.2

The sequence 100, 102,120,120, 120,118,116 is to be predictively toded using the
previous element prediction rule, @ (n) = " (n — 1) for DPCM and % (n) = u{(n — 1) for
the feedforward predictive coder. Assume a 2-bit quantizer shown in Fig. 11.7 is used,
except the first sample is quantized separately by a 7-bit uniform quantizer, giving
w (0) = u(0) = 100. The following table shows how reconstruction error builds up with
a feedforward predictive coder, whereas it tends to stabilize with the feedback system

of DPCM.
Input DPCM Feedforward Predictive Coder
n ouwn) wn) e(n) e@) wn) du(n) ur) e@n). n). -wn) suln)
0 100 — -_ — 100 0 — — — 100 0
i 102 100 2 1 101 1. 100 2 1 101 1
Edge— 2 120 101 19 5 106 14 102 18 S 106 14
3 120 106 14 5 111 9 120 0 -1 105 15
4 120 111 9 5 116 4 120 o -1 04 16
5 118 116 2 1 117 1 120 =2 =5 99 19

- Distortionless Predictive Coding L ) .

In digital processing the input sequence u(n) is generally digitized at the source

itself by a sufficient number of bits (typically 8 for images). Then, u(n) may be
considered as an integer sequence. By requiring the predictor outputs to be integer
values, the prediction- error sequence will also take integer values and can be
entropy coded without distortion. This gives a distortionless predictive codec (Fig.

_11.6b), whose minimum achievable rate would be equal to the entropy of the

prediction-error sequence &(n).
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Performance Analysis of DPCM
Denoting the mean square values of quantization error ¢(n) and the prediction
error e(n) by 0% and o, respectively, and noting that (11.13) implies

E[(3u(n)y’] =o? (11.14)

the minimum achievable rate by DPCM is given by the rate-distortion formula [see
(2.116)] '

2 .
Rprcu =1 logz(%) bits/pixel - (11.15) .

9.

" In deducing this relationship, we have used the fact that common zero memory
quantizers (for arbitrary distributions) do not.achieve a rate lower than the Shannon
quantizer for Gaussian distributions (see Section 4.9). For the same distortion
o} =o?, the reduction in DPCM rate compared to PCM i [see (11.4)] - .

2

ol 1 ou :
RPCM - RDPCM = % 10g2<0—i) :R IOgl(] ‘(E‘ bltS/plXel . (1116)

This shows the achieved compression depends on the reduction of the variance ratio
(o%/c?), that is, on the ability to predict u(n) and, therefore; on the intersample
redundancy in the sequence. Also, the recursive nature of DPCM requires that the
predictor be causal. For minimum prediction-error variance, the optimum predictor
is the conditional mean E[u(n)|u (m),m =n — 1]. Because of the quantizer, this is
a nonlinear function and is difficult to determine even when u(n) is a stationary
Gaussian sequence. The optimum feedforward predictor is linear and shift invariant
for such sequences, that is, ' '

un)=duln —1),...)= D aEu(n —k) (11.17)
ko

If the feedforward prediction error e(n) has variance 2, then

B*=c? (11.18)

This is true because @ (1) is based on the quantization noise containing
samples {u (m),m <n} and could never be better than % (n). As the number of
quantization levels is increased to infinity, o2 will approach B’. Hence, a lower
bound on the rate achievable by DPCM is .

-

2 .
Ry = 3 IOEZ‘EE < Rprew Lo (11.19)
: q

" When the quantization error is small, Rppcy approaches Ry,. This expression is

useful because-it is much easier to evaluate B2 than o2 in (11.15), and it can be used
to estimate the achievable compression. The SNR corresponding to o7 is given by
’ 2

Lol I
’ (SNR)DPCM =10 ?O‘gm'a_z =10 logmms 10 logm (1120)

ol
B'f(B)

where f(B) is the quantizer mean square distortion function for a unit variance
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input and B quantization bits. For equal number of bits used, the gain in SNR of
DPCM over PCM is
o? : o’

(SNR)DI’CM - (SNR)p(M =10 logm<;2£) =10 logm[gz‘} dB (1121)
which is proportional to the log of the variance ratio (o3 /8%). Using (11.16) we note
that the increase in SNR is approximately 6 (Rpcu — Rppen) dB, that is, 6 dB per bit
of available compression.

From these measures we sec that the performance of predictive coders
depends on the design of the predictor and the quantizer. For simplicity, the predic-
tor is designed without considering the quantizer effects. This means the prediction
rule deemed optimum for % (n) is applied to estimate @ (r). For example, if & (n) is
given by (11.17) then the DPCM predictor is designed as

T =6 @n—Du(r-2),...)=Sa(ku (n - k) (11.22)

In two (or higher) dimensions this approach requires finding the optimum causal
prediction rules. Under the mean square criterion the minimum variance causal
representations can be used directly, Note that the DPCM coder remains nonlinear
even with the linear predictor of (11.22). However, the decoder will now be a linear
fiiter. The quantizer is generally designed using the statistical properties of the

innovations sequence &(n), which' can be estimated from the predictor design.

Figure 11.8 shows a typical prediction error signal histogram. Note the prediction
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,0'40 - . ; o oot
» Q.SO r
’ 020 -
0.10 -

.0.00 e L] 1.:)1\:\’.'« u\,l l

o b g .
, f64—56 ~48 -40 -32 -24 ~16 -8 0 8 16 -24 32 40 48 56.\ 64

N PR T s " ! L
- Figure 11.8 Predictions = error histogram.
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error takes large values near the edges. Often, the prediction error is-modeled as a
zero mean uncorrelated sequence with a Laplacian probability distribution, that is,

_1lo o[22
PE)=5 exp( B Isl)~ (11.23)

where B2 is its variance. The quantizer is generally chosen to be either the Lloyd-
Max (for a constant bit rate at the output) or.the optimum uniform quantizer
(followed by an entropy coder to minimize the average rate). Practical predictive
codecs differ with respect to realizations and the choices of predictors and
quantizers. Some of the common classes of predictive codecs for images are de-
scribed next. :

Delta Moduiation

Delta modulation (DM) is the simplest of the predictive coders. It uses a one-step
delay function as a predictor and a 1-bit quantizer, giving a 1-bit representation of

the signal. Thus
wm)y=wn-1) e)=u(m—wmn-1 (11.24)

A practical DM system, which does not require sampling of the input signal, is
shown in Fig. 11.92. The predictor integrates the quantizer output, which is a
sequence of binary pulses. The receiver is a simple integrator. Figure 11.9b shows
typical input-output signals of a delta modulator. Primary limitations of delta
modulation are (1) slope overload, (2) granularity noise, and .(3) instability to

channel errors. Slope overload occurs whenever there is a large jump or discon- -

tinuity in the signal, to which the quantizer can respond only in several delta steps.
Granularity noise is the steplike nature of the output when the input signal is almost
constant. Figure 11.10b shows the blurring effect of slope overload near the edges
and the granularity effect in the constant gray-level background.

Both of these errors can be compensated to a certain extent by low-pass
filtering the input and output signals. Slope overload can also be reduced by in-
creasing the sampling rate, which will reduce the interpixel differences. However,
the higher sampling rate will tend to lower the achievable compression. An alterna-
tive for reducing granularity while retaining simplicity is to go.to a tristate delta
modulator. The advantage is that a large number (65 to 85%) of pixels are found 10
be in the. level, or 0, state, whereas the remaining pixels are in the %1 states.
Huffman coding the three states or run-length coding the 0 states with a 2-bit code
for the other states yields rates around 1 bit per pixel for different images [14].

The reconstruction filter, which is a simple integrator, is unstable. Therefore,
in the presence of channel errors, the receiver output can accumulate large errors. It
can be stabilized by attenuating the predictor output by a positive constant.p < 1
(called leak). This will, however, not retain the simple realization of Fig. 11.%a.

For delta modulation of images, the signal is generally presented line by line
and no advantage is taken of the two-dimensional correlation in the data. When
each. scan line of the image is represented by a first-order AR process (after
subtracting the mean), '
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) ‘ Figure 11.9 Delta modulation.
u(my=pu(n=1)+em), E[e(m]=0, E[e(me(m)]

| | = (1= g)a’8(m —n)
the SNR of the reconstructed signal is given, approximately, by (see Problem 11.4)

(11.25)

NR)- w10 100 L7 (20— DFD} -
(SNR)w = 10 logig - B S (11.26)

Assuming the prediction error to be Gaussian and quantized by its Lloyd-Max

* quantizer and p =0.95, the SNR is 12.8 dB, which is an 8.4-dB improvement over

PCM at 1 bit per pixel. This amounts to a com i
1 I - T ) pression of 2.5, or a savings of about
L.5 bits per pixel. Equations (11.25) and (11.26) indicate the SNR of dilta modxlj-
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{b} delta modutation, leak = 0.9;
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(d) two-dimensional DPCM, 3 bits/pixel.

{c} line-by-line DPCM, 3 bits/pixel;

Figure 11..0 Examples of predictive coding.

lation can be improved by increasing p, which can be done by increasing the
sampling rate of theiquantizer output. For example, by doubling the sampling rate
in this example, p will be increased to 0.975, and the 5NR will increase by 3 dB. At
the same time, however, the data rate is also doubled. Better performance can be
obtained by going to adaptive techniques or increasing the number of quantizer bits,
which leads to DPCM. In fact, a large number of the ills of delta modulation can be
cured by DPCM, thereby making it a more attractive alternative for data com-

pression.
Line-by-Line DPCM

In this method each scan line of the image is coded independently by the DPCM
technique. Generally, a suitable AR representation is used for designing the pre-
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dictor. Thus if we have a pth-order, stationary AR sequence (see Section 6.2)
z

u(m)= 2 a(ku(n ~k)=e(n),  E[(e(n)] = p? (11.27)
k=1
the DPCM system equations are
P

‘Predictor: & (n) = 2 a(k)u (n - k) (11.28a)
k=1 .
Quantizer input: - e(n) = u(n) — @ (n), quantizer output =¢' (n) (11.28b)

Reconstruction filter: (1) =& (n) + € (n) :
(reproduced outpuit) (11.28¢)

= i a(yw (n —k)+e(n)

For the first-order AR model of (11.25), the SNR of a B-bit DPCM system output
can be estimated as (Problem 11.6) .

(1—p2f(B))J
———%1 dB 11.29
(=07 11.29)
Fot p=0.95 and a Laplacian density-based quantizer, roughly 8-dB to 10-dB SNR
improvement over PCM can be expected at rates of 1 to 3 bits per pixel.

Alternatively, for small distortion levels (f(B) =0), the rate reduction over PCM is

(SNR)ppey =10 10810[

* [see (11.16)]

RPCM - RDPCM = % logz(_l‘_l—pz—) blts/plxel (11.30)

- This means, for example, the SNR of 6-bit PCM can be achieved by 4-bit line-by-

line DPCM for p = 0.97. Figure 11:10c shows a line-by-line DPCM coded image at 3
bits per pixel. ' _

Two-Dimensional DPCM

The foregoing ideas can be extended to two dimensions by using the causal MVRs
discussed in chapter 6 (Section 6.6), which definc a predictor of the form

B(mm)= 33 alk Du(m - kn -1 (11.31)

(k1) € W,

where W, is a causal prediction window. The coefficients a(k, 1) are determined By
solving (6.66) for x = 1, which minimizes the variance of the prediction error in the
image. For common images it has been found that increasing size of W, beyond the

four nearest (causal) neighbors (Fig. 11.11) does not give any appreciable reduction

. in prediction error variance. Thus for row-by-row scannex! images, it is sufficient to

consider predictors of the form

ﬁ(m‘,n)'—‘a;u(m—1,'1)‘*'“2”»("1;"‘1) - .-(11 32)

+au(m-1,n - D+au(m-1,n+1)
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Here a4y, a;, a3, a;, and B2 are obtained by solving the linear equations
r(1,0)=a,7(0,0) + @ r(1, ~1} + a; (0, 1) + a,7(0,1)
r©0,1)=a/r(l,=1) +ar(0,0) + a;7(1,0) + a,r(1,-2)
FLD=ar0,1) +ar(1,0)+ar0,0 +ar(,2) . (1133
r(1,~1)=a;r(0,1) + a,r(1, ~2) + a3r(0,2) + a,r(0,0)
p* = E[e*(m, n)] '

=r(0,0) = a7(1,0) = a,7(0, 1) —as7(1,1) —ayr(1, 1)

where r(k, [) is the covariance function of u(m, n). In the special case of the
separable covariance function of (2.84), we obtain

a; = p1, ar =,
P=o?(1-p}(1-pd)
Recall from Chapter 6 that unlike the one-dimension case, this solution of
(11.33) can give tise to an unstable causal model. This means while the prediction
error variance will be minimized (ignoring the quantization effects), the recon-
struction filter could be unstable causing any channel error to be amplified greatly at
the receiver. Therefore, the predictor has to be tested for stability and, if not stable,
it has to be modified (at the cost of either increasing the prediction error variance or
increasing the predictor order). Fortunately, for common monochrome image data
(such as television images), this problem is rarely encountered.
Given the predictor as just described, the equations for a two-dimensional

DPCM system become

Predictor: @ (m,n)=ayuw(m—1,n)+au(mn 1) (11.352)
’ Aauwim-l,n—-D+tauim-1Ln+1)
“"Quantizer input:  e(m, n) = u(m, n) — W (m, n) (11.33b)

vR,eAéonstruction filter: w{m,n)=a(m,n)+e(mn) - (11.35)
The performance bounds of this method can be evaluated via (11.19) and (11.20).
An example of a two-dimensional DPCM coding at 3 bits per pixel is shown in Fig.
11.10d. ’
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a3 = —pP1P2s a;=0, (11.34)-

)

2-D DPCM, Gauss-Markov field,
upper bound, a; =a, = 0.95,a; = 3,2,

Actual, 2-D, DPCM with 3-pt,
prediction and measured ay,dq, a3

f Line-by-line DPCM 1st-order
+ Gauss-Markav p = 0.95
@ 20
z
15 - -
@ PCM (Gaussiap random variable) -
10} ‘
5
0 I ! !
1 2 3 4 ‘ "

Rate {bits/sample)——

Figure 11,12 Performance of predictive codes.
'Perfermance Comparisons

Fig}lre 11.12 shows the theoretical SNR ‘versus bit rate of two-dimensi A
of Images modeled by (11.34) and (11.35) with a, = 0. Comparisor(l)n\i]itll‘z)li)cx}eVf
du?lenstxonal line-by-line DPCM and PCM is also shown. Note that delta mod‘u-
lation is the same as 1-bit DPCM in these curves. In practice, two-dimensional
DPCM does not achieve quite as much as a 20-dB improvemént over PCM, as

~ expected for random fields with parameters of (11.34). This is- because the two-

dlmensiqna.l separable covariance mode] is overly optimistic about the variance of
the prediction error. Figure 11.13 compares the coding-error images in one- and

-
{
[
.f

(a) one-dimensional ) {b} two-dimensional

Figure 11.13 Qne- and two-dimensional DPCM images coded at 1 bit (upper
images) and 3 bits (lower images) and their errors in reproduction. .
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two-dimensional DPCM. The subjective quality of an image and its tolerance to
channel errors can be improved by two-dimensional predictors. Generally a
3-bit-per-pixel DPCM coder can give very good quality images. With Huffman
coding, the output rate of a 3-bit quantizer in two-dimensional DPCM can be
reduced to 2 to 2.5 bits per pixel average.

Remarks

Strictly speaking, the predictors used in DPCM are for zero mean data (that is, the
dc value is zero). Otherwise, for a constant background p., the predicted value

u (m, rl) = (al +a+a;+ a4)p, ' (11.36)

would yield a bias of (1 —a, — a, ~ as — a,)p., which would be zero only if the sum of
the predictor coefficients is unity. Theoretically, this will yield an unstable recon-
structjon filter (e.g., in delta modulation with no leak). This bias can be minimized
by (1) choosing the predictors.coefficients whose sum is close to but less than unity,
(2) designing the quantizer reconstruction level to be zero for inputs near zero, and
(3) tracking the mean of the quantizer output and feeding the bias correction to the
predictor. » ’

The quantizer should be designed to limit the three. types of degradaiions,
granularity, slope overload, and edge-busyness. Coarsely placed inner levels of the
quantizer cause granularity in the flat regions of the image. Slope overload occurs at
high-contrast edges where the prediction error exceeds the extreme levels of the
quantizer, resulting in blurred edges. Edge-busyness is caused at less sharp edges,
where the reproduced pixels on adjacent scan lines have different quantization
levels. In the region of edges the optimum mean square quantizer based on Lapla-
cian density for the prediction error sequence turns out to be tco companded; that
is, the inner quantization. steps are too small, whereas the outer levels are too
coarse, resulting in edge-busyness. A solution for minimizing these effects is to
increase the number of quantizer levels and use an.entropy coder for its outputs.

statistics and to channel errors. Adaptive techniques can be used to improve the
compression performance of DPCM. (Channel-error effects are discussed in
- Section 11.8.) .

Adaptive Techniques

The performance of DPCM can be improved by adapting the quantizer and pre-
dictor characteristics to variations in the local statistics of the image data. Adaptive
techniques use a range of quantizing characteristics and/or predictors from which a
“current optimum’ is selected according to local image properties. To eliminate the
overhead due to the adaptation procedure, previously coded pixels are used to
determine the mode of operation of the adaptive coder. In the absence of trans-
mission errors, this allows the receiver to follow the same sequence of decisions
made at the transmitter. Adaptive predictors are generally designed to improve the
subjective image quality, especially at the edges. A popular technique is to use
several predictors, each of which performs well if the image is highly correlated in a
certain direction. The direction of maximum correlation is computed from previ-
ously coded pixels and the corresponding predictor is chosen.

Adaptive quantization schemes are based on two approaches, as discussed

' pext.

Adaptive gain control. = For a fixed predictor, the variance of the prediction
error will fluctuate with changes in spatial details of the image. A simple adaptive
quantizer updates the variance of the prediction error at each step and adjusts the
spacing of the quantizer levels accordingly. This can be done by normalizing the
prediction error by its updated standard deviation and designing the quantizer levels
for unit variance inputs (Fig. 11.14a). - ,

Let ¢2(j) and ¢2(;) denote the variances of the quantizer input and output,
respectively; at step j of a DPCM loop. (For a two-dimensional system, this means
we are mapping (m, n) into j.) Since e (j) is available at the transmitter as well as

This increases the dynamic range and the resolution of the quantizer. The average

coder rate will now depenc. on the relative occurrences of the edges. Another : " N Active
aiternative is to incorporate visual properties in the quantizer design using the 3 % ° d 5 o o Activity code
visibility function [18]. In practice, standard quantizers are optimized iteratively to ) R messure
achieve appropriate subjective picture quality.

In hardware implementations of two-dimensional DPCM, the predictor is o, [
often simplified to minimize the number of multiplications per step. With reference © . Gain [ Quantizer |
to Fig. 11.11, some simplified prediction rules are discussed in Table 11.2. estimator

‘The choice of prediction rule is also influenced by the response of the recon- () Adaptive gain control )
struction filter to channel errors. See Section 11.8 for details. .

( +

For interlaced image frames, the foregoing design principles are applied to

each field rather than each frame. This is because successive fields are &S apart and
the intrafield correlations are expected to be higher (in the presence of motion) than ' : B ' ' | Predictor [«
the pixel correlations in the de-interlaced adjacent lines. 3 ’ ' ) A aapm; classification

Overall, DPCM is simple and well suited for real-time (video rate) hardware ‘ . ‘ . o 4 '
implementation. The major drawbacks are its sensitivity to variations in image . 5 ‘ . Figure 11,14~ Aduptive quantization.
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the receiver, it is easy to estimate &2 (j). A sxmpie estimate, cal}ed the exponential
average variance estimator, is of the form

G+ D)=y (HF+vy62 (), 2(0)= (e(O))2 j=0,1,. (11.37)

where 0 <+ = 1. For small quantization errors, we may use ¢, (j) as an estimate of
a.(J). For Lloyd-Max quantizers, since the variance of the input equals the sum of
the variances of the output and the quantization error [see (4.47)], we can obtain the

recursion for ¢ (j) as ‘
)= ()P+yol(),  j=0.1,... 11.38
oi(j+ =17 f(B)[ DF+yee(i) j (11.38)
In practice the estimate of (11.37) may be replaced by
N
ee(N=v 2 le (j=m)| (11.39)

where v is a constant determined experimentally so that the mean square error is
minimized. The above two estimates become poor at low rates, for example, when
B =1. An alternative, originally suggested for adaptive delta modulation [7], is to
define a gain o, = g(m, n), which is recursively updated as

4 = ' _k,ﬂ —l M m—k,n~1i)s ' ’ |
g(m, n) (k%;w o, 18 (m ) (Iq‘ kn-1]) (11.40)
! mm-—g(m l’l) &max

where M (|g;|) is a multiplier factor that depends on the quantlzer levels ¢; and oy,
are weights which sum up to unity. Often o, ,= 1/N,,, where N, is the number of
pixels in the causal window W. For example (see Table 11.1), for a three-level
quantizer (L = 3) using the predictor neighbors of Fig. 11.11 and the gain-control
formula

gm n)=3[g(m ~1,mM(gn-1)) + 8(m, 0 = DM(gmn-s])]  (11.41)
the multiplier factor M(|q|) takes the values M (0) = 0.7, M (zq1) = 1.7. The values
in Table 11.1 are based on experimeatal studies {19] on 8-bit images.

Adaptive classification. Adaptive classification schemes ségment the
image into different regions according to spatial detail, or activity, and different
quantizer charactenstxcs are used for each activity class (Fig. 11.14b). A simple .

» TABLE 11.1 Gain-Control Parameters for Adaptive Quantization in DPCM )

- measure of activity is the variance of the pixels in the neighborhood of the pixel to

ve predicted. The flat regions are- quantized more finely than edges or detatled
areas. This scheme takes advantage of the fact that noise visibility decreases with
increased activity. Typically, up to four activity classes are sufficient. An example
would be to divide the image into 16 X 16 blocks and classify each block into one of
four classes. This requires only a small overhead of 2 bits per block of 256 pixels.

Other Methods [17, 20]

At low bit rates (B =1) the performance of DPCM deteriorates rapidly. One
reason is that the predictor and the quantizer, which were designed independently,
no longer operate at near-optimum levels. Thus the successive inputs to the quan-

TABLE 11.2 Summary of Predictive Coding

Design Parameter

Comments

Predictor
Linear mean square

Previous element
~A

Averaged prediction

=(5)

b +(45)
7’<A + (c2+ D )/2)

Planar prediction
a. y(A +(C~B))

b. 'y(Av + SD—;B—))

Leak (vy)

Quantizer

a. Optimum mean square
(Lloyd-Max)

Predictors of orders 3 to 4 are adequate.

Determined from image correlations. Performs very well
as long as image class does not change very much.

Sharp vertical or diagonal edges are biurred and exhibit
edge-busyness. Channel error manifests itself as a
horizontal streak.

Significant improvement over previous element prediction
for vertical and most sloping edges. Horizontal and
gradual rising edges blurred. The two predictors using
pixel D perform equally well but better than (4 + C)/2 on
gradual rising edges. Edge-busyness and sensitivity to
channel errors much reduced (Fig. 11.38).

Better than previous element predxctlon but worse than
averaged prediction with respect to eage busyness and
channel errors (Fig. 11.38).

0<+y<1. As the leak is increased, transmission errors
become less visible, but granularity and contouring
become more visible.

Recommended when the compression ratio is not too
high (=3) and a fixed length code is used. Prediction -
error may be modeled by Laplacian or Gaussian
probability densities.

Multipliers A (q)
L Zumin Emax g=0 g, *q, =g,
3 5 55 0.7 1.7
5 5 40 0.8 1.0 2.6
7 4 32 0.6 1.0 , L3 4.0
485 : Image Data Compression Chap. 11

v o TR

" b. Visual Difficult to design. One alternative is to perturb the levels
of the max quantizer to obtain an increased subjective
. R ooy quality. )
¢. Uniform Useful in high-compression schemes (>3) where the
' quantizer output is entropy coded. -
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tizer may have significant correlation, .and the predictor may not be good enough.
Two methods that can improve the performance are -

1. Delayed predictive coding
2. Predictive vector quantization

In the first method [17], a tree code is generated by the prediction filter excited by
different quantization levels. As successive pixels are coded, the predictor selects a
pathin the tree (rather than a branch value, as in DPCM) such that the mean square
error is minimized. Delays are introduced in the predictor to enable development of
a tree with sufficient look-ahead paths.

In the second method [20], the successive inputs to the quantizer are entered
in a shift register, whose state is used to define the quantizer output value. Thus the
quantizer current output depends on its previous outplllts. :

11.4 TRANSFORM CODING THEORY

The Optimum Transform Coder

Transform coding, also called block guantization, is an alternative to predictive
coding. A block of data is unitarily transformed so that a large fraction of its total
energy is packed in relatively few transform coefficients, which are quantized inde-
pendently. The optimum transform coder is defined as the one that minimizes the
mean square distortion of the reproduced data for a given number of total bits. This
turns out to be the KL transform.

Suppose an N X1 random vector u 'with zero mean and covariance R is
linearly transformed by an N X N (complex) matrix A, not necessarily unitary, to
produce a (complex) vector v such that its components v(k) are mutually
uncorrelated (Fig. 11.15). After quaniizing each component v (k) independently,
the output vector v’ is linearly transformed by a matrix B te yield'a vector w'. The
problem is to find the optimuin matrices A and B and the optimum quantizers such
that the overall average mean square distortion

%%E [’2 (u(m)—w (n))z} i‘,E[(u - u‘)’(?x —w)]

is minimized. The solution of this problem is summarized as follows:

(11.42)

1. For an arbitrary quah‘tizer the optimal reconstruction matrix B is given by

B=A"'T (11.43)
where I is a diagonal matrix of elements vy, defined as
y AN (11.442)
Ax
MAEW(®Vv @], WA E[Y (0P (11.44b)
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Figure 11.15 One-dimensional transform coding.
"2. The Lloyd-Max quantizer for each v(k) minimizes the overall mean square
error giving '
r=I1 _ - (11.45)
3. The optimal decorrelating matrix A is the KL transform of u, that is, the rows
of A are the orthonormalized eigenvectors of the autocovariance matrix R.
This gives
B=A"1= 4% (11.46)
Proofs
1. In terms of the transformed vectors v and v, the distortion can be written as
D =Al,E{Tr[A“v—Bv'][A":v4Bv']*T}‘ (11.47a)
1 R R ) ok N '
) ~NTr[A 'A(A™)*T+ BA'B*T - A 'AB*T — BA*T (A"1)*7] (11.47b)
where .
ALEWT,  ALQEWEYT, AL ENe) (11.47¢)
Since v(k),k =0,1,... ,N~1 are uncorrelate * and are quantized indepen-
dently,'the matrices A, A', and A are diagonal with A, \;, and A, as their
respective diagonal elements. Minimizing D by d’if>rentiating it with respect
to B (or B), we obtain (see Problem 2.15) : :
BA'—ATA=0 > B=ATAQA)! (11.48)
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which gives (11.43) and

=%Tr[A" E[v-Tv]v-Tv}T (A )] (11.49a)
. The preceding expression for distortion can also be written in the form
N-1N-1 ’
D=1 I A PE20ON (11.49b)
N 2o k=0 . )

where G2(k) is the distortion as if v (k) had unity variance, that is
SR BEW®R) v OFUN (11.49¢)

From this it follows that &2 (k) should be minimized for each k by the quan-
tizer no matter what A is.t This means we have to minimize the mean square
error between the quantizer input v (k) and its scaled output v, v’ (k). Without
loss of generality, we can absorb v, inside the quantizer and require it to be a
minimum mean square quantizer. For a given number of bits, this would be
the Lloyd-Max quantizer. Note that -y, becomes unity for any quantizer whose
output levels minimize the mean square quantization error regardless of its
decision levels. For the Lloyd-Max quantizer, it is not only that -y, equals
unity, but also its decision levels are such that the mean square quantization
error is minimum. Thus (11.45) is true and we get B = A" This gives

o3(k) =N 55 () = E[lv (k) = v (R)F] = Nef 0re) (11.50)
where f(x) is the distortion-rate function of an x-bit Licyd-Max quantizer for
unity variance inputs (Table 4.4). Substituting (11.50) in (11.49b), we obtain

D =1%,Tr[A—‘1 FAA™), FADiaglf(m)} = (1151)

Since v equals Au, its covariance is given by the diagonal matrix ‘
E[w*T]A A= ARA*T (11.52)

Substitution for A in (11.51) gives ‘
D= % Tr{A™ FAR] (11.53)

where F and R do not depend on A. Minimizing D with respect to A, we obtain
(see Problenr2.15)

6D 1 -1 ~-11T 1 -1 T
0=—=——[A'FARAT'}'+ = [RA™'F

oA ! Iyl ] (11.54)
= F(ARA™) = (ARA™)F

Thus, F%and ARA™ commute. Because F is diagonal, ARA™ must also be
diagonal. But ARA*7 is also diagonal. Therefore, these two matrices must be
related by a diagonal matrix G, as

¥ Note that &3(k) is independent of the transform A:

Image Pata Compression Chap. 11

ARA*T= (ARAT)G (11.55)

This implies AA*T=G, so the columns of A must be orthogonal. If A is
replaced by G A, the overall result of transform coding will remain un-
changed because B =A"'. Therefore, A can be taken as a unitary matrix,
which proves (11.46). This result and (11.52) imply that A is the KL transform
of u (see Sections 2.9 and 5.11).

) Remérks

Not being a fast transform in general, the XL transform can be replaced either by a
fast unitary transform, such as the cosine, sine, DFT, Hadamard, or Slant, which is
not a perfect decorrelator, or by a fast decorrelating transform, which is not unitary.
In practice, the former choice gives better performance (Problem 11.9).

The foregoing result establishes the optimality of the KL transform among all
decorrelating transformations. It can be shown that it is also optimal among all the
unitary transforms (see Problem 11.8) and also performs better than DPCM (which
can be viewed as a nonlinar transform; Problem 11.10).

Bit Allocation and Rate-Distortion Characteristics

The transform coefficient variances are generally unequal, and therefore each
requires a different number of quantizing bits. To complete the transform coder -
design we have to allocate a given number of total bits among all the transform

- coefficients so that the overall distortion is minimum. Referring to Fig. 11.15, for

any unitary transform A, arbitrary quantizers, and B=A"! = A*T; the distortion
becomes

D=1 3 Eb M- v =% 3 olftn (1156)

where o} is the variance of the transform coefficient v (k), which is allocated n; bits,
and f(-), the quantizer distortion function, is monotone convex with f(0) =1 and
f(%) = 0. We are given a desired average bit rate per sample, B; then the rate for the
A-transform coder is '

rRALY , -B ) (11.57)

The bit allocation problem is to find r, = 0 that minimize the distortion D, subject
to (11.57). Its solution is given by the following algorithm.

" Bit Allocation Algorithm

Step 1.~ Define the inverse function of f '(x) 4 df(x)/dx as k (x) 4 7 x), or
h(f'(x)) =x. Find 8;-the root of the nonlinear equation .

Al OOy,
RA_Nk:(%;eh( . ) B' (11.58)
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The solution may be obtained by an iterative technique such as the Newton method.
The parameter 6 is a threshoid that centrols which transform coefficients are to be
coded for transmission.

Step 2. The number of bits allocatéd to the kth transform coefficient are

given by

0 oi<e :
={0 11.59
" {h(ef'(oyaz), a2z 0 (11.59)

Note that the coefficients whose mean square value falls below 6 are not coded at

all.
Stzp 3. The minimum achievable distortion is then

: D:—l—

LS oify+ 3 ol (11.60)

k: uk>8 kiof<t

Sometimes we specify the average dlstomon D = d rather than the average rate B.
In that case (11.60) is first soived for 6. Then (11.59) and (11.58) give the bit
allocation and the minimum achievable rate. Given n,, the number of quantizer
levels can be approximated as Int{2™]. Note that n, is not necessarily an integer.
This algorithm is also useful for calculating the rate versus distortion characteristics
of a transform coder based on a given transform A and a quantizer with distortion
function f(x). .

In the special case of the Shannon quantizer, we have f(x) == 2°%, which gives

— o1 —X
frx=-@ log,2)2 ® 3 p(x)=-}log ( > iog, 2) .
He= max{O,%.logz (ﬂz‘>} (11.61)
D=1 i+ 3 =— 2 min(,02) (11.62)
Nljze o
ek 2o 2l
‘ (11.63)

PRSUTS
_NkEU max| 0,3 log,— 5
More generally, when f(x) is modeled by piecewise exponentials as in Table 4.4, we
can similarly obtain the bit allocation formulas [32]. Equations (11.62) and (11.63)
give the rate-distortion bound for transform coding of an N x 1 Gaussian random
vector u by a unitary transform A. This means for a fixed distortion D, the rate R,
will be lower than the rate achieved by using any practical quantizer. When D is
small enough so that 0 <6 < mkin {o}},wegeto= D, and
N1

1 | |
lzllogz%’f— 2;, logz(ﬂcrk) —llogD - (11.69)

RA_.N
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In the case of the KL transform, o} = =\ and H M = [R|, which gives

RKF%V loga|R| ~4log D, D <min{g (11.65)
For small but equal distortion levels,
N-1
Ra— R == logs| [ [] o2 /IRI =0 (11.66)
2N k=0

where we have used (2.43) to give
' N-1 N-1
R|=|ARA*"| < ]| [ARA*T] = [] o}
k=0 k=0
For PCM coding, it is equivalent to assuming A = I, so that

1 A
Rpcy = Ry = — N log:|R| =0 ‘ (11.67)

where R = {r(m, n)/o 2} is the correlation matrix of u, and o 2 are the variances of its
elements. )

Example 11.3
The determinant of the covariance matrix R = {p" ="} of a Markov sequence of length

Nis [R| = (1 - p»)"V ™. This gives

Rir= N- logz (1-p)—3log.D, D <min{\} (11.68)

2N

For N = 16 and p = 0.95, the value of min{:\.} is 0.026 (see Table 5.2). So for D =0.01, -

we get Rx, = 1.81 bits per sample. Rearranging (11.68) we can write

1-
Ry, = logz( 0) _%V log2(1—p%) (11.69)
As N, the rate RK,_ goes down to a lower bound R (*) =14 log,(1~p?)/D,
and Rpcw — Ris (%) = ~} loga (1:— p?) = 1.6 bits per sample. Also, as N— o, the

eigenvalues of R follow the distribution A(w) = (1 - p?)/(1 + p*+ 2p cos w), Wthh
gives min{A} = (1 = p2)/(1 + p)* = (1 — p)/(1 + p). For p=0.95, D =0.01 we obtain
Ri1 (=) = 1.6 bits per sample.

Integer Bit Allocation Algorithm. The number of quantizing bits n, are often
specified as integers. Then the solution of the bit allocation problem is obtained by
applying a theory of marginal analysis [6, 21], which yields the following simple
algorithm. ‘
Step 1. - Start with the allocation nf =0,0<k <N —1.Setj=1.
Step 2. ni=n|" '+ 8(k — i), where i is any index for which

A A oAy ~ flnkt + 1)]

is maximum. A, is the reduction in distortion 1f the jth bit is allocated to the kth
quantizer.
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Step 3. 1f Sunh = NB, stop; otherwise f—j + 1-and go to Step 2. ; ~

If ties occur for the maximizing index, the procedure is successively initiated
with the allocation nf, = nj~ ' + 8(i — k) for each i. This algorithm simply means that
the marginal returns )

ALA GO ~f+ 1) k=0, N-1j= 1,....NB (11.70)

25

g
o

are arranged in 2 decreasing order and bits are assigned one by one according to this

order. For an average bit rate of B, we have to search N marginal returns NB times.

This algorithm can be speeded up whenever the distortion function is of the form

f(x)=a27" Then Ay;=(1- 2902 f(n}" ), which means the quantizer having the L

largest distortion, at any step j, is allocated the next bit. Thus, as we allocate a bit, 10

we update the quantizer distortion and the step 2 of the algorithm becomes:
Step 2: Find the index i such that

-
(L]

Rate, bits/pixel ——»

0.5

P INY . I : | .
D, =max[o? f(r, )] is maximum :
= max[ ) 2X2 4X4  8XB 16X16 32X32 64X64 128X 128

' ' Black size —

i I |

Then ;
n/," _ n{(‘l + S(k _ i) lfigure 1.1.16 Rate achievable by block KL transform coders for Gaussian random
b fields with separable covariance function, p = p, = 0.95, at distortion D = 0.25%
Df - Di v » | i 23%0.
I
The piecewise exppnential models of Table 4.4 can be used to implement this step. - ‘ q

\

P L[ v,
Pl T i .
o Rl g "I A, U;"‘;}——P'{ Quantize Code XMIT/Store }-—I

11.5 TRANSFORM CODING OF IMAGES ‘ !

The foregoing one-dimensional transform coding theory can be easily generalized ‘ o A

to two dimensions by simply mapping a given N X M image u(m, n) to a one- ' (@) Coder

dimensional NM x 1 vector u. The KL transform of u would be a matrix of size

NM X NM. In practice, this transform is replaced by a separable fast transform such

as the cosine, sine, Fourier, Slant, or Hadamard; these, as we saw in chapter 5, pack

a considerable amount of the image energy in a small number of coefficients. ,
To make transform coding practical, a iven image is divided into small rectan- . . ‘ . LV *l - [ N

gular blocks, and each block if transformgcoded independently. For an N X M ' Lo | LA VA U]

image divided into NM/pq blocks, each of size p X ¢, the main storage require-

ments for implementing the transform are reduced by a factor of NM/pg. The

computational load js reduced by a factor of log, MN/log, pq for a fast transform (b} Decoder
requiring aN log, N.operations to transform an N x 1 vector. For 512 X 512 images oo L Figare 11.17 Two-dimensional transform codin
divided into 16 X 16 blocks, these factors are 1024 and 2.25, respectively. Although - P . &
the operation count is not greatly reduced, the complexity of the hardware for 1. Divide the given image. Divide the i i ‘ o
implementing small-size transforms is reduced significantly. However, .smaller . p X gand transformgeach block ts :)I;lt?ii 1‘r;.mi S:l SH rectangularAb focks of size
block sizes yield lower compression, as shown by Fig. 11.16. Typically, a block size ~ ' 2. Determine the‘ bit allocation. Calculate the 't;z;nsfor;r; .c'o’eIff—i::'t lt v A"M/Pq 2

. : . iy ient variances ¢ £,

of 16 X 16 is used. . Via (5.36) or Problem 5.29b if the image covariance function is given. Alterna-

tively, estimate the variances G}, from the ensemble of coefficients vi(k, D)

Two-Dimensional Transform Coding Algorithm. We now state 2 pr‘acticalv ; i=0 I -1, obtained from a given protot .
! . I : . : 0,0, , rototype image normali /
transform coding algorithm for images (Fig. 11. 17). . _ : unity variance. From this, the o'} ; for the image}:sith vargiancerol?zazii'zee:stti(x)nl;?f\:s
504 o . Image Data Compression Chap- 11 Sec. 1.5 Transform Coding of Images

_ . 505




B 56

as 0f,=&},0% The 6}, can be interpreted as the power spectral density of
the image blocks in the chosen transform domain.

The bit allocation algorithms of the previous section can be applied
after mappmg o}, into a one-dimensional sequence. The ideal case, where
f(x) =27*, yields the formulas

2 "t
M= max((),2 log; Ué‘ ’)

~-1g-1

=—Z 2> min(8,03 ),
. qu 0i=0
p-lg-1

g kZO IEO i, 1 (8)
Alternatively, the integer bit allocation algorithm can be used. Figure 11.18
shows a typical bit allocation for 16 X 16 block coding of an image by the
cosine transform to achieve an average rate B = 1 bit per pixel.

3. Design the quantizers. For most transforms and common images (which are
nonnegative) the dc coefficient v;(0,0) is nonnegative, and the remaining
coefficients have zero mean values. The dc coefficient distribution is modeled ‘
by the Rayleigh density (see Problem 4.15). Alternatively, one-sided Gaussian ;
or Laplacian densities can be used. For the remaining tranform coefficients,
Laplacian or Gaussian densities are used tc design their quantizers. Since the
transform coefficients are allocated unequal bits, we need a different quan- ’
tizer for each value of n, ;. For example, in Fig. 11.18 the allocated bits range ;
from 1 to 8. Therefore, eight different quantize'rs are needed. To implement ° J
these quantlzers, the input samnple v, (k, [} is first normalized so that it has -
unity variance, that is, ‘

ks men ont S

(11.71)

f D AMED gy 40,0) (aL.72)

These coefficients are quantized by an ry ;-bit quantizer, which is designed for
zero mean, unity variance inputs. Coefficients that are allocated zero bits are

j—
8765332221111100 :
78654332211111000 . ¥
6543322211111000 i
. 5433322211111000
3333222111110000
3322222111110000
2222221111100000
i 2222111111100000
2111111111000000
11141111110000000 .
}}H}}éégggggggg Figure 11.18  Bit allocation for 16 X 16
1111000000000600 . block cosine transform coding of images
100Pp0000QOO0QQ000Q  modeledby isotropic covariance function
.0000000000000000 with p=0.95. Average rate=1 bit per
0000000000000000  pixel. '
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-not processed at all. At the decoder, which knows the bit allocation table in
advance, the unprocessed coefficients are replaced by zeros (that is, their
mean valuaes). .

4. Code the quantizer output. Code the output into code words and transmit or
store.

5. Reproduce the coefficients. Assuming a noiseless channel, reproduce the coef-
ficients at the decoder as

V;(k, I)O'k,,, (k, l) € I,

ol 1) = 11.73
vi (D) {0 otherwise ( )

9
where I, denotes the set of transmitted coefficients. The inverse trans-
formation U; = A*TV; A* gives the reproduced image blocks.

Once a bit assignment for transform coefficients has been determined, the
performance of the coder can be estimated by the relations
-1g-1 —-1g-1

Zzaklf(nkl) RA“ ZZnu

kOI— kOIO

(11.74)

Transform Coding Performance Trade-Offs and Examples

Example 11.4 Choice of transform

Figure 11.19 compares the performance of different transforms for 16 x 16 block
coding of a random field. Table 11.3 shows examples of SNR values at different rates.
The cosine transform performance is superior to the other fast transforms and is almost
indistinguishable from the KL transform. Recall from Section 5.12 that the cosine
transform has near-optimal performance for first-order stationary Markov sequences
with p>0.5. Consxderatxons for the choice of other transforms are summarized in
Table 11.4. ' s

mmnse Cosine, KL

ween wies Hadamard P o : .

-~
. \\k\ ‘ Y - ’S]ine“ ‘
L ~. A Fourier ,
. .
. Figure 11.19 Distortion verSus rate
! — L L characteristics for different transforms
025 e K 20 . ..,40 . for a two-dimensiohal isotropic random
Rate (bits/sample) field.
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" TABLE 11.3  SNR Comparisons of Various Transform Coders for Random Fields
with Isotropic Covariance Function, p = 0.85

B Rate
Biock bits/ . - SNR(dB)

size pixel KL - Cosine’ . Sine - Fourier Hadamard

8x8 0.25 1174 11.66 9.08 10.15 . 10.79

0.50 13.82 13.76 11.69 12.27 12.65

1.00 16.24 16.19 . 14.82 14.99 15.17

2.00 20.95 20.89 19.53 19.73 19.86

4.00 31.61 31.54 30.17 30.44 30.49

16x 16 0.25 12.35 1037 10.77 10.99

: 0.50 14.25 12.82 12.87 12.78

1.0 16.58 15.65 1552 15.27

2.00 21.26 20.37 20.24 20.01

4.00 31.90 31.00 - 30.88 30.69

Note: The KL transform would be nonseparable here.

Example 11.5 Choice of block size

The effect of block size on coder performance can easily be analyzed for the case of
separable covariance random fields, that i§, r(m, n) = p*". For a block size of
N X N, the covariance matrix can be written as .

R=ROR > |o8]=[RP"=(1~-p)N"D
where R is given by (2.68). Applying (11.69) the rate achievable by an N x N block KL

transform coder is : .
1 — p2 2 1 ‘ 1 - 2
Rk (N) =% 1082(”'—1)—) TIN log, (1. - p%)?, D= 1TE (11.75) -

When plotted as a function of N (Fig. 11.16), this shows the block size of 16 X 16 is
suitable for p =0.95. For higher values of the correlation parameter, p, the block size
should be increased. Figure 11.20 shows some 16 X 16 block coded results.

Example 11.6 Choice of covariance model

The transform coefficient variances are important\for designing the quantizers. Al-
though the separable covariance model is convenient for analysis and design of
transform coders, it is not very accurate. Figure 11.20 shows the results of 16 x 16
cosine transform coders based on the separable covariance model, the isotropic covar-
iance model, and the actial measured transform coefficient variances. As expected,
the actual measured variances yield the best coder performance. Generally, the
isotropic covariance model performs better than the separable covariance model.

Zonal Versus ThresholdVCoding

Examination of bit allocation patterns (Fig. 11.18) reveals that only a small zone of
transformed image is transmitted (unless the average rate was very high). Lét N, be
the number of transmitted samples. We define a zonal mask as the array

1, k1€l .
Ak, =17 7 ! 11.76
a8 : ) {0, otherwis¢ ( )
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(a) separable, SNR’ = 37.5 d8, the right side shows
error imagaes

k4 ‘f S f
Vi Q¥ i a0 40 @

{c) measured covariance, SNR' = 40.3 dB

Figure.ll.ZO Two-dimensional 16 X 16 block cosine transform coding at 1 bit/pixel

rate using different covariance models. The right half shows error images. SNR’ is

defined by eq. (3.13).
which takes the unity value in the zone of largest N, variances of the transformed
samples. Figure 11.21a shows a typical zonal mask. If we apply a zonal mask to the
transformed blocks and encode only the nonzero elements, then the method is
called zonal coding.

In threshold coding we encode the N, coefficients of largest amplitude rather

than the N, coefficients having the largest variances, as in zonal coding. The address
set of transmitted samples is now :

L ={k, I;v (k, 1)] >} (11.77)

where n is a suitably chosen threshold that controls the achievable average bit rate.
For a given ensemble of images, since the transform coefficient variances are fixed, .

. L T N
11 1{0 o ) >
1t 1{0 0 ¢ 0
110 0 0 0 o
00 0 0 © 0

fa} ' Zonal mask '(c) . Ordering for

threshoid coding

(b) Threshold mask
Figure 11.21 Zonal and threshold masks.
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the zonal mask remains unchanged from one block to the next for a fixed bit rate. ' " Recursive block coding. In the conventional block transform codi h
However, the threshold mask 1, (Fig. 11.21b) defined as _ : ods, the successive blocks of data are processed independently The0 bllr:)gcgzitzg;
1, klel ’ - s!xould be large enough so that interblock redundancy is minimal. But large block
my (K, )= 0. otherwise (11.78) ts}l}zes ip;ﬂ large ha;‘dware complexity for the transformer. Also, at low bit rates (less
’ : an 1 bit per pixe i i isi st
can change because I/, the set of largest amplitude coefficients, need not be the ' ‘ Pt pixel) the bEIOCk oundarics start becoming visibly objectionable.
same for different blocks. The samples retained are quantized by a suitable uniform - Previous block
quantizer followed by an entropy coder. - ' Ve A —_—
For the same number of transmitted samples (or quantizing bits), the thresh- u(0) L N (I 7 ) (0)
old mask gives a better choice of transmission samples (that.is, lower distortion). ; L ] | ] i . |
However, it also results in an increased rate because the addresses of the J ! o 1 ;
transmitted samples, that is, the boundary of the threshold mask, has to be coded ' ' o ”(OL v} uln)  ulN+1) :
for every image block. One method is to run-length code the transition boundaries Current block ’
in the threshold mask line by line. Alterratively, the two-dimensional transform . u={ul1). .. uim) }
coefficients are mapped into a one-dimensional sequence arranged in a predeter- :
mined order, such as in Fig. 11.21c. The thresholded sequence transitions are then ‘
run-length coded. Threshold coding is adaptive in nature and is useful for achieving ’ _ j {0} Y go - .
high compression ratios when the image contents change considerably from block to : z | v j— Quantizer J—pY !
block so that a fixed zonal mask would be inefficient. ' . - !
. : : : i
9 S R v

Fast KL Transform Coding

For first-order AR sequences and for certain random fields represented by‘ low-
order noncausal models, fast KL transform coding approaches or exceeds the data
compression efficiency of block KL transform coders. Recall from Section 6.5 that ~

YN T [y 1) ]
an N x 1 vector u whose elements u(n),1=n <N, come from a first-order, sta- % ]

tionary, AR sequence with zero mean and correlation p has the decomposition | ‘ oo - ‘
u=u+u 11,79y . ; ey GIN+T1

where w’ is completely determined by the boundary variables «(0) and u(N + 1)

(see Fig. 6.8) and v’ and u” are mutually orthogonal random vectors. The KL trans- . {a} Coder;

form of the sequence {¢(n), 1 <n = N} is the sine transform, which is a fast trans-

form. Thus (11.79) expresses the N x 1segment of a stationary Markov process as a

two-source model. The first source has a fast KL transform, and the second source,

has only two degrees of freedom (that is, it is determined by two variables). |
Suppose we are given the N + 2 elements u(n),0=<n =N + 1. Thenthe N x 1 dN+1) v o)

sequences u°(n) and u’(n) are realized as follows. First the boundary variables x(0) ‘ ,?,Tz

and u(N + 1) are passed through an interpolating FIR filter, which gives u®(n), the R T ol

best mean square estimate of u(n),1<n <N, as - : i :

w(m)=o[Q ] 1u(0) +o[Q L yu(N+1), 1=n=N  (11.80)
Then, we obtain the residual sequence ‘ ' . . v
W) Bum)-ut;n), isn=N (1181 _ Lo W)

= d

<}
2

¥

hmncn -Te b
i

0~

Instead of transform coding the original (N +2) x 1 sequence by its KL trans- S {b) Decoder.
form, u’ and u, can be coded separatély using three different methods [6,27]. One - | Figure 1122 Fast KL . or. |
of these methods, called recursive block coding, is discussed here. N block brin.gs (N isl) ne\::n;gl)srm 00 (recursive block coding). Each Successive ‘;
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Rate, R(D)

In recursive block coding (RBC), the correlation betWeeltx successi.v.e blocks of
data is exploited through the use of block boundaries. This YICIdS. addmonal' com-
pression and allows the use of smaller block sizes (8 X 8 or less) without sacrificing
performance. Moreover, this method significantly reduces the block boundary ef-

fects. . .
Figure 11.22 shows this method. For each block the boundary variable

u(N +1) is first coded. The reproduced value w (N + 1) together with the initial
value u (0) (which is the boundary value of the previous block) are used to generate

u®"(n), an estimate of u”(n). The difference

2%n) B u(n) - u® (n)
is sine transform coded. This yields better performance than the conventional block
KLT coding (see Fig. 11.23).

Remarks

The FIR filter «Q™* can be shown to be épproximately the simple straight-line
interpolator when p is close to 1 (see Problem 6.13 and [27]). Hence, u° can be

" viewed as a low-resolution copy obtained by subsampling and interpolating the

original image. This fact can be utilized in image archival appli.catiox}s, wh;re only
the low resolution image is retrieved in search mode and the residual image is cailed
once the desired image has been located. This way the search process can be

speeded up.

10

10°
Conventional
KLT coder

KLT coder
(RBC) first
107
- | | |
107 10 107" 10 Figure 11.23 Rate versus distortion
Distortion, D characters.
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The foregoing theory can also be extended to second-order and higher AR
models [27]. In these cases the KL transform of the residuals «%r) is no longer a fast
transform. This may not be a disadvantage for the recursive block coding algorithm
because the transform size can now be quite small, so that a fast transform is not
necessary.

In two dimensions many noncausal random field models yield fast KLT de-
compositions (see Example 6.17). Two-dimensional fast KLT coding algorithms
similar to the ones just discussed can be designed using these decompositions.
Figure 11.24 shows a two-dimensional recursive block coder. Figure 11.25 compares
results of recursive block coding with cosine transform cading. The error images
show the reduction in the block effects.

Two-Source Coding

The decomposition of (11.79) represents a stationary source by two sources, which
can be realized from the image (block) and its boundary values. We could extend

{
I
—_——trm ft——————— L L -+
([ | ! | ;
P i .
i 7/ | % : | ////'// : : |
A
| | ]
_— b b fe
| f } . : }
I
f ' o
i |
4 | | | |
_ __L _______ :_ b J:‘ _______ : _______ JI__... Data already coded
] ‘ X
I ! !
7 | ! |
[ by | K Thyfa+1] |
B~ siinay |
‘ o 1 | |
! —— L |
- by
Boundaries 1o be coded with Kth block
lmaée block - U Sine i
- transform P—>—
coder
by, by ﬁ by, b,
: ‘l Quantize [

i :
e emesr by, by
' : Delays -

Figufe 11.24 Two-dimensional recursive block coding.
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{b} RBC

B T I T R
TR e A e TR

{c} DCT coder distortion

TE L 2ed L ek

{d) RBC distortion

Figure 11.25 Recursive block coding examples. Two-dimensional results, block
size =8 X 8, entropy = .24 bits/pixel. (Note that error images are magnified and
enhanced to show coding distortion more clearly.)

this idea to represent an image as a nonstationary source

. U=U, + U (11.82)
where U, is a stationary random field and Uy is a deterministic component that
represents certain features in the image. The two components are coded separately
to preserve the different features in the image. One method, considered in [28],
separates the image into its low- and high-spatial-frequency components. The high-
frequency component, obtained by employing the Laplacian operator, is used to
detect the edges whose locations are encoded. The low-frequency component can
easily be encoded by transform or DPCM techniques. At the receiver a quantity
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/" Low-pass .
comporant e /N
input signal Synthetic highs Symhesfzed edge
{a)
" Corner point
J’,‘ _,.J\,\,N\fl\f
Input signai Local average Stationéw residual

{b)
Figure 11.26 Two-source coding via (a) synthetic heights; (b) detrending.

proportional to the Laplacian of a ramp function, called synthetic highs, is gener-
ated at the location of the edges. The reproduced image is the sum of the low-
frequency component and the synthetic highs (Fig. 11.26a). )

In other two source-coding schemes (Yan and Sakrison in [1c]), the stationary
source is found by subtracting from the image a local average found by piecewise
fitting planes or low-order surfaces through boundary or corner points. The corner
points and changes in amplitude are coded (Fig. 11.26b). The residual signal, which

is a much better candidate for a stationary random field model, is transform coded.

Transform Coding Under Visual Criteria [30]

From Section 3.3 we know that a weighted mean square criterion can be useful for
visual evaluation of images. An FFT coder that incorporates this criterion (Fig.
11.27) quantizes the transform coefficients of the image contrast field weighted by
H(k, 1), the sampled frequency response function of the visual system. Inverse
weighting followed by the inverse FFT gives the reconstructed contrast field. To
apply this method to block image coding, using arbitrary transforms, the image
contrast field should first be convolved with A (m, n), the sampled Fourier inverse of

« H(§,,&). Thke resulting field can then be coded by any desired method. At the

receiver, the decoded field must then be convolved with the inverse filter whose

frequency response is 1/H (£, , £,). ‘ o

Adaptive Transferm Ceding

There are essentially three types of adaptation for transform coding:
1. Adaptation of transform
2. Adaptation of bit allocation
3. Adaptation of quantizer levels
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Luminance }
| ) {m, n)
p : : e L{m,n
‘ o v Visual - v *V EY u contrast 10 f——remam—i—
_L__(m,_n)_,_ fuminance to l-)— quantizer l 3 L Contr
contrast A
! Decoder
Encoder |
i
{a} Overall system
" vk, 1)
vik, 1} Frequency | wik, /) MMSE wik, 1} w:iz‘::ing {
‘| weighting quantizer —- by
H{k, 1) - .

(b) Frequency domain visual quantization

Figure 11.27 Transform coding under avisual criterion; F = unitary DFT.

Adaptation of the transform basis vectors is most expf?nsi:/e bega;x_se Ia I;‘: rrs::;tt :rszk
| i is requi change occurs in the statistical p. S.
basis vectors is required whenever any ch: ! he statistical param e A
i i dapt the bit assignment of an image , cla
more practical method is to a : : e i aativity (for
i ined categories, according to the sp (
into one of several predetermine : : e o a
i iz ta) in that block [1(c), p. ]
instance, the variance of the da : oL s e
i to block but gives a better utilizati t
variable average rate from block ‘ : of the fota!
i i image .blocks. -Another adaptive sc
bits over the entire ensemble of imag , : schen .
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ﬁggare given in Section 11.7, where we consider interframe transform coding.
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finite-order causal predictors may never achieve compression ability close to trans-
form coding because a finite-order causal representation of a two-dimensional
random field may not exist. From an implementation point of view, predictive
coding has much lower complexity both in terms of memory requirements and the
number of operations to be performed. However, with the rapidly decreasing cost
of digital hardware and computer memory, the hardware complexity of transform
coders will not remain a disadvantage for very long. Table 11.4 summarizes the

TABLE 11.4 Practical Considerations in Designing Transform Coders

Design variables Comments

1. Covariance model

Separable see (2.84) Convenient to analyze. Actual performance lower

compared to nonseparable exponential.

Works well when 02, «,, a are matched o the
image class.

Useful in designing 2-D fast KLT coders [6].

Nonseparable see (2.85)

Noncausal NC2
(see Section 6.9)

2. Block size (N) Choice depends on available memory size and the

16 X 16 value of the one-step correlation p. Forp=0.9,
to . 16 x 16 size is adequate. A rule of thumb is to
64 X 64

pick N such that p¥<<1 (say 0.2). For smaller
block size, recursive block coding is helpful.

This choice is important if block size is small,

say N =64,

Performs best for highly correlated data (p=0.5)

Sine For fast KL or recursive block coders.

DFT Requires working with complex variables.
Recommended if use of frequency domain is
mandatory, such as in visua] coding, and in CT,
MRIimage data, where source data has to pass
through the Fouriér domain., :

Useful for small block sizes (=4 x4).
Implementation is much simpler than sinusoidal
fast transforms.

Useful if higher spatial frequencies are to be -
emphasized. Poor compression on mean square
basis. s

Optimum on mean square basis. Difficult to
implement. Cosine or other sinusoidal
transforms are preferable.-

Best performance among nonsinusoidal fast
transforms. : :

3. Transform

Cosine

Hadamard

Haar

KL

Slant

- 4. Quantizer

Lloyd-Max Either Laplacian or Gaussian density may be

et : used. For dc coefficient a Rayleigh density may '
’ be used. ) )
Useful if the output is entropy coded or if the
number of quantization levels is very large.

Optimum uniform
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TABLE 11.5 Overall Performance of Transform Coding Methods

Typical compressions .

Methad ‘ : ratios for images
One-dimensional v 2-4
Two-dimensional 4-8
Two-dimensional adaptive 8-16
Three-dimensional 8-16

Three-dimensional adaptive 16-32

practical considerations in developing a design for transform codq_ers. Table 1'1.5
compares the various transform coding schemes in terms of thCI.l' compression
ability. Here the compression ratio is the ratio of the number of bits per pxxe} in
the original digital image (typically, 8) and the average numbe!r. of bits p'er. pixel
required in encoding. Compression ratio values listed are to achieve SNR's in the

30- to 36-dB range.

11.8 HYBRID CODING AND VECTOR DPCM

Basic Idea

The predictive coding techniques of Section 11.3 are based on raster scanning and
scalar recursive prediction rules. If the image is vector scanned, for instance, a
column at a time, then it is possible to generalize the DPCM techniques by
considering vector recursive predictors. Hybrid coding is a method of implementing
an N X 1 vector DPCM coder by N decoupled scalar DPCM coders. This is achieved
by combining transform and predictive coding techniques. Typically, the in}age is
unitarily transformed in one of its dimensions to decorrelate the pixels in that
direction. Each transform coefficient is then sequentially coded in the other direc-
tion by one-dimensional DPCM (Fig. 11.28). This technique combin;s the advan-
tages of hardware simplicity of DPCM and the robust performance of. transform
coding. The hardware complexity of 'his method is that of a one-dimensional
transform coder and at most N DPCM channels. In practice the number of DPCM

1 ' ' v, (1} - ‘ .
p— Gl . | Firer | —
2 . : = v, (2) Lo
R -2 Torow -+ P s

¢ Channel R - v

N v; (W) Lo
wm— i

Figure 11.28 Hybrid coding method.
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channels is significantly less than N because many elements of the transformed
vector ate allocated zero bits and are therefore not coded at all.

Hybrid Coding Algorithm. Let W,,n = 0, 1‘, ..., denote N x 1 columns of

an image, which are transformed as
v, =W¥u,, n=0,1,2,... (11.83)
For each k, the sequence v, (k) is usually modeled by a first-order AR process [32],

as
v,,(k)=a(k)v,,_;(k)+b(k)e,l(k), 1=k=Nn=0
Ele,(k)ew (k)] = o (k)d(k — k")3(n ~ n")

The parameters of this model can be identified from the covariances of v, (k),
n=0,1,..., for each & (see Section 6.4). Some semicausal representations of

images can‘also be reduced to such models (see Section 6.9). The DPCM equations
for the kth channel can now be written as S

Predictor: v, (k) =a(k)v;_, (k) _ | (11.85a)

. . . = A Vn (k) = v, (k)

Quantizer input: &, (k) = Y )
Quantizer output: é, (k) . ¢! 1.85b)'
Filter: v, (k) =, (k) + b(k)é, k) - (11.85¢)

The receiver simply reconstructs the transformed vectors according to (11.85c) and
performs the inverse transformation ¥, Ideally, the transform W should be the

KL transform of u,. In practice, a fast sinusoidal transform such as the cosine or

sine is used.

To complete the design we now need to specify the quantizer in each DPCM
channel. Let B denote the average desired bit rate in bits -per pixel, n, be the
number of bits allocated to the kth DPCM channel, and o (k) be the quantizer
mean square error in the kth channel, that is,

N
=% >, me=0 (11.86)
k=1

Assuming that all the DPCM channels are in their steady state, the'average mean

square distortion in the coding of any vector (for noiseless channels) is simply the

“average of distortions in the various DPCM channels, that is, o

i)

1=la(k)P f(x)
where f(x) and g, (x) are the distortion-rate functions of the quantizer and the kth
DPCM channel, respectively, for unity variance prediction error (see Problem

D=33 amol®,  p()d (11.87)

11.6). The bit allocation problem for hybrid coding is to minimize (1 1.87) subject to

(11.86). This is now in the framework of the problem defined in Section 11.4, and
the algorithms given there can be applied. ‘
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Example 11.7 .

Suppose the semicausal model (see section 6.9, and Eq. (6.106))

u(m, n)=cfu(m —1,n) +ulm + 1,n)] +yul(m, n — D+ e(m, n),

u(m, 0)=0, Vm ' :

Efs(m, m) =0,  E[e(m, n)e(i, /)] = 8*5(m —i,n —j)

is used to represent an N X M image with high interpixel correlatif)n. At the bound-
aries we can assume (0, 7) = u(1,n) and u(N, n) =u(N +.1, n). With these boundary
conditions, this model has the realization of (11.84) for cosine transformed columns of
the image with (k) & v/ (k), b (k) 2 1A (R), 0% (k) = B2, A(k) 2 1 ~2a cos (k = 1)m/N,
1=k = N. In an actual experiment, a 256 X 256 image was coded in blocks of 16 x 256.
The integer bit allocation for B = 1 was obtained as

3,3,3,2,2,1,1,1,0,0,0,0,0,0,0,0

Thus, only the first eight cosine transform coefficients of each 16 X 1 cc_)lumn. are used
for DPCM coding. Figure 11.29a shows the result of hybrid coding using this model.

Adaptive Hybrid Coding

By updating the AR model parameters with variationf in image statigtics, adaptive
hybrid coding algorithms can be designed [32}. One simple method is to apply the
adaptive variance estimation algorithm [see Fig. 11.14a and eq. (.11.38.)] to each
DPCM channel. The adaptive classification method dlscusseq earlier gives b-ette'r
results especially at low rates. Each image column is clas.sified into one ofI (V?’th.h is
typically 4) predetermined classes that are fixed according to the variance dlsvtnbu-
tion of the columns. Bits are allocated among different classes so t'hgt columns of
high dynamic activity are assigned more bits than those of low activity. The class

g\m o v

B 3 i RN —
B i i st

% St

@ ' ®)

B

Figure 1129 Hybrid encoded images at 1 bit/pixel. (a) Nonadaptive; (b) adaptive classification.

520 Image Data Compression . Chap. 11 _

g S

g R S

e

membership information requires additional overhead of log, 1 bits per column or
(1/N} log I bits per pixel. Figure 11.29 shows the result of applying adaptive
algorithms to each DPCM channel of Example 11.7. Generally, the adaptive hybrid
coding schemes can improve upon the nonadaptive techniques by about 3 dB, which
is significant at low rates. ’

Hybrid Coding Conclusions

Hybrid coders combine the advantages of simple hardware complexity of DPCM
coders and the high performance of transform coders, particularly at moderate bit
rates (around 1 bit per pixel). Its performance lies between transform coding and
DPCM. It is easily adaptable to noisy images [6, 32] and to changes in image
statistics. It is particularly useful for interframe image dara compression of motion
images, as we shall see in Section 11.7. It is less sensitive to channel errors than
DPCM but is not as robust as transform coding. Hybrid coders have been imple-
mented for real-time data compression of images acquired by remotely piloted
vehicles (RPV) [33]. -

11.7 INTERFRAME CODING

Teleconferencing, broadcast, and many medical images are received as scquences
of two-dimensional image frames. Interframe coding techniques exploit the redun-
dancy between the successive frames. The differences between successive frames
are due to object motion or camera motion, panning, zooming, and the like.

- Frame Repetition -

Beyond the horizontal and/or vertical line interlace methods discussed in Section
11.1, a simple method of interframe compression is to subsample and frame-repeat
interlaced pictures. This, however, does not produce good-quality moving images.
An alternative is selective replenishment, where the frames are transmitted at a
reduced rate according to a fixed, predetermined updating algorithm. At the re-
ceiver, any nonupdated data is refreshed from the previous frame stored in the
frame memory. This method is reasonable for slow-moving areas only.

Resolution Exchange

The response of the human visual system is poor for dynamic scenes that simulta-
neously contain high spatial and temporal frequencies. Thus, rapidly chan ging areas
of a scene can be represented with reduced amplitude and spatial resolution when
compared with the stationary areas. This allows exchange of spatial resolution with
temporal resolution-and can be used to produce good-quality images at data rates of
2-2.5 bits per pixel. One such method segments the image into stationary and
moving areas by thresholding the value of the frame-difference signal. In stationary
areas frame differences are transmitted for every other pixel and the remaining
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pixels are repeated from the previous frame. In moving areas 2:1 horizontal sub-
sampling is used, with intervening elements restored by interpolation along the scan
lines. Using 5-bits-per-pixel frame-differential coding, a channel rate of 2.5 bits per
pixel can be achieved. The main distortion occurs at sharp edges moving with
moderate speed. :

Conditional Replenishment

This technique is based on detection and coding of the moving areas, which are
replenished from frame to frame. Let u(m, n, i) denote the pixel at location (m, )
in frame i. The interframe difference signal is

e(muniy=ulmn iy — wimni-1) (11.88)

where u' (m, n, i — 1) is the reproduced value of 4 (i, 1, i — 1) in the (i — 1)st frame.
Whenever the magnitude of e(m, n, i) exceeds a threshold m, it is quantized and
coded for transmission. At the receiver, a pixel is reconstructed either by repeating
the value of that pixel location from the previous frame if it came from a stationary
area, or it is replenished by the decoded difference signal if it came from a moving
area, giving

u (m, n,i)=[

wimni—1)+e(mni), ifle(mn, i)>n (11.89)
w(mn,i—1), : otherwise '

For transmission, code words representing the quantized values and their
addresses are generated. Isolated points or very small clusters of moving areas are
ignored to make the address coding scheme efficient. A reasonablé-size buffer with
appropriate buffer-control strategy is necessary to achieve a steady bit rate. With
insufficient buffer size, its control can require extreme action (such as stopping the

- coder temporarily), which can cause jerky reproduction of motion (Fig. 11.30a).

Simulation studies [6, 39] have shown that with a suitably large buffer a 1-bit-per-
pixel rate can be achieved conveniently with an average SNR' of about 34 dB (39 dB
in stationary areas and 30 dB in moving areas). Figure 11.30b shows an encoded
image and the encoding error magnitudes for a typical frame.

Adaptive Predictive Coding .

Adaptations to motion characteristics can yield considerable gains in performance
of interframe predictive coding methods. Figure 11.31 shows one such method,
where the incoming pixel is classified as belonging to an area of stationary (Cy),
moderate/slow (Cy), or rapid (Cg) motion. Classification is based on an activity
index a(m, n, i), which is the absolute sum of interframe ‘differences of a neigh-
borhood A”(Fig. 11.11) of previously encoded pixels, that is,

a(mni)= X |lwm+x,n+y,i)—uw(m+x,n+yi-1) (11.90)

) €N

HBLO, =), (-1,-1),(-1,0), (-1, 1} (11.91)
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{a} Frame Replenishment Coding.
Bit-rate = .6 bit/pixel, SNR’ = 28.23 dB.

{b} Frame Replenishment Coding.
Bit-rate = 1 bit/pixel, SNR’ = 34,19 dB.

{c) Adaptive Classification Prediction Cod
Bit-rate = .5 bit/pixel, SNR’ = 34,35 dB,

Figure 11.30 Results of interframe predictive schemes.
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Figure 11.31 Interframe adaptive predictive coding.

where s =2 in 2:1 subsampling mode and is unity otherwise. A large value of -

a{m, n, i} indicates large motion in the neighborhood of the pixel. The predicted

value of the current pixel, u(m, n,), is

(m,n) € Cs
wm-pn—gq,i—1), (mn)€Cy

w(m,n, i) = piw (m,n—1;0)+pu (m—1,n,i)

(m,n) € Cg

wm,ni-1),
(11.92)
—pipe (m —1,n —1,0),

where p, and p, are the one-pixel correlations c\:)effi.cients along m .and n,
respectively. Displacements p and g are chosen by estimating the average displace-
ment of the neighborhood .4 that gives the minimum activity. Obse_rve that for. th.e
case of rapid motion, the two-dimensional predictor of.(11.35a) is used. This is
because temporal prediction would be difficult for rapl('ily changmg areas. Th_e
number of quantizer levels used for each class is proportional to its actmty. 'Thxs
method achieves additional compression by a factor of two over the conditional
replenishment while maintaining approximately the same SNR (Fig. 11.30c). For

greater details on codef design, see {39].
Predictive Coding with Motion Compensation

In principle, if the motion trajectory of each pixel could be measured, then, only
the initial frame and the trajectory information woulq need to b-e cod;d. To re-
produce the images we could simply propagate each pixel along its trajectory. In

practice, the motion of objects in the scene can be approxitnated by piecewise -

displacements from frame to frame. The displacement vector is used to direct the
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. motion-compensated interframe predictor. The success of 2 motion-compensated
coder depends on accuracy, speed, and robustness (with respect to noise) of the
displacement estimator. :

Displacement Estimation Algorithms

1. Search techniques. Search techniques look for a displacement vector
d £[p, q]” such that a distortion function D{(p, g) between a reference frame
and the current frame is minimized. Exarmples are template matching, loga-

 rithmic search, hierarchical search, conjugate direction, and gradient search
techniques, which are discussed in Section 9.12. In these techniques the log
search converges most rapidly when the search area is large. For small search
areas, the conjugate direction search method is simpler. These techniques are
quite robust and are useful especially when the displacement is constant for a
block of pixels. For interframe motion estimation the search can be usually
limited to a window of 5 X 5 pixels.

2. Recursive displacement estimation. To understand this algorithm it is con-
venient to consider the continuous function u(x, y, {) representing the image
frame at time 7. Given a displacement error measure f(x), one possibility is to
update d recursively via the gradient algorithm [37]

d=d,,— €Vdﬂ-»1

R ATy, 1) = ux = poy = gt =)
where d, is the displacement estimate at pixel & for the adopted scanning
_sequence, V, is the gradient of f with respect to d; and 7 is the interframe
interval. The ¢ is a small positive quantity that controls the correction at each
recursion. For f(x) =x%2, (11.93) reduces to . _ L

(11.93)

deo=d, 1 —efulx,y, ) —ulx = Pk-1,Y — Qi1 t — )] -

3 .
E%(x “Pi-1Y T k-1, —T) :
5}'(7( TPi-1,Y T k-1, —T)

Since u(x, y, t) is available only at sampling locations, interpolation is required
to evaluate u, du/dx, and du/dy at {x — p,,y — qx,t — 7). The advantage of this
algorithm is that it estimates displacement values for each pixel. However, it
lacks the robustness of block search techniques.

Differential techniques. These algorithms are’ based on the‘fact that the gray-

3
” level value of a pixel remains constant along its path of motion, that is,
u(x(t),y(?),?) =constant (11.95)
where x(2), y (¢) is.the motion trajectory. Differentiating both sides with re-
spect to’t, we obtain , : o
du du du ;
3; + Vlgx' + Vz'ér; =0, (x, _)’) € % (11‘96)
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where v, A 4y (0/ds, vy A dy(1)/dt, aré the two velocity components and ¢7 is
the region of moving pixels having the same motion trajectory. The displace-
ment vector d can be estimated as ‘ ‘ ‘
. o+
d= vdt =vr1 (11.97)
[ .

assuming the velocity remains constant during the frame intervals. The veloc-
ity vector can be estimated from the interframe data after it has been seg-
mented into stationary and moving areas [41] by minimizing the function

Aff fouy, 00, ol |
’J__J.L"[at+v,ax+vzay]dxd)f  (11.98)

Setting V,J = 0 gives the solution as

nl_fe e e (11.99)
Vv, Cyx  Cyy Ly X

where c,; denotes the correlation between du/do and 91/3B, that is,

A u du _
cu,;‘= f(,.»—aa_aﬁ dxdy fora,B=x,y,t¢ (11.100)
This calculation can be speeded up by estimating the correlations as [40] -
{[ ou (au) 3
=] — —\dxd 101
Cap fﬁau sgn B cix‘y . (11.101)

Thus v can be calculated from the partial differentials of u(x, v, f), which can
be approximated from the given interframe sampled data. Like the block
search algorithms, the differential techniques also give the displacement
vector for a block or a region. These methods are faster, although still not as
robust as the block search algorithms.

Having estimated the motion, compression is achieved by skipping im-
age frames and reproducing the missing frames at the receiver either by frame
repetition or by interpolation along the motion trajectory. For example, if the
alternate frames, say u(m, n, 2i),i =1, 2,..., have been skipped, then with
motion compensation we have

Frame repetition: w (m, n, 20)=w (m —p,n ~ g, 2i — 1) (11.102)
Frame interpolation: w (m, n, 2i) =}[w (m —p,n —q, 2i — 1) (‘11 103)
+uw(m-—p',n-gq’, 2+1)]

where (p, q) and (p’, q') are the displacement vectors relative to the pre-:

ceding and following frames, respectively. Without motion compensation, we
would set p =q =p'=gq'=0. Figure 11.32 shows the advantage of motion'
compensation in frame skipping. The improvement due to motion compen-
sation, roughly 10 dB, is quite significant. :

image Data Compression = Chap. 11
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interframe Hybrid Coding

Hybrid coding is particularly useful for interframe image data compression of
motion images. A two-dimensional M X N block of the ith frame, denoted by U, is
first transformed to give V;. For each (k, /) the sequence v;(k, 1), i=1,2,...,is
considered a one-dimensional random process and is coded independently by a
suitable one-dimensional DPCM method. The receiver reconstructs v; (k, /) and

‘Along temporal axis, SNR’ = 16.90 dB

Along motion trajectory, SNR’ = 26.69 d8
(a) Frame repetition {or interframe prediction) based on the preceding frame

Fieur‘e 11.32  Effects of motion compensation on interframe prediction and inter-
polation. . ) : o
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Along temporal axis, SNR’ = 18.34 dB

Along motion trajectory, SNR’ = 28.56 dB
{b) Frame interpolation from the preceding and the following frames

Figure 11.32  (Cont’d) .

N

performs its two-dimensional inverse transform. A typical method uses the disc.rete
cosine transform and a first-order AR model for each DPCM channel. In a motion-
compensated hybrid coder the DPCM prediction error becomes

ek, 1) =vi(k, 1) — avi_ (k, 1) (11.104)

{
} .

where V;-, (k, [) are obtained by transforming t'he mgtion-compensated sequenci
ui.(m —p,n —q). If a, the prediction coefficient, is constant for each channi
(k,1), then ek, ) would be the same as the transform of u;(m, n).

au;-{(m = p, n — q). This yields a motion-compensated hybrid coder, as shown in

tmage Data Compression  Chap. "

d,{m,

ny + ’ - e —— o
“*@» %g‘- - ]Ouantizer I Transmig
-A -
it}
2-D
DCT™!
+
+
+
Yilm=pn=-q) [ o
e memory
Translation
of block
Motion . Transmit
Frame extimator | pigpiacement vector (P, g} g ) .
memory[™ Figure 11.33 "Interframe hybrid coding
with motion compensation,

-~ Fig. 11.33. Results of different interframe hybrid coding methods are shown in Fig.
11.34. These and other results [6, 36_] show that with motion compensation, the
adaptive hybrid coding method performs better than adaptive predictive coding and
adaptive three-dimensional transform coding. However, the coder now requires
two sets of two-dimensional transformations. ’ :

Three-Dimensional Transform Coding

In many applications, (for example, in multispectral imaging, interframe video
imaging, medical cineangiography, CT scanning, and so on), we have to work with
three- (or higher-) dimensional data. Transform coding schemes are possible for
compression of such data by extending the basic ideas of Section 11.5. A three-
dimensional (separable) transform of a M X N X [ sequence u (m, n, 1) is defined as
M-1N-11-1 :

vk 1 )4 ZO 20 20 u(n, n, D)ay (k, m)ay (I, ma; (, i)
where 0= (k,m)=M -1, 0=(,n)=N -1, 0={(ji)=I~-1,and{a, (k, m)}are
the elements of an M X M unitary matrix A,, and so on. The transform coefficients
given by (11.105) are simply the result of taking the A-transform with respect to
each index and will require MNI log, (MNI) operations for a fast transform. The
storage requirement for the data is MNL As before, the practical approach is to
partition the data into small blocks (such as 16 X 16 x 16) and process each block
independently. The coding algorithm after transformation is the same as before
" except that we are working with triple indexed variables. Figure 11.35 shows results
for one framie of a sequence of cosine transform coded images. The result of Fig.
11.35a corresponds to the use of the three-dimensional separable covariance model

(11.105)

rim,ni)=c?plphloll
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{c) 0.125 bit/pixel, adaptive with motion compensation, SNR' = 36.7 dB

Figure 11.34 Interframe hybrid coding
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(a} 0.6 bit/pixel, separable covariance model, SNR' =32.1dB;

i
L.

d covariances, SNR’ = 36.8 dB;
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{c) 0.5 bit/pixel, measured covariances, adaptive, SNR’ = 41.2 dB.

Figure 11.35 Interframe transform coding
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The Optimum Encoding Rule

which, as expected, performs poorly. Also, the adaptive hybrid coding with x}l}?‘no'n :
compe:ﬂsatiod performs better than th'r e'e-'d imensmng% tran?f?xr;l t::r?s}?f;m c;iléls' : The optimum encoding rule (-) that minimizés (11.106) requires an exhaustive
because incorp_orafing m otion mformatl(l);l " jﬁt:;e;ajlenc‘fonrs;owhich is not a very k search for the .op.timum subspace C over‘ all subspaces of V. Practical solutions are
requires selecting spatial blocks along the m : ’ found by restricting the search to a particular set of subspaces [39, 42]. Table 11.6
attractive alternative. shows one set of practical basis vectors for uniformly distributed sources, from
. TABLE 11.6 Basic Vectors Wl =1,...,k} for {n, k) Grou Codes
11.8 IMAGE CODING IN THE PRESENCE OF CHANNEL ERRORS rs {¢ }for {n, k) p
‘ n—k
So far we have assumed the channel between the coder and the decher t.o be : i % 0 1 5 3 .
ofseless. To account for channel errors, we have to add redundancy 16 the input 10000000 100000001 1000000011 10000000110
o nding error correcting bits. Thus a proper trade-off between source coding 01000000 010000000 0100000001 01000000101
l()ryeglljgfiancyg removal) and channet coding (redundancy injection) has to be 00100000 001000000 0010000000 00100000011
hieved in the design of data compression systems. Often, the error-correcting 3 00010000 000100000 0001000000  00G10000111
acleved 1 00001000  00GO10000  GO0OI00000 00001000000

codes are designed to reduce the probability of bit errors, and for_sx.mph?ugrr,ig?;zsﬂ
protection is provided to all the samples. For. image data compression a %charme]: )
this does not minimize the overali error. In&hxs sectxolrlxa»;/: ;(-):;srlder source

i s that minimize the overall mean sq . ) ) C
encodélligggéil?l?e PCM transmission system of Fig. 11.36, wher‘? a quanéx.zer ge:ekr; ,
ates k-bit outputs x; € S, which are mappgd, one-to-one, 11n.to n- 1t.ec(int(_). ©)
codewords g; € -C. Let B(-) denote this ‘mapping. The' 'channe is assutI}x: d10be
memoryless and binary symmetric with bit error prol:abxlxty p.. It maps de oot
K =2* possible n-bit code words into a set V of 2 _possxble n-bit wor s.the e
receiver, A(:) denotes the mapping of elements of V into the elements on

line R. The identity element of V is the vector 0 a [0,0,...,0].

00000100 000001000 0000010000  0G000100000
00000010 000000100 0000001000 00000010000
00000001 000000010 0000000100 00000001000
1000000 10000001 100000011 1000000110 10000001110
0100000 01000000 010000001 0100000101 01000001010
Y010000 00100000 001000000 - 0010000011 00100000101
7 0001000 00010000 000100000 0001000111 00010000011
0000100 00001000 000010000 0000100000 00001000000
0000010 00000100  00C001000 0000010000 00000100000
. 0000001 00000010 000000100 0900001000 000010000
100000 1000001 10000011 - 100060110 - 1000001110
010000 0100000 01000001 016000101 0100001010
001000 0610000 00100000 001000011 0010000101

1
2
3
4
5
6
7
8
1
2
3
4
5
6
7
1
2
3
4
S
6
1
2
3
4
5
1
2
3
4
1
2
3
1
2
1

6
. der 000100 0001000 00010000 000100111 0001000011
The Optimum Mean Square Deco 000010 0000100 00001000 000010000 0000100000
. . . ot 000001 0000010 00000100 000001600 00G0010000
. the encoder input is given
The mean square error between the decoder output and ceriip 10000 100001 1000011 10000110 100001110
by 01000 010000 0100001 01000101 010001010
.5 00100 001000 0010000 00100011 001000101
2o o232 E[(y ~ 2= 3 p(v){ 2 (W) —x)zp(xIV)] (11.106) 00010 000100 0001600 00010111 000100011
Tc= 0P, ey P 00001 000010 0000100 00001000 000010000
: . imati Section 1000 10001 100011 1000110 10001110
s B(-) and A(-). From estimation theory (see : .
;nld2 f;ze;;ig “??h;l;eg x:f?ﬁzgengggmg rulé B, the decoder that minimizes this error 4 (%(138 83?88 85?883 8(1)(1)8(1)(1)% . 83?%%?
is given by the conditional mean of x, that is, 0001 00010 000100 0001111 00010011
100 1001 10011 100110 1001110
y=A(¥)= 2 xp(xlv) = E[x]v] (11.107) k 3 010 0100 01001 . 010101 0101010
- xes _ 001 0010 100100 001011 0010101
where p (x|v) is the conditional density of x given the ghanl?fel outlyi)ut_ v. The function 2 é(l) é% é% } é;)% é? 050111
ap the channel output into the set Sévenifn = k. : 101110
A(v) need not map P 1 1 11 111 1111 11111
Zz__ | Quantizer| x Encoder | @ Channel | ¥ Decoder |,y : o neih k=6
> al ) gie) 7 plvlg) M) : i 1

i ding for PCM transmission &= 10000011101 01000010100 00160001011 000100001100 00001000001 00000100000
Figure 11.36 Channel coding for . C - ! ‘
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which B(-) is obtained. as follows. Let bA[b(l) b(2),...,b(k)] be the binary
representation of an element of §; then :

g=mm=§@bm-@

where 3@ denotes exclusive-OR summation and - denotes the binary product. The
codes generated by this method are called the (n, k) group codes.

(11.108)

Example 11.8
Letn=4andk=2,s0thatn —k =2 Thend;=[1 0 1 1},¢,=[0 1 0 1},.

and () is given as follows

x b g=B(b)

0 00 000 0=0¢@0 s
1 01 010 1=0¢:®1-¢y!
2 10 101 1=1¢,@0 ¢,
3 011 111 0=b6:®d

In general the basis vectors ¢; depend on the bit error probability p. and the source-
probability d‘Ltnbuhon For other distributions, Table 11.5 is found: to lower the .
channel codmg performance only slightly for p. < 1[39]. Therefore, these group codes
are recommended for all mean square channel coding applications.

Optimization of PCiVi Transmission

If n. and m, denote the channel and the quantizer errors, we can write (from Fig.
11.36) the input sample as

z=x+n,=y+m +m, (11.109)
This gives the total mean square error as
0i=E[(z =y = E[(m:+ )] (11.110)

- For a fixed channel coder B(-), this error is minimum when [6, 39] (1) 7. and , are
orthogonal and (2) o2 A g 3 and ol tAp [nZ] are minimum. This requires

y 4 = E[x]]
"x=o(2)=E[z]z € T}

where 7;,i =1,...,2* denotes the ith quantization interval of the quantizer.
This result says that the optimum decoder is independent of the optimum

quantizer, which is the Lloyd-Max quantizer. Thus the overall optimal design can be
accomplished by optimizing the quantizer and the decoder individually. This gives

- (11.113)

(11.111)
(11.112)

. ol=qgl+ crq

Let f(k) and c(n, k) denote the mean square distortions due to _the k:bit
Lloyd-Max quantizer and the channel, respectively, when the quantizer input is a
unit variance random variable (Tables 11.7 and 11.8). Then we can write the total
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TABLE 11.7 Quantizer Distortion Function f{k) for Unity Variance

k-

8
4x10°°
7%x107°
1.52x 1073

7
1.6x 107
2.7x10™*
6.1 x107°

6
6.4 x10™*
1.06 x 1072
2.44 x 1074

5
2.5x%x107?
41x1073
077 x10™*

3 4
0.0346 0.0095
0.0154
0.0039

0.0545
0.0156

2
0.1175
0.1762
0.0625
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M.S. error (dB)

mean square error for the input of z of variance olas

olm o2g S Rf(k) + c(n, k)] (11.114)
o2Baf(k), o28olc(n k) ‘

For a fixed n and k <, f(k) is a monotonically decreasing function of k, whereas
¢(n, k) is a monotonically increasing function of k. Hence for every n there is an
optimum value of k = kq () for which &7 is minimized. Let d(n) denote the min-
imum value of &2 with respect to &, that is, :

d(n) =min {53 (n, YA 62 (n, ko (n)) (11.115)

Figure 11.37 shows the plot of the distortions & ?(n, n) and d(n) versus the rate for
n-bit PCM transmission of a Gaussian random variable when p, = 0.01. The quan-
tity 62 (n, n) represents the distortion of the PCM system if no channel error
protection is provided and all the bits are used for quantization. It shows, for
example, that optimum combination of error protection and quantization could
improve the system performance by about 11 dB for an 8-bit transmission.

Channel Error Effects in DPCMV
In DPCM the total error in the reconstructed image can be written as

du(h ) =mg (b)) + 22k~ ', =M, ]") (11.116)

where 7, is now the DPCM quantizer noise and & ({, ) is the impuise response of the:

reconstruction filter.
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It is essential that the reconstruction filter be stable to prevent the channel
errors from accumulating to arbitrarily large values. Even when the predictor
models are stable, the channel mean square error gets amplified by a factor o2 /3* by
the reconstruction filter where B” is the theoretical prediction error variance (with-
out quantizer) (Problem 11.5). For the optimum mean square channel decoder the
total mean square error in the reconstructed pixel at (i, j) can be written as

., glod

ol=cl+ e =g2 [f(k) +éc(n, A)J

where % = p%o2, and o2 is the variance of the actual prediction error in the DPCM
loop. Recall that high compression is achieved for small values of 2 Equation
(11.117) shows that the higher the compression, the larger is the channel error
amplification. Visually, channel noise in DPCM tends to create two-dimensional
patterns that originate at the channel error locations and propagate until the
reconstruction filter impulse response decays to zero (see Fig. 11.38). In line-by-line
DPCM, streaks of erroneous lines appear. In such cases, the erroneous line can be
replaced by the previous line or by an average of neighboring lines. A median filter
operating orthogonally to the scanning dlrectlon can also be effective.

To minimize channel error effects, o7 given by (11.117) must be minimized to
find the quantizer optimum allocauon k = k(n) for a given overall rate of n bits per
pixel.

(11.117)

Example 11.9
A predictor with 4, = 0.848, a, = 0.755, 45 = —0.608, . = 0 in (11.35a) and §>=0.019

is used for DPCM of images. Assuming a Gaussian distribution Ior the quantizer input,
the optimum pairs [n, k(n)] are found to be:
TABLE 11.9 Optimum Pairs {n, k(n}] for DPCM Transmission
p.=0.01 pe=10.001

n 1 2 3 4 5 1 23 4 s
k(n) 1 1 11 2 1 2

This shows that if the error rate is high (p.=0.01), it is better to protect against
channel errors than to worry about the quantizer errors. To obtain an optimum pair,
we evaluate o7 /o7 via (11.117) and Tables 11.6, 11.7, and 11.8 for different values of k
(for each n). Then the values of & for which this quantity is minimum is found. For a
given choice of (n, k), the basis vectors from Table 11.6 can be used to generate the
transmission code words.

Optimization of Transform Coding

Suppose a channel error.causes a distortion v (k, ) of the (k [)th transform coeffi-

cient. This error manifests itself by spreading in the reconstructed image in propor-

tion to the (%, I)th basis image, as

Bu(i, j) ="8v(k, du ()b (j)

Sec. 11.8

v

(11.118)
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Figure 11.38 Two bits/pixel DPCM coding in the presence of a transmission error rate of 10 "A(a)
Propagation of transmission errors for different predictors. Clockwise from top left, error lOCﬂFlOn:
optimum, three point, and two point predictors. (b) Optimum linear predictor. (c) Two point predictor
'ygt;—-@ . (d) Three-point predictor y(A + C — B).
This is actually an advantage of transform coding over DPCM because, fOl: the. same
mean square value, localized errors tend to be more objectionable than distributed
errors. The foregoing results can be applied for designing transform coders that
protect against channel errors. A wransform coder contains several PCM channels,
each operating on one transform coefficient. If we represent z; aslthe jth transform
coefficient with variance o7, then the average mean square distortion of a transform
coding scheme in the presence of channel errors becomes

D=2 c}d(m)

/ . L
where n; is the number of bits allocated to the jth PCM channel. The bxt. allocation
algorithm for a transform coder will now use the function d(n), which can be

(11.119)
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evaluated via (11.115). Knowing #;, we can find k;= k(n;), the corresponding
optimum number of quantizer bits.

Figure 11.39 shows the bt allocation pattern ko (i, j) for the quantizers and the
allocation of channel protection bits (2 (i, 7) = ko (i, j)) at an overall average bit rate
of 1 bit per pixel for 16 X 16 block coding of images modeled by the isotropic
covariance function. As expected, more protection is provided to samples that have
larger variances (and are, therefore, more important for transmission). The over-
head due to channel protection, even for the large value of p. = 0.01, is only 15%.
For p,=0.001, the overhead is about 4%. Figure 11.40 shows the results of the
preceding technique applied for transform coding of an image in the presence of
channel errors. The improvement in SNRis 10dB atp = 0.01 and is also significant
visually. This scheme has been found to be quite robust with respect to fluctuations
in the channel error rates [6, 39].

11.8 CODING OF TWO-TONE IMAGES

The need for electronic storage and transmission of graphics and two-tone images
such as line drawings, letters, newsprint, maps, and other documents has been
increasing rapidly, especially with the advent of personal computers and modern
telecommunications. Commercial products for document transmission over tele-
phone lines and data lines already exist. The CCITT+ has recommended a set of
eight documents (Fig. 11.41) for comparison and evaluation of different binary
image coding algorithms. The CCITT standard sampling rates for typical A4 (83-in.
by 11-in.) documents for transmission over the so-called Group 3 digital facsimile
apparatus are 3.85 lines per millimeter at normal resolution and 7.7 lines per
millimeter at high resolution in the vertical direction. The horizontal sampling rate
standard is 1728 pixels per line, which corresponds to 7.7 lines per millimeter
resolution or 200 points per inch (ppi). For newspaper pages and other documents
that contain text as well as halftone images, sampling rates of 400 to 1000 ppi are
used. Thus, for the standard 83-in. by 11-in. page, 1.87 X 10° bits will be required at
200 ppi X 100 Ipi sampling density. Transmitting this information over a 4800-bit/s
telephone line will take over 6 min. Compression by a factor of, say, 5 can reduce
the transmission time to about 1.3 minutes.

Many compression algorithms for binary images exploit the facts that (1) most
pixels are white and (2) the black pixels occur with a regularity that manifests itself
in the form of characters, symbols, or connected boundaries. There are three basic
concepts of coding such images: (1) coding only transition points between black
and white, (2) skipping white, and (3) pattern recognition. Figure 11.42 shows a
convenient classification of algorithms based on these concepts.

Run-Length Coding

In run-length coding (RLC) the lengths of black and white runs on the scan lines are
coded. Since white (1s) and black (0s) runs alternate, the color of the run need not

+ Comité Consultatif International de Téléphonie et Télégraphie.
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5 . - . be coded (Fig. 11.43). The first run is always a white run with length zero, if ¢
| ‘" m\ . necessary. The run lengths can be coded by fixed-length rm-bit code words, each
> f~.§§~__;~sf,u;~g'i;:f:, _representing a block of maximum run length M ~1, M 22", where M can be
; R AEE e optimized to maximize compression (see Section 11.2 and Problem 11.17).
‘ a g : A more-efficient technique is to use Huffman coding. To avoid a large code
. book, the truncated and the modified Huffman codes are used. The truncated
: Documant 5 ‘ , ‘ Document & - o ' Huffmzn code assigns separate Huffman code words for white and black runs up to
£ 42 IR T i lengths L, and L,, respectively. Typical values of .these runs have been fc.n_xrfd to be
. 3 % §-§ 9\_;js § E,{ N L,=47, L,=15 [lc, p. 1426].. Longer runs, which have lo»yer probabilities, are
M S T TN PN FL N TR R SRR S N Po assigned by a fixed-length code word, which consists of a prefix code plus an 11-bit
R .h"*.=:. ot . Ei—é\‘ié Yy f*{:g 1 igfh binary code of the run length.
"n Y “3 ipd pciede § \)“‘ i IR 5\\;3 ERlE ¢ i The modified Huffman code, which has been recommended by the CCITT
L " B .i a : ' ,,;, & &l? g %fi °F ? i ] ¢ as a ome-dimensional standard code for Group 3 facsimile transmission, uses
Piiigh SRR Ml @ E £ Ei 8 F?‘g P L., = L, = 63. Run lengths smaller than 64 are Huffman coded to give the terminator ;
' AN TR T TS ¥ i s b F Ef Fite® §§ code. The remaining runs are assigned two code words, consisting of a make-up :
S SiiRigiag f1e; :é < FERS igv?\ ?g: g code and a terminator code. Table 11.10 gives the codes for the Group 3 standard. It
sorhi REie DUHEVess SERRY kg Rk Fig ke also gives the end-of-line (EOL) code and an extended code table for larger paper \v
I BREGErc alddR gld ' widths up to A3 in size, which require up to 2560 pixels per line.
ThIAER 2 ST BT A T ' Other forms of variable-length coding that simplify the coding-decoding pro- ;
: THTHIATHE cedures are algorithm based. Noteworthy among these codes are the Ay and By "
}. ' HEE ‘i .l . codes [1c, p. 1406). The Ay codes, also called Ly codes, are multiple fixed-length D
. §Eifia _ ; 10t codes that are nearly optimal for exponentially distributed run lengths. They belong ,
B AL A t0 a class of linear codes whose length increases approximately linearly with the
H LI T fiid ﬁ" ~ number of messages. If J,, k =1,2,3,. .., are the run lengths, then the Ay code of .
] ke ;cfi block size N is obtained by writing k = g(2V - 1) + 7, where 1=r=<2"-1landgisa
& il & 8 LU L l g
sith nb el » ‘
* 2 $oige 711 CEY 0 6 110 0 MM 0 0 0 WBSN=4
i TR P Y oooooooou}ooooou_jnoooooooooooo Data
aw 38 5w 48 12w Run lengths .
. , 1000 0011 0101 0100 1100 . RLC, fixpd A ' !
Document 7 Docurrent 8 ' o ’ fength o - :
: Figure 1141 (Cont'd) - . . ) Figure 11.43 Run-length coding and white block skipping. : :
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Modified Huffman code table

Terminating code words Terminating code words

Run White Black

Run White Black
iength, runs runs . length runs runs
0 00110101 0000110111 32 00011011 000001101010
1 000111 010 ' 33 00010010 000001101011
2 0111 i1 34 00010011 000011010010
3 1000 10 : 35 00010100 000011010011
4 1011 011 36 00010101 000011010100
5 1100 0011 37 00010110 000011010101
6 1110 0010 38 00010111 000011010110
7 1111 00011 . 39 00101000 000011010111
8 10011 000101 : 40 00101001 000001101100
9 10100 000100 41 00101010 000001101101
10 00111 0000100 42 00101011 000011011010
11 01000 0000101 43 00101100 000011011011
12 001000 0000111 44 00101101 000001010100
13 000011 00000100 45 00000100 000001010101
14 110100 00000111 46 00000101 . 000001010110
15 110101 000011000 47 00001010 000001010111
16 101010 0000010111 4 00001011 000001100100
17 101011 0000011000 49 01010010 (00001100101
18 0100111 0000001000 50 01010011 000001010010
19 0001100 00001100111 51 01010100 000001010011
20 0001000 00001101000 52 01010101 000000100100
21 0010111 00001101100 53 00100100 000000110111
22 0000011 00000110111 ' 54 00100101 000000111000
23 0000100 00000101000 55 01011000 600000100111
24 0101000 00000010111 56 01011001 000000101000
25 0101011 00000011000 57 01011010 (00001011000
26 - 0010011 000011001010 58 01011011 000001011001
27 0100100 000011001011 59 01001010 000000101011
28 0011000 000011001100 60 01001011 000000101100
29 (0000010 1000011001101 61 00110010 000001011010
30 00000011 000001101000 62 00110011 600001100110
31 00011010 000001101601 ' 63 00110100 €00001100111

nonnegative integer. The codeword for /. has (g +1)N bits, of which the first gN
bits are 0 and the last N bits are the binary representation of ». For example if N =2,
the A, code for I; (8 =2 x 3 + 2) is 000010. For a geometric distribution with mean

w, the optimtum N is the integer nearest to (1 +log; ).
Experimental evidence shows that long run lengths are more comnion than
predicted by an exponential distribution. A better model for run-length distribution

is of the form :

P =I—C;» o >0, c = constant - (11.120)

544 » , Image Data Compression ~ Chep. 1

TABLE 11.10 Modified Huffman Code Tables for One-dimensional Run-length Coding TABLE 11.10 (Continued)

Modified Huffman code table

Make-up code words

Run White Black ' Run White
length runs runs length runs I?La:ck
64 11011 ‘
o o g(o)gg??(l)(l)iéoo ) 960 011010100 0000001110011
o o 00001 0010y 1024 011010101 0000001110100
e b0 000010 1088 011010110 0000001110101
b P 000001 1152 011010111 000001110110
o o110 oo 11 1216 011011000 0000001110111
P o 0000003(0);80 1280 011011001 0000001010010
ho 11001 oo 1 1344 011011010 G030001010011
o 01102000 00000s 10; }80 1408 011011011 0000001010100
o o11000s 000000100101(1) 1472 010011000 0000001010101
by o11001100 0 1536 010011001 000001011010
0000001001011 1600 010011010 063000101
ggg 8;;80{1}101 0000601001109 1664 011060 0@60061103%(1)
o 011010010 0000001001101 1728 010011011 0009001100101
011 0000001110010 EOL 000000000001 £00000000001

Extended Modified Huffman code table

Run length Make-up
. (Black or White) v code word
;;g; 00000001000
o 00060001100
Tooe 00000001101
s 000600010010
o 000060010011
o 000000010100
pyi 000000010101
P 000000010110
e 000000010111
o 000000011100
e 000000011101
Ts60 000000011110
006000011111

whxcth:lecxgases;ess rapidly with / than the exponential distribution

e By co es, also called Hy codes, are also multiples of fixeéi-len h codes
f\Z:);d ll;:ngtl:jof. By increases rou_ghly as the logarithm ofl:z)V The fixed bk%(t:}li f:x?get};
o v code is NV + 1 bits. It‘ is constructed by listing all possible N-bit words, -
o) c.>v.ved by. a.ll .possxble 2N-bit words, and then 3N-bit words, and 50 on. A ’
addxt}opal bit is inserted after every block of N bits. The inserted i)it isQ  for
the bit inserted after the last block, which is 1. : execptfor

Table 11.11 sho i "
useful for RLC. ws the construction of the B, code, which has been found

-Sec. 11.9 Coding of Two-tone Images - 545




TABLE 11.11 Construction of 8, Code.’
Inserted bits are underscored.

Run length © kN-bit words B, Code .

1 0 01

2 1 11

3 00 0001
4 01 0011
5 10 1001
(] 11 1011
7 0 00001

-
(=}
=]

Example 11.10
Table 11.12 lisis the averages p., and ., and the entropies H,, and H, of white and black
run lengths for CCITT documents. From this data an upper bound on achievable
compression can be obtained as - ’
=Bt 11.121
CHIIX Hw + Hb . ( . )

which is also listed in the table. These results show compression fa(;tors of 5 to 20 are
achievable by RLC techniques.

White Block Skipping [1c, p. 1406, 44]

White block skipping (WBS) is a very simple but effective compression algorithm.
Each scan line is divided into blocks of N pixels. If the block contains all white
pixels, it is coded by a 0. Otherwise, the code word has'N + 1 bits, the first bit being
1, followed by the binary pattern of the block (Fig. 11.43). The bit rate for this
method is

—pm)(N+1)+py

N (11.122)
= (1 - %) bits/pixel

1
RN=(

TABLE 11.12 Run-Length Measurements for CCITT Documents

Document

number SR T B H, H, Caax
1 156.3 6.8 5.5 3.6 18.0
2 257.1 14.3 8.2 4.5 21.4
3 89.8 8.5 5.7 3.6 10.6
4 39.0 5.7 4.7 - 3.1 5.7
5 79.2 7.0 5.7 33 9.5
6 138.5 . 8.0 6.2 3.6 14.9
7 45.3 4.4 5.9 3.1 ° 5.6
8 85.7 70.9 6.9 5.8 12.4
548 : Image Data Compression  Chap. 11
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where py, is the probability that a block contains all white pixels. This rate depends
on the block size N. The value N =10 has been found to be suitable for a large
range of images. Note that WBS is a simple form of the truncated Huffman code
and shouid work well especially when an image contains large white areas.

An adaptive WBS scheme improves the performance significantly by coding
all white scan lines separately. A 0 is assigned to an all-white scan line. If a line
contains at least one black pixel, a 1 precedes the regular WBS code for that line.
The WBS method can also be extended to two dimcnsions by considering M x N
blocks of pixels. An all-white block is coded by a 0. Other blocks are coded by
(MN + 1) bits, whose first bit is 1 followed by the block bit pattern. An adaptive
WBS scheme that uses variable block size proceeds as follows. If the initial block
contains all white pixels, it is represented by 0. Otherwise, a prefix of 1 is assigned
and the block is subdivided into several subblocks, each of which is then treated
similarly. The process continues until an elementary block is reached, which is
coded by the regular WBS method. Note that this method is very similar to gener-
ating the quad-tree code for a region (see Section 9.7).

Prediction Differential Quantization [1c, p. 1418]

Prediction differential quantization (PDQ) is an extension of run-length coding,
where the correlation between scan lines is exploited. The method basically encodes
the overlap information of a black run in successive scan lines. This is done by
coding differences A’ and A” in black runs from line to line together with messages,
new start (NS) when black runs start, and merge (M) when there is no further
overlap of that run. A new start is coded by a special code word, whereas a merge is

represented by coding white and black runlengths r,, 7,, as shown in Fig. 11.44.
Relative Address Coding [1f, p. 834]

Relative address coding (RAC) uses the same principle as the PDQ method and
computes run-length differences by tracking either the last transition on the same
line or the nearest transition on the previous line. For example, the transition pixel
Q (Fig. 11.45) is encoded by the shortest distance PQ or Q’'Q, where P is the
preceding transition element on the current line and Q' is the nearest transition
element to the right of P on the previous line, whose direction of transition is the

-same as that of Q. If P does not exist, then it is considered to be the imaginary pixel
. to the right of the last pixel on the preceding lirie. The distance QQ' is coded as +N

r M
R e - . a
00111110000310000 111000000000111111  Preceding line
0001111 10000001 10 111100000001110011 Current fine
P a
L e |
| et p Figure 1145 RAC method. pPQ=1,
LT T QQ’ = —1, RAC distance = 1
LA . :
Figure 11.44 The PDQ method: A* = ra-rn.
Sec. 11.9  Coding of Two-tone Images ' . 547
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TABLE 11.13 Relative Addres; Codes. x ...x = binary representation of A.

Distance Code N ' F(N)
‘ 0 ’ 1-4 . Oxx
:(1) 100 5-20 10xxxx
-1 101 ©21-84 110x0xxx
N{N>1) 111 F(N) 85-340 1110xxxxxxxx
+N(N>2) 1100 F(N) 341-1364 11110xxxxxxxXXX
~-N(N>2) 1101 F(N) 1::!65—5460 111110xx.xxxxxxxxxx

it Qi i —Nif 0" is N(=1) pixels to the right of Q on the
if Q' is N(=0) pixels to the left or —Nif Q" is N(>.1)_ pixels to t

preceding line. Distance PQ is coded as N(=1) if it is N pixels away. ’Fhe RAC
distances are coded by a code similar to the B, code, except for the choice of the
reference line and for very short distances, +0,+1, —1 (see Table 11.13).

CCITT Modified Relative Element Address Designate Coding

" The modified relative element address designate (READ) algorithm 'has been. rec-
ommended by CCITT for two-dimensional coding of documepts. It is a modifica-
tion of the RAC and other similar codes [1f, p. 854]. Ref.e}'rmg' to F{g. 11.46 we
define a, as the reference transition element whos‘.s.posmon.ls defined by the
previous. coding mode (to be discussed shortly). Imtlally,. a is taken tq be t_he
imaginary white transition pixel situated to the left of the first pixel on the coding

by by .
i Reference line
: % ‘ " Coding line
a:o ay a2
(a) Pass mode

Vertical mode

: Refereﬁce line
Coding line

Horizontal mode

(b} Vertical and horizontal mode .

‘Figure 1146 CCITT modified READ coding.
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line. The next pair of transition pixels to the right of a, are labeled a, and a, on the
coding line and b, and b, on the reference line and have alternating colors to @y . Any
of the elements 4,, a;, by, b, not detected for a particular coding line is taken as the
imaginary pixel to the right of the last element of its respective scan line. Pixel aq; -
represents the next transition element to be coded. The algorithm has three modes
of coding, as follows.

Pass mode. b, is to the left of a; (Fig. 11.46a). This identifies the white or
black runs on the reference line that do not overlap with the corresponding white or
black runs on the coding line. The reference element ap is set below b, in
preparation for the next coding.

Vertical mode. g, is coded relative to by by the distance a;b,, which is
allowed to take the values 0, 1,2, 3 to the right or left of b,". These are represented
by V(0), Ve (x), Vo (x),x =1,2,3 (Table 11.14). In this mode a, is set at 4, in prepa-
ration for the next coding.

Horizontal mode. If |a;b,|> 3, the vertical mode is not used and the run
lengths aya; and a, a, are coded using the modified Huffman codes of Table 11.10.

_ After coding, the new position of g is set at a, . If this mode is needed for the first

element on the coding line, then the value a4, — 1 rather than ay «, is coded. Thus if
the first element is black, then a run length of zero is coded.

TABLE 11.14 CCITT Modified READ Code Table [1f, p.‘865]

) Elemeénts
Mode to be coded Notation Code Word
Pass b1, b, - P . 0001
Horizontal dods, 0:8; H 001 + M (aoa:) + M (a,2,)
a; just P
under b, ab; =0 V(0) 1
. b =1 V(1) 011
a; to the e R
. : @by =2 Vr(2) 000011
Vertical right of b, @b, =3 Ve(3) 0000011
caby =1 Ve (1) 010
i fo the aby =2 Vi) 000010
! ab; =3 Vi(3) 0000010
2-D extensions ' 000000 1xxx
1-D extensions 00000000 Lxxx
End-of-line (EOL) code word 000000000001
1-D coding of next line EOL+'1’
2-D coding of next line i EOL + 0’

" M(aqa:) and M(a; a,) are code words taken from the modified Huffman code tables given in

Table 11.10. The bit assignment for the xxx bits is 111 for the uncompressed mode.
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The coding procedure along a line continues until the imaginary transition
element to the right of the last actual element on the line has been detected. In
this way exactly 1728 pixels are coded on each line. Figure 11.47 shows the flow
diagram for the algorithm. Here X is called the K -factor, which means that after a
one-dimensionally coded line, no more than K —1 successive’ lines are two-
dimensionally coded. CCITT recommended values for K are 2 and 4 for documents
scanned at normal resolution and high resolution, respectively. The K -factor is used
to minimize the effect of channel noise on decoded images. The one-dimensional
and two-dimensional extension code words listed in Table 11.14, with xxx equal to
111, are used to allow the coder to enter the uncompressed mode, which may be
desired when the run lengths are very small or random, such as in areas of halftone
images or cross hatchings present in some business forms. '

Predictive Coding

The principles of predictive coding can be easily applied to binary images. The main
difference is that the prediction error is also a binary variable, so that a quantizer is
not needed. If the original data has redundancy, then the prediction error sequence
will have large runs of Os (or Is). For a binary image u(m, n), let @ (m, n) denote its
predicted value based on the values of pixels in a prediction window W, which
contains some of the previously coded pixels. The prediction error is defined as

e(m, n) ={

=u(m, n) @ (m, n)

1, @(m,n)+#u(m,n)

The sequence e(m, n) can be coded by a run;length or entropy coding method. The,

image is reconstructed from e (m, 1) simply as
u(m,n) =4 (m,n)yPe(m,n) . (11.124)

- Note that this is an errorless predictive coding method. An example of a prediction

window W for a raster scanned image is shown in Fig. 11.48.

A reasonable prediction criterion is to minimize the prediction error proba-
bility. For an N-element prediction window, there are 2" different states. Let Se,
k=1,2,...,2" denote the kth state of W with probability p, and define

g = Problu(m, n) = 1|$,] (11.125)

Then the optimum prediction rule having minimum prediction errot probability is
— 1, ifg:=05

, 1) = ) 11.126

% (m, n) &,ﬁ%<a5 (11.126)

If the random sequence u(rm, n) is strict-sense stationary, then the various
probabilities will remain constant at every (m, n), and therefore the prediction rule
stays the same. In practice a suitable choice of N has to be made to achieve a

trade-off between prediction error probability and the complexity of the predictor
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Figure 11.48 TUH method of predictive coding. The run length. I, of state S
means a prediction error has occurred after state S, has repeated J; times.

due to large values of N. Experimentally, 4 to 7 pixel predictors have been fopn_d to
be adequate. Corresponding to the prediction rule of (11.126), the minimized

prediction error is '
2N :
Pe= 2 pi min(ge, 1 — qi) (11.127)
k=1
If the random sequence u (m, n) is Markovian with respect to the prediction w.inc.ioyv
W, then the run lengths for each state S; are independent. Hence, the prediction-
error run lengths for each state (Fig. 11.47) can be coded by the truncated Huffman

code, for example. This method has been called the Technical University of -

Hannover (TUH) code {1c, p. 1425].

Adaptive Predictors

Adaptive predictors are useful in practice because the‘ irpage data .is generally
nonstationary. In general, any pattern classifier or a discriminant fu{xcuon could .be
used as a predictor. A simple classifier is a linear learning ma.chme or qdaptzve
threshold logic unit (TLU), which calculates the threshold g, as a linear functxo-n.al c?f
the states of the pixels in the prediction window. Another type of pattern clas;xfu;r is
a network of TLUs called layered machines and'includes piecewise linear discrimi-
nant functions and the so-called a-perceptron. A practical adaptive predictor uses a
counter C; of L bits for each state [43]. The counter runs from 0 to 2- ~— 1. The

adaptive prediction rule is
1, if G=287!

otherwise

I3 = 11.128

@ m, n) {o, if G <2t (11.128)
After prediction of a pixel has been performed, the counter is updated as

¢ ={min(C,;'+ 1,28-1), fu(mn)=1 (11.129)

max (C, = 1,0),
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TABLE 11.15 Compression Ratios of Different Binary Ceding Algorithms

* One-dimensional codes Two-dimensional codes

Normal resolution High resolution

CCI’I'I: RAC TUH CCITT
READ code code READ

Normal or high resotution

Truncated Modified RAC TUH
By~  Huffman Huffman code code

: Document code code code K=4 K=4 code,K=2 K=4 K=4 code, K =4
; 1 13.62 17.28 16.53 16.67 20.32 15.71 19.68 24.66 19.77
; 2 14.45 15.05 16.34  24.66 . 24.94 19.21 28.67 2899 . 26.12
i 3 8.00 8.88 9.42 10.42 11.57 9.89 12.06 14.96 12.58
4 4.81 5.74 5.76 4.52  5.94 5.02 542 7.52 6.27
5 7.67 8.63 9.15 9.39 1145 . 9.07 10.97 13.82  11.63
6 9.78 10.14 10.98 1541 17.26 13.63 17.59 19.96 . 18.18
7 4.60 4.69 5.20 456 5.28 5.10 5.36  6.62 6.30
8 8.54 7.28 8.70 12.85 13.10 11.13 14.73  15.03 15.55

Average

8.93 9.71 1026 1231 .13.71 11.10 1431 16.45 14.55

The value L =3 has been found to yield minimum prediction error for a typical
printed page.

Comparison of Algorithms

Table 11.15 shows a comparison of the compression ratios achievable by different
algorithms. The compression ratios for one-dimensional codes are independent of
the vertical resolution. At normal resolution the two-dimensional codes improve
the compression by only 10 to 30% over the modified Huffman code. At high
resolution the improvements are 40 to 60% and are significant enough to warrant
the use of these algorithms. Among the two-dimensional codes, the TUH predictive
code is superior to the relative address techniques, especially for text information.
However, the latter are simpler to code. The CCITT READ code, which is a
modification of the RAC, performs somewhat better.

Other Methods

Algorithms that utilize higher-level information, such as whether the image con-
tains a known type (or font) of characters or graphics, line drawings, and the like,
can be designed to obtain very high-compression ratios. For example, in the case of
printed text limited to the 128 ASCII characters, for instance, each character can
be coded by 7 bits. The coding technique would require a character recognition
algorithm. Likewise, line drawings can be efficiently coded by ‘boundary-following
algorithms, such as chain codes, line segments, or splines. Algorithms discussed
here are not directly useful for halftone images because the image area has been
modulated by pseudorandom noise and thresholded thereafter. In all these cases
special preprocessing and segmentation is required to code the data efficiently.

11.10 COLOR ANDMULT!SPECTRAL IMIAGE CODING

Data compression techniques discussed so far can be generalized to color and
mpltispectral images, as shown in Fig. 11.49. Each pixel is represented by a p X1
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Figure 11.49 ~ Component coding of color images. For multispectral images the
input vector has a dimension greater than or equal to 2.

vector. For example, in the case of color, the input is a 3 X 1 vector c_ontaining the
R, G, B components. This vector is transformed to another coordinate system,
where each component can be processed by an independent spatial coder.

In coding color images, consideration should be given to the facts that (1) -

the luminance component (Y') has higher bandwidth than the chromi{xance compo-
nents (I, @) or (U, V) and (2) the color-difference metric is non-Euchd.ean in tltlese
coordinates, that is, equal noise power in different color components is perceived

differently. In practical image coding schemes, the lower-bandwidth chrominance o

signals are sampled at correspondingly lower rates. Typically, the I and Q §ignals are
sampled at one-third and one-sixth of the sampling rate of the ]ummanceg signal. Use
of color-distance metric(s) is possible but has not been used in practical systems
primarily because of the complexity of the color vision model (sef: Chapter 3). .
An alternate method of coding color images is by processing the composite
color signal. This is useful in broadcast applications, whe{e it is desired. to manage
only one signal. However, since the luminance and color signals are not in the same

frequency band, the foregoing monochrome image coding techniques are not very -

efficient if applied directly. Typically, the composite signal is s'ampledi at 3f,. (the
lowest integer multiple of subcarrier frequency above the Nyquist rate) or 4f,, and

Previous
field

(h 4D

e d @ W4
) By Ay Dy Cy B Ay A
——————————————— ¥ ';relsent —'—-’—’-—-s—s—@-——t-—
feld B, Ay D, G
- Current
line (1)

A; C' B‘ A'I

(a) 3fsc — sampling (b) 4fsc — sampling

Figure 11.50 Subcarrier phase relationships in sampled NTSC signal. Pixels hav-
ing the same labels have the same subcarrier phase. : :
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the designs of predictors (for DPCM coding) or the block size (for transform
coding) take into account the relative phases of the pixels. For example, at 3f,
sampling, the adjacent samples of subcarrier have 120° phase difference and at 4f,
sampling, the phase difference is 90°. Figure 11.50 shows the subcarrier phase
relationships of neighboring pixels in the sampled NTSC signal. Due to the
presence of the modulated subcarrier, higher-order predictors are required for
DPCM of composite signals. Table 11.16 gives examples of predictors for predictive
coding of the NTSC signal.

Table 11.17 lists the practical bit rates achievable by different coding algo-
rithms for broadcast quality reproduced images. These results show that the chromi-
nance components can be coded by as few as } bit per pixel (via adaptive transform
coding) to 1 bit per pixel (via DPCM). :

Due to the flexibility in the design of coders, component coding performs
somewhat better than composite coding and may well become the preferred choice
with the advent of digital television.

For multispectral images, the input data is generally KL transformed in the

temporal direction to obtain the principal components (see Section 7.6). Each

TABLE 11.16 Predictors for DPCM of Cbmposite NTSC Signal. z~" = 1 pixel delay,

z27%=1line delay, z 22" = 1 field delay, p (leak) < 1.
Sampling
rate Predictor, P(z)
2f 1-D %z“+pz“2(1—§z“)
3f. 1-D e A (R P |
2-D pz ™ .
1D 171 pz I (] %z—-l) X, 7
4f 1-D e =z Y 1
2-D ' %(z“—z“2+z“3)+§[z“‘+z“"(z"+z.’)]
2D 327 4 pz (1 ~ 177 .
'3.D %z—1+pz-2ez/v(1_%z~1) L

TABLE 11.17 Typical Performance of Component Coding Algorithms on Color Images

Rate Average
R Components per component rate :
Method coded Description bits/component/pixel bits/pixel |
PCM R G, B Raw data ' 8 24
U*, V*, W*  Color space quantizer 1024 color celis : 10 :
Y,LQ 1, Q subsampled . 8 12 [
DPCM One-step predictor Y.L,Q 1, Q subsampled 2t03 3t0d.S ! ,‘r
Transform (cosine, slant) Y, L0 No subsampling Y(1.75t02) 25t03 . T
: , £0(0.75101) o i,
Y,1Q Same as above with Variable ' 1to2 i
YUv adaptive classification ”
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comporent is independently coded by & two-dimensional coder. An alternative is to
identify a finite number of clusters in a suitable feature space. Each multispectral

; ixel is represented by the information ertaining to (e.g., the centroid of) the
. . p P y . pertaining to (e.g., the ¢
g5 - a = cluster to which it belongs. Usuall the fidelity criterion is the classification (rather
SRR £y 2 E = Y
2fux B 5 g c 8 = than mean square) accuracy of the encoded data 45, 46]. :
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2 g2 E L 5 & 3 g Image data compression techniques are of significant practical interest. We have
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2 R - 5 & ; 8 ‘ mentation. We conclude this chapter by providing a summary of these methods in
= o 3 = =] = g 2 a R
5 ZEES 228 3 g = D fable 11.18 .
> 2 E 8 L= 57 2 g able 11.18.
E ;_gx’;ifﬁ 283 52 -8 8
= g = > -
8 2oy FER 2 & B
fEgzk 38 - s 2,
o852 gt £5 s Tg
S eT e= = o 8 .5
iy S 5<£g EZps 823 g 28 PROBLEMS
=} S8 . c & gEEY FTY g e
£ §28%s §E4% 242 £ %%
o A2 53 aZ8B 53 S 2 o ‘
= = > €ET 8 Y : - . .
E‘ § g £33 -E ,'?_0 : % 1 §; ol o = ;E 11.1*  For an 8-bit mteger image of your choice, determine the N th-order prediction error
) g 2 g §3 ’::, g &—g 2.8 8 _§ -.g go field ex (m, ) 2 u(m, n) — ay (mn, n) where @y (m, n) is the best mean square causal
£ g % P ’§ » 2 5 £ £ 22 § 2 ER r predictor based on the M nearest neighbors of u(m, n). Truncate iy (m, n) to the
St . = N — . o . . "
g g geams g w== ¢ = a I nearest integer and calculate the entropy of ex(m, n) from its histogram for N =
£ &4 < < { g > Py g
“ f 0,1,2,3,4,5. Using these as estimazes for the Nth-order entropies, calculate the
@ i achievable compression. : :
o | . . . .
Qe 2 . i 1.2 The output of a binary source is 1o be coded in blocks of M/ samples. If the successive
g =573 PRt S S S § o - 5 i ; outputs are independent and identically distributed with p = 0.95 (for a 0}, find the
c|EaE i 3 d= I Y A SRR N 2 Fe B :{} g oo j Huffman codes for M =1,2,3,4 and calculate their efficiencies.
o ~ a4 oo = X~} H y . - P :
@l & $E © e € ©°° 1' 11.3  For the AR sequence of (11.25), the predictor for feedforward predictive coding
@ = | (Fig 11.6) is chosen as E(n)=pu(n ~1). The prediction error sequence e(n)é
g f #{n) — & (n) is quantized using B bits. Show that in the steady state, i
S z ‘
21 %9 2
£ < Elu()f) = 174 = 02(B)
o )
@ g . o . ¢
o £ £ where 0% =% (1 - p?)f(B) is the mean Square quantization error of £(n). Hence the -
E g 5 feedforward predictive coder cannot perform better than DPCM because the pre-
s = & ceding result shows its mean square eITor is precisely the same as in PCM, This result
& 29 Z g q P Y
by 3 1% ¥ 80 happens to be true for arbitrar stationary sequences utilizing arbitrar linear pre-
5 T- - - o PP y Y seq 4 ¥ linear p.
£ § g b % 2 e e o 8P o ";. dictors. A possible instance where the feedforward predictive coder may be preferred
5 2 T % 8 s 22 ;.% p=8 s % -.E_ é 2 5 N over DPCM is in the distortionless case, where the quantizer is replaced by an
@ 1§ &9 SS9 8% Sif §§ § & o 5 & 8 Ry ‘ entropy coder. The two coders will perform identically, but the feedforward redic-
27 2 cEa,3%E ¥T8A% g B ®E B B¢ £9 4 IHTOPY codk wp oAy . P
2 =5 ss58 §s8355:c9¢ ey cue I peze PpeSiRs tive coder will have a somewhat simpler hardware implementation.
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- § 2 £ g 5 3 gk § § 55: g 8 § § 5 §-§ SESE § £E8 8§ P 114 (Delta modulation analysis) For delta modulation of the AR sequence of (11.25),
o = B = g i . .. .,
or| E = g'g'; S S8s98ECE g s“_ég ESEEEER 2Lz éqg wntethepredlc_tlbquderrorase(n)=s(n)~(1—p)u(n—1)+8€(n~1). Assuming a
g SESEAREREEEEES SESEISNEEEECEERIA 1-bit Lloyd-Max quantizer and e () to be an uncorrelated sequence, show that
2 = 2 - 2¢ 0 e :
. Te(n) =201 = ploi+(2p~ Do {n — 1)f(1)
. ' from which (11.26) follows after finding the steady-state value of ¢ 2 /o 2 {n).
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11.5

Consider images with power spectral density function
B

Az, 2)A @, 2

A(Z],Zz)é 1 ';P(Zl,Zz)

where A (21, 2;) is the minimum-variance, causal, prediction-error filter 2nd §° is the
variance of the prediction error. Show that the DPCM algorithm discussed in the text
takes the form shown in Fig. P11.5, where H(z;,2,) = /A (21, z;). If the channel
adds independent white noise of variance o?, show that thg total noise in the

reconstructed output would be of = o + (05 o' 3)/B?, where a2 S E[(u(rm, n))*].

S(Z[ .Zz) =

Hiz,, z,) .

)

- 116

11.7*

118

11.9

Channel
noise

Decorer

Figure P11.5

(DPCM analysis) For DPCM of the AR sequence of (11.25), write the prediction

error as e(n) = e(n) + pde(n — 1). Assuming de(n) to be an uncorrelated sequence,
show that the steady-state distortion due to DPCM is .
oL(1-0)f(B)

1-p*f(B)
For p=0.95, plot the normalized distortion D/o? as a function of bit ratz B for
B =1,2,3,4 for a Lapiacian density quantizer and compare it with PCM.
For a 512 x 512 image of your choice, design DPCM coders using mear square

predictors of orders up to four. Implement ihe coders for B =3 and compare the
reconstructed images visually as well as on the basis of their mean square errors znd

entropies.

D & Ese* ()] = o2 (m)f (B) =

-a, Using the transform cpefficient variances given in Table 5.2 and the Shannon

quantizer based rate distortion formulas (11.61) to (11.53), compare the dictor-
tion versus rate curves for the various transforms. (Hint: An easy way is to arrAimge
o} in decreasing order and let §=¢7, j=0,...,N 1 and plot D,2 /N
=2/ o} versus R; 2 12N 3., log, o 2o ¥).

b. Compare the ccsine iransform R versus D function when the bit allocation is
determined first by truncating the real numbers obtained via (11.61) to nearest
integers and second, using the integer bit allocation algorithm. :

(Whitening transform versus unitary transform) An N X 1 yector u with covariance

R={p" "} is transformed as v=Lu, where L is a lower triangular (nonunitary)

matrix whose elements are ) . .

‘ fn. i=j
-p, i—j=1

L=
: 9,  otherwise
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b,

a. Show that v is a vector of uncorrelated elements with o0 =1 and

ol(k)=1-p" 1=<k=N-1.

_b. If v(k) is quantized using n, bits, show the reproduced vector w AL-'y has the

mean square distortion

lN—l 1 -2 _
D=y Zmsen, wllTE) o e

¢ For N=15, p=0.95, and f(x) =277, find the optimum rate versus distortion
function of this coder and compare it with that of the cosine transform coder.
From' these results conclude that it is more advantageous to replace the
(usually slow) KL transform by a fast unitary transform rather than a fast decorre-
lating transform.
(Transform coding versus DPCM ) Suppose a sequence of length N has a causal
representation

n-—1
u(m)=a(m)+em2 T aln, Duk) +en), 0=n=N-1
k=0
where % (n) is the optimum linear predictor of u(n) and e(n) is an uncorrelated
sequernce of variance B . Writing this in vector notation as Lu = €, £(0) = u(0), where
L is an NV X N unit lower At’rialmgular matrix, it can be shown that R, the covariance

matrix of u, satisfies [R| = [] 2. 1fu () is DPCM coded, then for small levels of dis-
L3

=0
tortion, the average minimum achievable rate is

1 N Uz(k)
2N,§., log:~5—

. Show that at small distortion levels, the above results imply

Rorew>-- 3 1og o= L 1o IR|~ Y105, D =R
DPCM N2 g:D 3N 82 2 82 KL

that is, the average minimum rate achievable by KL transform coding is lower
than that of DPCM. :
Suppose the Markov sequence of (11.25) with 02 =1, Bi=1, B2=(1—p? for
1=n=N -1, is DPCM coded and the steady state exists for n = 1. Using the
results of Problem 11.6, with f(B) = 2725, show that the number of bits B required
to achieve a distortion level D is given by

Rprem = D < mkin {B%}

1__ 2
B=%]082(P2+-(-*D—p—)), I1sn=sN-1,

Fm‘ the initial sample e(0), the same distortion level is achieved by using
1 10g2 (1/D) bits. From these and (11.69) show that ' '

2N D 2N
(N-1) p'D \ (l—p)v
R =
prem — Ryr N logz{ 1 +~——~(1 pz)/’ 79)

Calculate this difference for N = 16, p=0.95, and D = 0.01, and conclude that
at low levels of distom'pn the performance of KL transform and DPCM coders
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11.14*

i1.15

11.16

11.17
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is close for Markov sequences. This is a useful result,(which can be generalized
for AR sequences. For ARMA sequences, bandlimm?d sequences, and two-v
dimensional random fields, this difference can be more significant.
Sor th > separable covariance model used in Example 11.5, with o = 0.95, plot and
gg;g;e ifr;:rznileersus D performances of (a) various transform coders for 16 X'16
size block utilizing Shannon quantizers (Hint: Use the data of Table 5:2.) and (b)
N X N block cosine transform coders with N =27, n =1, 2,...,8. (Hint: Use eq.
(P5.28-2).] ‘ . .
Plot and compare the R versus D curves for 16 X'16 block tra‘nsform coczlfg2 of images
modeled by the nonseparable exponential covariance function 0,95V~ +» using the
discrete, Fourier, cosine, sine, Hadamard, slant, and Haa.r transforms. (Hint: Use
results of Problem P5.29 to calculate transform domain variances.)
Implement the zonal transform coding algorithm of Section 11.5 on‘16 * 16 block52 oé
an image of your choice. Compare your results for average rates of 0.5, l.q, and 2.
bits per pixel using the cosine transform or any other transform of your choice.

Develop a chart of adaptive transform coding alg.o.rithms containing details qf thc;

algorithms and their relative merits and complexities. Implemept your favorxte Q

these and compare it with the 16 x 16 block cosine transform coding algorithm.

The motivation for hybrid coding comes from the following exiﬁg}e. Suppose an

N X N image u(m, n) has the autocorrelation function r(k, I) = p -

a. If each column of the image transformed as v, =®u,, v'vhere @ is the %(LT
of u,, ihen show that the autocorrelation of v., that is, E[v. (k)y,.l kH]=

"~w15(k — k'). What are ® and A\, ?

b. ”)I\‘l;xfx)s meaan(sk thektrlnsfor_med image is uncorrelated across the rows and show that
the pixels along each row can be modeled by the first order AR process of (11.84)
with a(k) = p, b(k) =1, and o2 (k) = (1 — ph.

For images having separable covariance function withi p = 0.95, find the optimum

pairs n, k(n) for DPCM transmission over a noisy cham:e} with p, = 0.001 einploying
the optimum mean square predictor. (Hint: 87 = (1~ p%)?.) . .
Let the transition probabilities go = p (0]1) and g, = p.(IIO) be given. Assuming all the
runs to be independent, their probabilities can be written as

g(D=q(1~g) ™,  [=1,i=0{white), 1(black)

. Show that the average run lengths and entropies of white and black runs are
: ,.SL,- = 1/g; and H; = (—gl/q,-)[qi log.g: + (1 — q:) log2 (1 — ¢.)]. Hence ?he achlevab;e
compression ratio is (Ho Po/po + 1 Py /p,l)., where Pi= qi/{qo+ q1),i =0, 1 are the

a priori probabilities of white and black pixels. ] _

b. Suppose each run length is coded in blocks of m-bit words, each wors ripres_e-ng-
ing the M —1 run lengths in the interval [kM, (k +1)M —1], M —-.2 , k=0,
1,...,and a block terminator code. Hence the average number of bits gsed for
w’hite and black runs will be m Ef_o(k + DPkM =i=s(k + 1)M - 1.],1 =0,1.
What is the compression achieved? Show how to select M to maximize it.
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